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Preface 


Polynomials pervade mathematics, and much that is beautiful in mathe- 
matics is related to polynomials. Virtually every branch of mathematics, 
from algebraic number theory and algebraic geometry to applied analy- 
sis, Fourier analysis, and computer science, has its corpus of theory arising 
from the study of polynomials. Historically, questions relating to polyno- 
mials, for example, the solution of polynomial equations, gave rise to some 
of the most important problems of the day. The subject is now much too 
large to attempt an encyclopedic coverage. 


The body of material we choose to explore concerns primarily polyno- 
mials as they arise in analysis, and the techniques of the book are primarily 
analytic. While the connecting thread is the polynomial, this is an analysis 
book. The polynomials and rational functions we are concerned with are 
almost exclusively of a single variable. 


We assume at most a senior undergraduate familiarity with real and 
complex analysis (indeed in most places much less is required). However, 
the material is often tersely presented, with much mathematics explored 
in the exercises, some of which are quite hard, many of which are supplied 
with copious hints, some with complete proofs. Well over half the material 
in the book is presented in the exercises. The reader is encouraged to at 
least browse through these. We have been much influenced by Pélya and 
Szegé’s classic “Problems and Theorems in Analysis” in our approach to 
the exercises. (Though unlike Pélya and Szegé we chose to incorporate the 
hints with the exercises.) 
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The book is mostly self-contained. The text, without the exercises, pro- 
vides an introduction to the material, but much of the richness is reserved 
for the exercises. We have attempted to highlight the parts of the theory 
and the techniques we find most attractive. So, for example, Miintz’s lovely 
characterization of when the span of a set of monomials is dense is explored 
in some detail. This result epitomizes the best of the subject: an attractive 
and nontrivial result with several attractive and nontrivial proofs. 


There are excellent books on orthogonal polynomials, Chebyshev poly- 
nomials, Chebyshev systems, and the geometry of polynomials, to name but 
a few of the topics we cover, and it is not our intent to rewrite any of these. 
Of necessity and taste, some of this material is presented, and we have at- 
tempted to provide some access to these bodies of mathematics. Much of 
the material in the later chapters is recent and cannot be found in book 
form elsewhere. 


Students who wish to study from this book are encouraged to sample 
widely from the exercises. This is definitely “hands on” material. There 
is too much material for a single semester graduate course, though such 
a course may be based on Sections 1.1 through 5.1, plus a selection from 
later sections and appendices. Most of the material after Section 5.1 may 
be read independently. 


Not all objects labeled with “E” are exercises. Some are examples. 
Sometimes no question is asked because none is intended. Occasionally 
exercises include a statement like, “for a proof see... ”; this is usually an 
indication that the reader is not expected to provide a proof. 


Some of the exercises are long because they present a body of material. 
Examples of this include E.11 of Section 2.1 on the transfinite diameter of 
a set and E.11 of Section 2.3 on the solvability of the moment problem. 
Some of the exercises are quite technical. Some of the technical exercises, 
like E.4 of Section 2.4, are included, in detail, because they present results 
that are hard to access elsewhere. 
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Introduction and Basic Properties 


Overview 


The most basic and important theorem concerning polynomials is the Fun- 
damental Theorem of Algebra. This theorem, which tells us that every 
polynomial factors completely over the complex numbers, is the starting 
point for this book. Some of the intricate relationships between the loca- 
tion of the zeros of a polynomial and its coefficients are explored in Section 
2. The equally intricate relationships between the zeros of a polynomial and 
the zeros of its derivative or integral are the subject of Section 1.3. This 
chapter serves as a general introduction to the body of theory known as the 
geometry of polynomials. Highlights of this chapter include the Fundamen- 
tal Theorem of Algebra, the Enestrém-Kakeya theorem, Lucas’ theorem, 
and Walsh’s two-circle theorem. 


1.1 Polynomials and Rational Functions 


The focus for this book is the polynomial of a single variable. This is an 
extended notion of the polynomial, as we will see later, but the most im- 
portant examples are the algebraic and trigonometric polynomials, which 
we now define. The complex (n + 1)-dimensional vector space of algebraic 
polynomials of degree at most n with complex coefficients is denoted by 
Pe. 
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If C denotes the set of complex numbers, then 


(1.1.1) Pos \? : p(z) = ae ap € cf : 
k=0 


When we restrict our attention to polynomials with real coefficients we will 
use the notation 


(1.1.2) Pri= \» :p(z) = ae ap € a} : 
k=0 


where R is the set of real numbers. Rational functions of type (m,n) with 
complex coefficients are then defined by 


(1.1.3) Rian = + pe Pag € Pa} 
while their real cousins are denoted by 

_ JP 
(1.1.4) Rew + pe Pm, g € Pa} ‘ 


The distinction between the real and complex cases is particularly impor- 
tant for rational functions (see E.4). 


The set of trigonometric polynomials 7, is defined by 


(1.1.5) Ei {! :t(0) := ‘3 ape, ape cf : 


k= 


A real trigonometric polynomial of degree at most n is an element of 7,¢ 
taking only real values on the real line. We denote by 7, the set of all real 
trigonometric polynomials of degree at most n. Other characterizations of 
TJ, are given in E.9. Note that if z := e’, then an arbitrary element of 7,° 
is of the form 


(1.1.6) z"S  bez*®, be EC 


and so many properties of trigonometric polynomials reduce to the study 
of algebraic polynomials of twice the degree on the unit circle in C. 


The most basic theorem of this book, and arguably the most. basic 
nonelementary theorem of mathematics, is the Fundamental Theorem of 
Algebra. It says that a polynomial of exact degree n (that is, an element 
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of PS\P¢_,) has exactly n complex zeros counted according to their mul- 
tiplicities. 


Theorem 1.1.1 (Fundamental Theorem of Algebra). /f 


n 
pz) := Naz" ajEC, a, #0, 
i=0 


then there exist a1,Q2,... ,Qn € C such that 
n 
p(z) = ap I] (z — aj). 
i=1 


Here the multiplicity of the zero at a; is the number of times it is 
repeated. So, for example, 


(z —1)?(z2 +4)? 


is a polynomial of degree 5 with a zero of multiplicity 3 at 1 and with a 
zero of multiplicity 2 at —i. The polynomial 


n 
p(z) =) az", aj EC, an #0 
i=0 


is called monic if its leading coefficient ay equals 1. There are many proofs 
of the Fundamental Theorem of Algebra based on elementary properties 
of complex functions (see Theorem 1.2.1 and E.4 of Section 1.2). We will 
explore this theorem more substantially in the next section of this chapter. 


Comments, Exercises, and Examples. 


The importance of the solution of polynomial equations in the history of 
mathematics is hard to overestimate. The Greeks of the classical period un- 
derstood quadratic equations (at least when both roots were positive) but 
could not solve cubics. The explicit solutions of the cubic and quartic equa- 
tions in the sixteenth century were due to Niccolo Tartaglia (ca 1500-1557), 
Ludovico Ferrari (1522-1565), and Scipione del Ferro (ca 1465-1526) and 
were popularized by the publication in 1545 of the “Ars Magna” of Giro- 
lamo Cardano (1501-1576). The exact priorities are not entirely clear, but 
del Ferro probably has the strongest claim on the solution of the cubic. 
These discoveries gave western mathematics an enormous boost in part 
because they represented one of the first really major improvements on 
Greek mathematics. The impossibility of finding the zeros of a polynomial 
of degree at least 5, in general, by a formula containing additions, subtrac- 
tions, multiplications, divisions, and radicals would await Niels Henrik Abel 
(1802-1829) and his 1824 publication of “On the Algebraic Resolution of 
Equations.” Indeed, so much algebra, including Galois theory, analysis, and 
particularly complex analysis, is born out of these ideas that it is hard to 
imagine how the flow of mathematics might have proceeded without these 
issues being raised. For further history, see Boyer [68]. 
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E.1 Explicit Solutions. 
a] Quadratic Equations. Verify that the quadratic polynomial 2? + bx +¢ 
has zeros at 
—b— Vb? — 4c —b+ Vb? — 4c 
2 : 2 : 


b] Cubic Equations. Verify that the cubic polynomial x? + br + ¢ has 
zeros at 


vv (232) en0(234), -(242) -o0(22) 


where 
2 BSE Cc a b3 
dame a) 4° 27 
and 
3/—c eC 6B 
BON 4737 


c] Show that an arbitrary cubic polynomial, x? + az? + bx +c, can be 
transformed into a cubic polynomial as in part b] by a transformation 2 4 
ex + f. 

d] Observe that if the polynomial x? + bx +c has three distinct real zeros, 
then a and @ are necessarily nonreal and hence 4b? + 27c? is negative. So, 
in this simplest of cases one is forced to deal with complex numbers (which 
was a serious technical problem in the sixteenth century). 


e] Quartic Equations. The quartic polynomial 2‘ + ax? + ba? + cr +d 
a Roa a R 


has zeros at 8 
panel en eis ees ee 
413 2° 47 9 oe 


| q2 
R= Tote, 


y is any root of the resolvent cubic 


where 


y? — by? + (ac + 4d)y — a?d + 4bd — ¢? 


and 


3a? 4ab — 8c — a8 
Spe capes pe R#0 
a, 3 4 R b AR 2 x 2 


while 
2 
a, B = ao — 2b 4 2/9? — 4d, R=0. 


These unwieldy equations are quite useful in conjunction with any symbolic 
manipulation package. 
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E.2 Newton’s Identities. Write 
(2 — a1)(@ — a2)+++(@ —an) = 2” — Qa"! + eg"? —---+(-1)"en. 


The coefficients cz are, by definition, the elementary symmetric functions 
in the variables a,,... , Qn. 


a] For positive integers k, let 


Sk =abtaht--+ak. 


Prove that 

k—-1 
sp = (—1)*t" keg + (-1)* (-1)’ ch_j 8; , k<n 

j=l 

and 

k—-1 
sp (21h (-1)’ ch_-78; , k>n. 
j=k—-n 


Here, and in what follows, an empty sum is understood to be 0. 


A polynomial of n variables is a function that is a polynomial in each 
of its variables. A symmetric polynomial of n variables is a polynomial of 
n variables that is invariant under any permutation of the variables. 


b] Show by induction that any symmetric polynomial in n variables (with 
integer coefficients) may be written uniquely as a polynomial (with integer 
coefficients) in the elementary symmetric functions fi, fo,... , fn- 


Hint: For a symmetric polynomial f in n variables, let 


o(f) := (41, ¥2,--- 5M), WY > > +++ > Im >0 


if 
V1 V2 Vn 
—_ a1 02 a 
Feige: ,fn) = 5 5 wn S Cort ,02,---,0n 01 Tq 111 Ly” 
a1=0 a2=0 an=0 


and Cr ,V2,-0.4Un # 0. If 
o(f) = (%,1%,--- 5M) and o(g) =(%,%,...,%n), 


then let o(f) < o(g) ifv; < ; for each j with a strict inequality for at least 
one index. This gives a (partial) well ordering of symmetric polynomials in 
n variables, that is, every set of symmetric polynomials in n variables has 
a minimal element. Now use induction on o(f). 
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c] Show that 


¢ aA 


y +0 (mod 1). 


(By convergence to zero (mod 1) we mean that the quantity approaches 
integral values.) 


Hint: Consider the integers 


Sk = at +ak, 


where a; := $(1+ V5) and ay := $(1— V5). 
d] Find another algebraic integer a with the property that 


a*’ +0 (mod 1). 


Such numbers are called Salem numbers (see Salem [63]). It is an open 
problem whether any nonalgebraic numbers a > 1 satisfy a* > 0 (mod 1). 


E.3 Norms on P,,. Py is a vector space of dimension n +1 over R. Hence 
Pr equipped with any norm is isomorphic to the Euclidean vector space 
R°t! and these norms are equivalent to each other. Similarly, P< is a 
vector space of dimension n + 1 over C. Hence P¢ equipped with any norm 
is isomorphic to the Euclidean vector space C”*+!, so these norms are also 
equivalent to each other. Let 


n 
Dn (x) SS ae", apn ER. 
k=0 


Some common norms on P, and Py are 


I|p||4 := sup |p(a)| supremum norm 
ZEA 
:=|Iplln..(A) Log norm 
1/p 
ene ( | wor ar) i ooo 
A 
ll. == martial} Ino norm 


n 1/p 
lnlh, = 6 ay r) nme. 
k=0 


In the first case A must contain n + 1 distinct points. In the second case A 
must have positive measure. 
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a] Conclude that there exist constants C,, C2, and C3 depending only on 
n so that 


llP'I-aay S Crllpll-a,y» 


S- lai] < Ca||pll;—-14, 


i=0 
Ilpll—1,1) < Cs|lpllnof—1,1] 


for every p € P¢, and, in particular, for every p € Pn. 


These inequalities will be revisited in detail in later chapters, where 
precise estimates are given in terms of n. 


b] Show that there exist extremal polynomials for each of the above in- 
equalities. That is, for example, 


I'l —a,4] 
OAPEPn Ilpllt—1,3] 


is achieved. 


E4 On Ry m- 
a] Rn,m is not a vector space because it is not closed under addition. 


b] Partial Fraction Decomposition. Let rym € Rm be of the form 


p(x) 


nae (oe =aR)* 


Then there is a unique representation of the form 


; pEP,, a, distinct, p(a,) #0. 


m Mk 
Qk, j 
Tnym(2) Se) + YD ie ane G€ Poms ang E Cc 
k=1 j=1 


(ifm > n, then PS_,, is meant to be {0}). 


Hint: Consider the type and dimension of expressions of the above form. 
c] Show that if 


Prom © Rem 
then 
Re(Tn,m(-)) € Rn+m,2m - 


This is an important observation because in some problems a rational func- 
tion in Rf, , can behave more like an element of Rann than Ryn. 
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E.5 Horner’s Rule. 
a] We have 


n 
S- aj’ = (++ ((Ant + Gn—1)@ + Gn—2)@ +++: +01)2 +49. 
i=0 


So every polynomial of degree n can be evaluated by using at most n ad- 
ditions and n multiplications. (The converse is clearly not true; consider 
x” .) 

b] Show that every rational function of type (n —1,n) can be put in a 
form so that it can be evaluated by using n divisions and n additions. 


E.6 Lagrange Interpolation. Let z; and y; be arbitrary complex numbers 
except that the z; must be distinct (z; # z;, for i #j). Let 


Tito ign (2 — 24) 


I, (2) — Mees (za _ zi) 9 


k=0,1,...,n. 


a] Show that there exists a unique p € P< that takes n+ 1 specified values 
at n+ 1 specified points, that is, 


This p € Py is of the form 
n 
pz) = S— yale (2) 
k=0 


and is called the Lagrange interpolation polynomial. 


If all the z; and y; are real, then this unique interpolation polynomial 
is in Pp. 
b] Let 


and 
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c] An Error Estimate. Assume that the points z; € [a,b], i=0,1,... ,n, 
are distinct and f € C"*![a,b] (that is, f is an n + 1 times continuously 
differentiable real-valued function on [a,6]). Let p € P, be the Lagrange 
interpolation polynomial satisfying 


pz) = f(z), =O Me cenit 


Show that for every x € [a,b] there is a point € € (a,b) so that 


Fle) ~ Wa) = aay FM Owl). 


(n+1 


Hence 


(n4+1 
“lif 


1 
lf — plltae) < mb N\f0,6] ella, - 


Hint: Choose A so that y := f — p— Aw vanishes at x, that is, 
r:= (f(x) — p(a))/w(a) . 
Then repeated applications of Rolle’s theorem yield that 


pit) — fet) _ in +1)! 


has a zero € in (a, b). 


E.7 Hermite Interpolation. 
a] Let 2, € C, 1=1,2,...k, be distinct. Let m;, i = 1,2,... ,k, be positive 
integers with n + 1:= ym, and let 


yig EC, 4=1,2,...,k, jg =0,1,...,m;,-1 


be fixed. Show that there is a unique p € P¢, called the Hermite interpola- 
tion polynomial, so that 


pI (2) =H, t=1,2,...,k, 7 =0,1,...,mj,—-1. 


If all the z; and y;,; are real, then this unique interpolation polynomial is 
in Pn-1- 


Hint: Use induction on n. 


b] Assume that the points z; € [a,6] are distinct and f € C”[a,b]. Let 
p € Py-1 be the Hermite interpolation polynomial satisfying 


pz) = f(a), +=1,2,...,8, j=0,1,...,mj;—-1. 


Show that for every x € [a, }] there is a point € € (a,b) so that 
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with 


Hence 1 
lf — pllta,e < = [FOU fa,0) Well fa, oy « 


Hint: Follow the hint given for E.6 c]. 


Polynomial interpolation and related topics are studied thoroughly in 
Davis [75]; Lorentz, Jetter, and Riemenschneider [83]; and Szabados and 
Vértesi [92]. 


E.8 On the Zeros of a p € Py. Show that if p € Py, then the nonreal 
zeros of p form conjugate pairs (that is, if z is a zero of p, then so is Z). 
E.9 Factorization of Trigonometric Polynomials. 


a] Show that t € 7, (or t € 7,¢) if and only if t is of the form 


t(z) =ao+ So (ax coskz + by sinkz), az, 0% € R (or C). 
k=1 


b] Show that if t © T,\Jn-1, then there are numbers 21, 22,... , Zan and 
0#c€C such that 


z— By 


2n 
Uz) = i 
(z) ll sin —> 


Show also that the nonreal zeros z; of t form conjugate pairs. 


E.10 Newton Interpolation and Integer-Valued Polynomials. Let A* f(z) 
be defined inductively by 


A’ f(z) = f(x), Af(z) = A’ f(a) = f(x +1) - f(a) 
and 
A**? f(a) := A(A* f(a)), e152 yea 
Let 


(:) _ae- vt 1) 


a] Show that ({) is a polynomial of degree k that takes integer values at 
all integers. 
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b] Let f be an m times differentiable function on [a,a + mJ]. Show that 
there is a € € (a,a+m) such that 


A” f(a) = f(™). 


c] Show that if p € P<, then 
” x 
ple) = > aty(o)(Z). 
k=0 
d] Suppose p € PS is integer-valued at all integers. Show that 


pto) = Yax(*) 


k=0 


for some integers a@o,@1,... ,@n. Note that this characterizes such polyno- 
mials. 


e] Show that if p € PS takes integer values at n + 1 consecutive integers, 
then p takes integer values at every integer. 


f] Suppose c € R and n¢ is an integer for every n € N. Use part b] to show 
that c is a nonnegative integer. 


1.2 The Fundamental Theorem of Algebra 


The following theorem is a quantitative version of the Fundamental Theo- 
rem of Algebra due to Cauchy [1829]. We offer a proof that does not assume 
the Fundamental Theorem of Algebra, but does require some elementary 
complex analysis. 


Theorem 1.2.1. The polynomial 


1 


p(zZ) = Anz” +an—-12” +++ +a9 € Py, an £0 


has exactly n zeros. These all lie in the open disk of radius r centered at 
the origin, where 
ri=1+ max lal 


0<k<n—1 |an| | 


Proof. We may suppose that ao # 0, or we may first divide by z* for some 
k. Now observe that 
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g(x) := |ao| + lar |2 +++» + |an—a|2"* — lan |x” 


satisfies g(0) > 0 and lim g(x) = —oo. So by the intermediate value the- 
x [oe 


orem, g has a zero in (0,00) (which is, on considering (g(a)/a2")' 


unique). Let s be this zero. Then for |z| > s, 


, in fact 


(1.2.1) |p(z) — an2"| < lao] + Jarz| +--+ + |an-12""| < Janz”|. 


This, by Rouché’s theorem (see E.1), shows that p(z) and ayz” have exactly 
the same number of zeros, namely, n, in any disk of radius greater than s. 


It remains to observe that if x > 1, then g(x) <0 so s < r. Indeed, 


n-1 
n lax | Nae 
we) too” (1+ (_ guas fol) 5 at) 


0 
1 
< |an|a” (| -14+ max lal 
k=0,....n-1 |an|/ 2-1 


for 


The exact relationship between the coefficients of a polynomial and the 
location of its zeros is very complicated. Of course, the more information 
we have about the coefficients, the better the results we can hope for. The 
following pretty theorem emphasizes this: 


Theorem 1.2.2 (Enestrém-Kakeya). If 


af 


D(z) = Anz" + An-12" + +++ +a0 


with 
ao > a1 [+++ San > 0,7 


then all the zeros of p lie outside the open unit disk. 
Proof. Consider 
(1 — z)p(z) = ag + (a1 — ao)z ++: + (Gn — Gn—1)2" — Gnz™*?. 
Then 
|(1 — z)p(z)| > a0 — [(a0 — a1)|2| + +++ + (Gn-1 = Gn) |z|" + an|z|"*"]. 


Since az — a%41 > 0, the right-hand expression above decreases as |z| in- 
creases. Thus, for |z| < 1, 


|(1 — z)p(z)| > ao — [ao — a1) + +++ + (@n—1 — Gn) + an] = 0, 


and the result follows. 


1.2 The Fundamental Theorem of Algebra 13 


Corollary 1.2.3. Suppose 


1 


P(z) = Anz" + An-12" +++: +40 


with az, > 0 for each k. Then all the zeros of p lie in the annulus 


ry:= min = <|z|< max BRS 9. 


k=0,...,n-1 Apg4i k=0,...,n-1 Aki 


Proof. Apply Theorem 1.2.2 to p(riz) and z"p(r2/z). 


This is a theme with many variations, some of which are explored in 
the exercises. 


Theorem 1.2.4. Suppose p > 1,q > 1, and p-!'+q 7! =1. Then the poly- 
nomial h € PS of the form 


h(z) = anz” +an_1z" 1 +++: +49, an #0 
has all its zeros in the disk {z € C: |z| <r}, where 


AT \a,|P a/P 
= <1 J 


1/q 


Proof. See E.6. 


Comments, Exercises, and Examples. 


The Fundamental Theorem of Algebra appears to have been given its name 
by Gauss, although the result was familiar long before; it resisted rigorous 
proof by d’Alembert (1740), Euler (1749), and Lagrange (1772). It was more 
commonly formulated as a real theorem, namely: every real polynomial fac- 
tors completely into real linear or quadratic factors. (This is an essential 
result for the integration of rational functions.) Girard has a claim to pri- 
ority of formulation. In his “Invention Nouvelle en L’Algébra” of 1629 he 
wrote “every equation of degree n has as many solutions as the exponent 
of the highest term.” Gauss gave the first satisfactory proof in 1799 in his 
doctoral dissertation, and he gave three more proofs during his lifetime. His 
first proof, while titled “A new proof that every rational integral function of 
one variable can be resolved into real factors of the first or second degree,” 
was in fact the first more-or-less satisfactory proof. Gauss’ first proof is a 
geometric argument that the real and imaginary parts of a polynomial, u 
and v, have the property that the curves u = 0 and v = 0 intersect, and by 
modern standards has some topological problems. His third proof of 1816 
amounts to showing that 
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He p(z) : 


must vanish if p has no roots, which leads to a contradiction and is a 
genuinely analytic proof (see Boyer [68], Burton [85], and Gauss [1866]). 


An almost purely algebraic proof using Galois theory, but based on 
ideas of Legendre, may be found in Stewart [73]. 


The “geometry of polynomials” is extensively studied in Marden [66] 
and Walsh [50], where most of the results of the section and much more 
may be accessed. See also Barbeau [89] and Pélya and Szegé [76]. 


Theorem 1.2.2 is due to Kakeya [12]. It is a special case of Corollary 
1.2.3, due to Enestrém [1893]. The Enestro6m-Kakeya theorem and related 
matters are studied thoroughly in Anderson, Saff, and Varga [79] and [81] 
and in Varga and Wu Wen-da [85], and a number of interesting properties 
are explored. For example, it is shown in the first of the above papers that 
the zeros of all p satisfying the assumption of Corollary 1.2.3 are dense in 
the annulus {z € C:11 < |z| < ro}. 


E.1 Basic Theorems in Complex Analysis. We collect a few of the basic 
theorems of complex analysis that we need. (Proofs may be found in any 
complex variables text such as Ahlfors [53] or Ash [71].) 


a] Cauchy’s Integral Formula. Let D, := {z € C: |z| < r}. Suppose f 
is analytic on D, and continuous on the closure D, of D,. Let 0D, denote 
the boundary of D,. Then 


0= f(t) dt , 
OD, 
_ 1 f(t) 
f=) ae, z€D,, 


and 


f(t) 
me=- f —~__ di ED. 
f ( ) 271 aD». (t = grt : : 

Unless otherwise specified, integration on a simple closed curve is taken 
anticlockwise. (We may replace 0D, and D, by any simple closed curve 
and its interior, respectively, though for most of our applications circles 

suffice.) 


b] Rouché’s Theorem. Suppose f and g are analytic inside and on a 
simple closed path y (for most purposes we may use y a circle). If 


If(z) — g(2)| < IF ()| 


for every z € ¥y, then f and g have the same number of zeros inside y 
(counting multiplicities). 
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A function analytic on C is called entire. 
c] Liouville’s Theorem. A bounded entire function is constant. 


d] Maximum Principle. An analytic function on an open set U C C 
assumes its maximum modulus on the boundary. Moreover, if f is analytic 
and takes at least two distinct values on an open connected set U C C, then 


[f(z)| < sup |f(z)|, 2 €U. 
z€U 


e] Unicity Theorem. Suppose f and g are analytic on an open connected 
set U. Suppose f and g agree on S, where S is an infinite compact subset 
of U, then f and g agree everywhere on U. 


E.2 Division. 


a] Suppose p is a polynomial of degree n and p(a) = 0. Then there exists 
a polynomial q of degree n — 1 such that 


p(x) = (@ — a)q(a). 


Hint: Consider the usual division algorithm for polynomials. 
b] A polynomial of degree n has at most n roots. 


This is the easier part of the Fundamental Theorem of Algebra. The remain- 
ing content is that every nonconstant polynomial has at least one complex 
root. 


The next exercise develops the basic complex analysis tools mostly for 
polynomials on circles. The point of this exercise is to note that the proofs 
in this case are particularly straightforward. 

E.3 Polynomial Complex Analysis. 
a] Deduce Cauchy’s integral formula for polynomials on circles. 
Hint: Integrate z” on OD,. 


b] If p(z) = ay [];_, (¢—a;), then the number of indices i for which |a;| <r 


1S 
1 p'(z) 


2nt Jan, p(z) 


dz, 


provided no a; lies on OD,. 
Hint: We have 


and 


1 dz i if lajl<r 


Qni aD, % — Qi 0 if la|>r. 
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c] Deduce Rouché’s theorem from part b] for polynomials f and g given 
by their factorizations, and for circles y. 


Hint: Let h:=1+(g—f)/f.So fh =g and 


DF A) on Te, ME 


2n1 Jan, g(z) (Oni oD, f(z) Qni OD, h(z) 


1 


Show that the last integral is zero by expanding h~' and applying b]. 


d] Deduce E.1 c] and E.1 d] from E.1 aj. 


e] Observe that the unicity theorem can be sharpened for polynomials as 
follows. If p,q € Pé and p(z) = q(z) for n+1 distinct values of z € C, then 
p and q are identical, that is, p(z) = q(z) for every z € C. Equivalently, a 
polynomial p € P¢ is either identically 0 or has at most n zeros. (This is 
trivial from the Fundamental Theorem of Algebra, but as in E.2, it does 
not require it.) 


E.4 The Fundamental Theorem of Algebra. Every nonconstant polyno- 
mial has at least one complex zero. 


Prove this directly from Liouville’s theorem. 
E.5 Pellet’s Theorem. Suppose a, £0, |dp4il+-+:+ |an| >0, and 
G(x) == |ao| + lar |x +++ + [apa la? — layla? + laps la? +--+ [ana 
has exactly two positive zeros s1 < s2. Then 
F(z) := Gnz™ + Gn_12z" | +++ +49 € PS 


has exactly p zeros in the disk {z € C: |z| < 81} and no zeros in the annulus 
{z€C: 81 < |z| < so}. 


Proof. Let s1 <t < sg. Then g(t) < 0, that is, 
us 5 
» la;|t? < |ap|t? . 


j=0 
JFP 


Now apply Rouché’s theorem to the functions 


F(z) := @p2” and G(z) := ye ajz). 
j=0 
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E.6 Proof of Theorem 1.2.4. 
a] Holder’s inequality (see E.7 of Section 2.2) asserts that 


n n 1/p n 1/q 
S- laxbs| < e nt) (>: be 
k=1 k=1 k= 1 


where p-! + q7! =1 and p > 1. Soif 


1 


PZ) = Anz" +An-12" +++ +a0 EP, 


then 
1/q 


n—-1 n—-1 1/p n—-1 
> loullel* < (= int) (= et) 
k=1 k=0 k=0 


b] Thus, for |z| > 1, 


n-1 
[p(z)| > lanllel” — So laellel* 
k=0 
nl p V/p p41 k 1/q 
ak |z|"4 
> lay|lz|" <1 - — 
n-1 p 1/p 
ak 1 
> ee a We — ——_—__ 
2 |An||2 (s Gn (jz\¢ — 1)1/4 


c] When is the last expression positive? 


E.7 The Number of Positive Zeros of a Polynomial. Suppose 


n 
pz) := S- a;2? 
j=0 
has m positive real roots. Then 


mi? < Onlog { !aolt laal+ == + Jan 
7 V|a04n| 
This result is due to Schur though the proof more or less follows Erdés and 
Turan [50]. It requires using Miintz’s theorem from Chapter 4. 
a] Suppose 


p(z) = an I[& —rpe) 


k=1 
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and 


Note that for |z| = 1, 


Use this to deduce that 


late) < 


2 
IPP — f lol + lar| +--+ + len! 
- V/|a04n| 
whenever |z| = 1. 
b] Since p has m positive real roots q has m roots at 1. Use the change of 
variables 2 := z+ 271 applied to z"q(z~)q(z) to show that 
llallj1=13 
> min Iz — 1) (29—™ + Bam 129 + bz + bo) MF a1} 
ke 
> nn [|e (a?— + Cpe m1 te beet Co) |Ifo,4] 
Ck 
= 4” min Ix" (a"—™ +4 | ES ee +e-tdat do) |I(0,1] 
ke 
4nr 
2 Pn Fle) 
Ht (ana) 
where the last inequality follows by E.2 c] of Section 4.2. 
c] Show that 


4nr 
] a) 
e (tra) ree 


and finish the proof of the main result. 


1.3 Zeros of the Derivative 


The most basic and important theorem linking the zeros of the derivative of 
a polynomial to the zeros of the polynomial is variously attributed to Gauss, 
Lucas, Grace, and others, but is usually called Lucas’ theorem [1874]. 


Theorem 1.3.1 (Lucas’ Theorem). Let p € P¢. All the zeros of p' are con- 
tained in the closed convex hull of the set of zeros of p. 


The proof of this theorem follows immediately from the following 
lemma by considering the intersection of the halfplanes containing the con- 
vex hull of the zeros of p. 
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Lemma 1.3.2. Let p € P<. If p has all its zeros in a closed halfplane, then 
p,, also has all its zeros in the same closed halfplane. 


Proof. On consideration of the effect of the transformation z > az+ 8, by 
which any closed halfplane may be mapped to H, := {z : Re(z) < 0}, it 
suffices to prove the lemma under the assumption that p has all its zeros in 
Hy. If p has all its zeros in Hy, then 


Diz) Sol =z 
=) ayia 
ano ee - 


But if z € H, := {z € C: Re(z) > 0}, then 


1 
z—Ak 


€H, foreach a, € H,, 


and it follows that 
| 


In particular, 


fs 1 


which finishes the proof. 


There is a sharpening of Lucas’ theorem for real polynomials formu- 
lated by Jensen. We need to introduce the notion of Jensen circles for a 
polynomial p € P,. For p € Py, the nonreal roots of p come in conjugate 
pairs. For each such pair, a+i(, a—1i8, form the circle centered at a with 
radius ||. So this circle centered on the x-axis at a has a+if and a—iG on 
the opposite ends of its perpendicular diameter. The collection of all such 
circles are called the Jensen circles for p. 


Theorem 1.3.3 (Jensen’s Theorem). Let p € P,. Each nonreal zero of p' 
lies in or on some Jensen circle for p. 


The proof, which is similar to the proof of Lucas’ theorem, is left for 
the reader as E.3. 


We state the following pretty generalization of Lucas’ theorem due to 
Walsh [21]. The proof is left as E.4. Proofs can also be found in Marden 
[66] and Polya and Szegé [76]. 
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Theorem 1.3.4 (Walsh’s Two-Circle Theorem). Suppose p € P< has all its 
n zeros in the disk Dy with center c, and radius r;. Suppose q € Pe, has 
all its m zeros in the disk Dz with center co and radius ro. Then 


a] All the zeros of (pq)' lie in D; U Dz U D3, where D3 is the disk with 
center cz and radius r3 given by 
neg + mc, nrg +mry 


C3 = ——————_., 13 .= 


n+m n+m 


b] Suppose (n 4m). Then all the zeros of (p/q)' lie in Dj UD2U D3, where 
Ds is the disk with center cz and radius r3 given by 
nce2 — Mc, __ nr +mry 


C3 == ————__, r= 
n-—m |n — m| 


Comments, Exercises, and Examples. 


Lucas proved his theorem in 1874, although it is an easy and obvious con- 
sequence of an earlier result of Gauss. Jensen’s theorem is formulated in 
Jensen [13] and proved in Walsh [20]. Much more concerning the geometry 
of zeros of the derivative can be found in Marden [66]. 


E.1 A Remark on Lucas’ Theorem. Show that p' € P¢ has a zero a on 
the boundary of the convex hull of the zeros of p if and only if a is a multiple 
zero of p. 


E.2 Laguerre’s Theorem. Suppose p € P¢ has all its zeros in a disk D. 
Let CEC. Let w be any zero of 
q(z) = np(z) + (¢ — z)p'(z) 

(q is called the polar derivative of p with respect to ¢). 
al If ¢ ¢ D, then w lies in D. 
Hint: Consider r(z) := p(z)(z — ¢)~", where p has all its zeros in D and 
¢ ¢ D. Then 

r(z)_ ple), on 

riz) plz) ¢-2 
and if q(w) = 0 with w ¢ D, then r'(w) = 0. Now observe that r is of the 


form i 
r)=s(—42), séP,, 


where s'((w — ¢)~!) = 0. Note that ¢ ¢ D implies that 
Di={@=0 126 D} 

is a disk. Then s has all its zeros in D and so does s’ by Lucas’ theorem. 

However, w ¢ D implies (w — ¢)~! ¢ D, so s'((w — €)7!) £0, a contradic- 

tion. 


b] If p(w) 4 0, then any circle through w and ¢ either passes through all 
the zeros of py or separates them. 
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E.3 Proof of Jensen’s Theorem. Prove Theorem 1.3.3. 


Hint: Suppose p € Py \ Pn—1 and denote the zeros of p by 2, 22,... ,2n- 
Then 

plz) _ S 1 

plz) hai” 7 , 


If zp, = az +78, with ag, Gp € R, and z= x+y with x,y € R, then 


1 1 
hy (= — iP, ara raer —)} 
—2y((a — ax)? +y? — Bf) 
(ag)? + y= Ba)*) > (= 0e)? + y + Be)?)? 


and so outside all the Jensen circles and off the x-axis, 


sign(tm (224) ) = —sien(y) 40. 


Pn(z) 


E.4 Proof of Walsh’s Theorem. Prove Theorem 1.3.4. 
a] Prove Theorem 1.3.4 al. 
Hint: Let. zp be a zero of p'q¢ + q'p outside D; and Do. Let 


mq(Zo) 
q' (0) 


np(zo) 


p' (20) 


(p'(zo) # 0 and q'(zo) # 0 by Lucas’ theorem). Observe that ¢; € D; and 
@ € Dg by E.2, and 


Gy [= 29 — 


and ( :=2z- 


nd + mC, 
29 = ——————_.. 
n+m 


b] Prove Theorem 1.3.4 bl]. 


Hint: Proceed as in the hint to part a], starting from a zero 2 of p'q — q'p 
outside D, and Do. 


c] Ifin Theorem 1.3.4 a] D1, D2, and D3 are disjoint, then D, contains 
n —1 zeros, Dz contains m — 1 zeros, and D3 contains 1 zero of (pq)'. 


Hint: By a continuity argument we may reduce the general case to the case 
where p(z) = (z —q@)” and q(z) = (2 —@)”™. 


d] Ifin Theorem 1.3.4 b] n =m and D, and Dz are disjoint, then D; U Dz 
contains all the zeros of (p/q)’. 
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E.5 Real Zeros and Poles. 
a] If all the zeros of p € P,, are real, then all the zeros of pj, are also real. 


b] Suppose all the zeros of both p € Py, and q € Pm are real, and all the 
zeros of py, are smaller than any of the zeros of g,. Show that all the zeros 
of (p/q)' are real. 


Hint: Consider the graph of 


(p/q)' 


Ty 
p 4 


(p/q) 


Define W(p), the Wronskian of p, by 


c] Prove that if p € P, has only distinct real zeros, then W(p) has no real 
ZeYOS. 


In Craven, Csordas, and Smith [87] it is conjectured that, for p € Pn, 
the number of real zeros of W(p)/p? does not exceed the number of nonreal 
zeros of p (a question they attribute to Gauss). 


d] Let p € Py. Show that any real zero of W(p) lies in or on a Jensen 
circle of p. 


Proof. See Dilcher [91]. 
e] Show that Lucas’ theorem does not hold for rational functions. 
Hint: Consider r(x) = x/(a? — x”). 


The next exercise is a weak form of Descartes’ rule of signs. 


E.6 Positive Zeros of Miintz Polynomials. Suppose 69 < 6, < +: < dn 
and 


f(x) = aot +ayz® +-+-+anz™, a, ER. 


Show that either f = 0 or f has at most n zeros in (0, 00). 


Hint: Proceed by induction on n. 
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E.7 Apolar Polynomials and Szeg6’s Theorem. Two polynomials 


f(e):= aw(")2", an #0 


and 


are called apolar if 


a] A Theorem of Grace [02]. Suppose that f and g are apolar polynomials. 
If f has all its zeros in a (closed or open) disk D, then g has at least one 
zero in D. 


Hint: Let a,,Q2,...,Q@n and 81, 82,...,8, denote the zeros of f and g, 
respectively. Suppose that the zeros of g are all outside D. Let 


fila) = nf(x) + (Bi — x) f'(2) 
and for k = 2,3,... ,n, let 
fie(z) = (n —k +1) fe-1(@) + (Be — 2) fi, (2) - 
Then, by E.2, each f; has all its zeros in D. Now compute 


fn—1(Bn) = x ((5) dgbn — e QDasi eee (= 1)" (") into) =0, 


where the vanishing follows by apolarity. This is a contradiction. 


b] If f and g are apolar, then the closed convex hull of the zeros of f 
intersects the closed convex hull of the zeros of g. 


c] A Theorem of Szegé [22]. Suppose 


n 


fla) =Yoan(P)a*, an #0, 


k=0 


and 2 
= n\ ke 
A(x) := », andy @E . 


Suppose f has all its zeros in a closed disk D, and g has zeros §1,... ,Bn- 
Then all the zeros of h are of the form 8,4; with y € D. 
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Hint: Suppose 6 is a zero of h. Then 
” n 
) cubs ( ) st = 0. 
k 
k=0 


So the polynomial 


n 


r() = )(-D* @ bpdka”—* 


k=0 


is apolar to f, and thus has a zero a in D. But then a = —6/; for some i 
since r(a) = 2"g(—d/2). 


E.8 Zeros of the Integral. Suppose p € Py, \ Pn—1i has all its zeros in 
Di {2e Cs 2) <1}, 

a] Show that the polynomial q defined by q(x) := es p(t) dt has all its 
zeros in Dy := {z € C: |z| < 2}. 

Hint: Apply E.7 c]. Take 


Then 


Note that g(a) = (n+ 1)~!a-1((1+ 2)"*1 — 1) has all its zeros in Do. 
b] Show that 


x ptm—1 ptm—2 ty 
g(x) := [ i i a ; p(t) dt dty +++ dtm—2 dtm—1 
o Jo 0 0 


= {z€C: |z| <rmn}, where rn < m+] is 


“(m+n k 
Ca 


k=0 


has all its zeros in D. 
the zero of 


Tmiin 


with the largest modulus. Note that q is the mth integral of p normalized 
so that the constants of integration are all zero. 


Proof. See Borwein, Chen, and Dilcher [95]. 
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E.9 Grace’s Complex Version of Rolle’s Theorem. Suppose a and G are 
zeros of p€ Pn \ Pn—1. Then p' has at least one zero in the disk 


D(e,r) = {2 €C: |z-e <r}, 


where 


orl T 
r i= ——— cot—. 
2 n 


Hint: Assume, without loss of generality, that a = —1 and 6 = 1. Let 
k+1 


n-1 n-1 
! k a xv 
— that = ——"; 
p (x) 2d Ape” , atis, p(x)=ct 2d Qk ee 


Apply E.7 a]. Note that 


So 


and p’ are apolar. 


E.10 Corollaries of Szeg6’s Theorem. Suppose 


fle):= ({)) a + (") Beats. ("ane 


3 


and 


with and, # 0. 


al Jf f has all its zeros in a convex set S containing 0 and g has all its 
zeros in [—1,0], then h has all its roots in S. 


b] Jf f and g have all their zeros in [—1,0], then so does h. 


n 
E.11 Another Corollary of Szegé’s Theorem. /f > azz has all its zeros 
ar e ae 
in Dy := {z €C: |z| < 1}, then so does S ua . In particular, 5S wae 
k=0 (i) k=0 (i) 


has all its zeros in Dy. 


The results of the next exercise were first proved by M. Riesz (see, for 
example, Mignotte [92]) and were rediscovered by Walker [93]. 
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E.12 Consecutive Zeros of p’ for p € P,, with Real Zeros. For a polyno- 
mial 
n 
p(x) = ][@- a), ay<ag<-++< an, n>2 
i=1 
with only real zeros, let 


A(p) := joun (ens — a4). 


By Rolle’s theorem 
n-1 


p(x) =n |] («- Bi), ay < By <ag < By < +++ < Bn-1 < ay. 
i=1 


a] Suppose n > 3. Prove that A(p) < A(p'). 


Outline. It is required to show that 6; — 6;-1 > A(p) for each j > 2. Let 
2<j <7 be fixed. Since 


f'(B;) _ F'(B5;-1) 


= + = 0 


f(B;) fF (Bj-1) 


we have 
“ 1 
> (Bj-1 — a4)(B; — a4) 


IZ 


= 0. 


Now let Uj i= Aj =i0p at; Ups B; — aj. Also for each 1, let d; = Aj — Aji, 
ej := aj44 — aj. Then the above can be rewritten as 

= 1 fa = 1 
(di—uj)(ditvj)  (-ujvj) 


i=1 


Define 


j-1 nj 


ROO) a Say 


i=1 i=1 


(e; + u)(e; —v)~ 


Note that F is increasing in each variable (0 <u < di, 0<v < e1) and 
observe that 


F(uj,0;) = 1. 


To prove the result, it suffices to show that if wu and v are nonnegative 
numbers satisfying u + v = A(p), then F(u,v) < 1. 
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Now show that 


j-1 


1 1 
2 Wid =) te aa Ye 5) 


i=1 


ewe 3 wel ay ee: 
~ A(p) j=l dj —u dit. —u ag NE €i41 —U 


ay eRe eee rp Oa pe en eae 
A(p) \di -—u ex —v) ~— Alp) \v su) 


whenever u and v are nonnegative numbers satisfying u + vu = A(p). 


F(u,v) <uv ( 


b] Suppose n > 3 and y € R. Show that A(p’ — yp) has only real zeros 
and A(p' — yp) > A(p). 


c] What happens when p has only real zeros but they are not necessarily 
distinct? 

E.13  Fejér’s Theorem on the Zeros of Mintz Polynomials. The following 
pretty results of Fejér may also be found in Polya and Szegé [76]: 


Suppose that (Az )?2o is an increasing sequence of nonnegative integers 
with ro =0. 


a] Let 


n 
pz) = > an2** ; a,p EC, aga, £0. 
k=0 


Then p has at least one zero zo € C so that 


|zo| < ( A2A3°+* An )" 
~ V2 = A1)OA3 = At) + An = At) 


Outline. We say that z, € C is not less than z2 € C if |z2| < |z:|. Studying 
q(z) = 2° p(z7'), we need to show that the largest zero of 


1/r 
aig [1 


ay 


n 
q(z) = aon" + S- apa” —# 
k=1 


is not less than 


(a a 


Neda do 


1/1 


We prove this statement by induction on n. The statement is obviously true 
for n = 1. Now assume that the statement is true for n — 1. It follows from 
Lucas’ theorem that if g is a polynomial with complex coefficients, then the 
largest zero of q' is not greater than the largest zero of q. 
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By the above corollary of Lucas’ theorem, it is sufficient to prove that 
the largest zero of 


grn-1—Antlol(z) = Ayagz>"-? So a= dag 


is not less than 
( eae ye Ones) ay | 


A2A3 Xn ao 


However, this is true by the inductive hypothesis. 


b] Suppose 
CO 
= S apz* , apr EC 
k=0 


is an entire function so that 77°, 1/Ax < co, that is, the entire function 
f satisfies the Fejér gap condition. Show that there is a zo € C so that 
f (20) = 0. 

Hint: Use part al. 


“Tp rinte 


Some Special Polynomials 


Overview 


Chebyshev polynomials are introduced and their central role in problems in 
the uniform norm on [-1, 1] is explored. Sequences of orthogonal functions 
are then examined in some generality, although our primary interest is in 
orthogonal polynomials (and rational functions). The third section of this 
chapter is concerned with orthogonal polynomials; it introduces the most 
classical of these. These polynomials satisfy many extremal properties, sim- 
ilar to those of the Chebyshev polynomials, but with respect to (weighted) 
Ly norms. The final section of the chapter deals with polynomials with 
positive coefficients in various bases. 


2.1 Chebyshev Polynomials 


The ubiquitous Chebyshev polynomials lie at the heart of many analytic 
problems, particularly problems in Ca, b], the space of real-valued con- 
tinuous functions equipped with the uniform (supremum) norm, || - |\j2,0)- 
Throughout this book, for any real- or complex-valued function f defined 
on [a, }], 


IF lita) = sup |f(z)|. 


x€[a,b] 
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The Chebyshev polynomials are defined by 


Ty(a) : = cos(narccos 2) , x €[-1,]], 
(2.1.1) = 5 (+ Ve=1)" + (@- Ve =1)"), xeéeC, 
[n/2| 
=5 Pat ae Ser cee ae 


These elementary equivalences are left for the reader (see E.1). The nth 
Chebyshev polynomial has the following equioscillation property on [—1, 1]. 
There exist n + 1 points ¢; € [-1,1] with -l =, <G-1<-+:+<@=1 
so that 


In other words T, € P, takes the values +||T}||;-1,1] with alternating sign 
the maximum possible number of times on [—1, 1]. (These extreme points 
are just the points cos(ka/n), k =0,1,...,n.) The Chebyshev polynomial 
T,, satisfies the following extremal property: 


Theorem 2.1.1. We have 


i ni _ _ gi-np _ — ae 
nin ko” — pleas) = [22° 


where the minimum is uniquely attained by p(x) = 2” — 2'—"T,, (2). 


Proof. Observe that, while the minimum is taken over P_,, we need only 


consider p € Pn—1, since taking the real part of ap € Po_, can only improve 
the estimate. From the above formulas for T,, we have 


2'-"T,, (2) = 2" + 3(z), s€ Phi. 
Now suppose there exists g € Py_, with 
(2.1.3) l|]z” — g(a) ||-11) < 2°”. 


Then 
21-97) (a) = (a” = q(x)) = s(x) a q(x) € Pn-1 


changes sign between any two consecutive extrema of T,,, hence it has at 
least n zeros in (—1, 1), and thus it must vanish identically. This contradicts 
(2.1.3), and we are done up to proving uniqueness (this is left as E.2). 
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Comments, Exercises, and Examples. 


The Chebyshev polynomials T,, are named after the versatile Russian math- 
ematician, P. L. Chebyshev (1821-1894). The T comes from the spelling 
Tchebychef (or some such variant; there are many in the literature). A 
wealth of information on these polynomials may be found in Rivlin [90]. 
Throughout later sections of this book the Chebyshev polynomials will 
keep recurring. The initial exercises explore elementary properties of the 
Chebyshev polynomials. 


Erdés [39] proved that for t € 7, with ||¢||p < 1, the length of the graph 
of t on [0, 27] is the longest if and only if t is of the form ¢(0) = cos(n@ + a) 
with some a € R (see E.6). He conjectured that for any p € Py with 
Ilp||[—1,1) < 1, the maximum arc length is attained by the nth Chebyshev 
polynomial T,,. This is proved in Bojanov [82b]. Kristiansen [79] also claims 
a proof. In E.9 the reducibility of T,, is considered, and in E.11 the basic 
properties of the transfinite diameter are established. 


E.1 Basic Properties. 


a] Establish the equivalence of the three representations of T,, given in 
equation (2.1.1). 

Hint: cosn@ = 4[(cos@ + isin)” + ((cosé — isin@)”]. To get the third 
representation, use E..3 bl]. 


b] The zeros of 7, are precisely the points 


2k-1 
a, = cos EUs | k=1,2,...,n 


c] The extrema of T(z) in [—1, 1] are precisely the points 


Ch = cos 42, k=0,1,...,n. 


d] Observe that the zeros of T, and T,,+1 interlace, as do the extrema. 


E.2 Uniqueness of the Minimum in Theorem 2.1.1. Prove the uniqueness 
of the minimum in Theorem 2.1.1. 


Hint: Assume that q € Po_, and 
ll” — g(x)||[-1) < 2°. 


Then 
h(a) := 2'~"T,, (a) — Re(x” — q(x)) 


defines a polynomial from P,-; on R having at least n zeros (counted 
according to their multiplicities). Thus 


2'-"T,, (x) = Re(x” — q(x)), xceER, 
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which, together with the previous inequality, implies that q(x) is real when- 
ever T,(2) = +1. Now E.6 of Section 1.1 (Lagrange interpolation) yields 
that q has real coefficients. Hence 


AT eas" = ¢a)s xceR. 


E.3 Further Properties of T),. 
a] Composition. Show that Thm(x) = Tn(Tm(2)). 
b] Three-Term Recursion. Show that 


Ty(a) = 22Tp—1(@) — Tn—2(x), WS 2 Bhoeme 


c] Verify that 


To(x) =1 

Ti(“2) =a 

T(x) = 227 —1 

T3(x) = 40° — 32 

T(x) = 8x" — 82? +1 
Ts(a) = 162° — 202° + 5a. 


Note that 7), is even for n even and odd for n odd. 


d] Another Formula for T;,. Show that T,(a) = cosh(ncosh7'(«)) for 
every z € R \ [-1, 1]. 
e] Differential Equation. Show that 


(1—27)T" (2) — aT} (2) + n?T, (x) = 0. 


f] An Identity. Show that 


T!s(@) Th_s(a) 
T = IN SL 
er er ae EE 


g] Orthogonality. Show that 


2 * Ty(t)Tm(x)dx _ _ f0, n#m 
aes et 


h] Generating Function. Show that 


1l—yz = 
———— = T, 4 -1,1 1. 
ype = Toe", ee LM, bal < 


n=0 


Hint: Set x = cos@ and sum. 
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i] Another Representation of T,,. Show that 


j| Another Identity. Show that 


Tn($(a@+a7')) =$(a® +07"). 


E.4 Approximation to x* on [0, 1]. 


a] Let T(a) = T,(2x — 1) be the nth Chebyshev polynomial shifted to 
the interval [0, 1]. Suppose 


T,(#) = bya. 
k=0 


Show that for each k = 0,1,... ,n, 


n 
min ||x* — S° ¢25l|fo,1) = lbp Tr llto3 - 
cjER ‘ 

j=0 

J#k 


Hint: Proceed as in the proof of Theorem 2.1.1 and use E.6 of Section 1.3. 


b] Why does this not hold for T, on [—1,1]? 


E.5 A Composition Characterization. Suppose (p,)°°, is a sequence of 
polynomials of degree n and for all positive integers n and m 


Pn ° Pm = Pn-m- 
Then there exists a linear transformation w(x) = ax + 8 so that 


woprow t =a", N= Ty 2s 


or 
WO pnow | =Thp, nm=1,2,.... 


This result is due to Block and Thielman [51]. The proof outlined in this 
exercise follows Rivlin [90]. 
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a] Let 
q(z) := a9 t+ayx +422", ag#0, and v(x) := —-—. 


Then 


v(q(v(z))) = 2? +e with © :=agaz + (ai/2) — (a7/4). 


b] Let g(z) = ao + aia + a227, az # 0. Then there is at most one 
polynomial p, of degree exactly n so that 


Pn(q(x)) = q(pn(2)) - 


Hint: By a] we may assume q(x) = x? +c. Now suppose r, s € Pé\PS_1, 


r(a? +c) =r (2) +e 


and 
s(a* +c) =s*(x) +c. 


Then u:=r—s € Py_, satisfies 
u(a? +c) = u(x) (r(x) + s(2)) 


from which we deduce, by comparing degrees on both sides, that n = 0. 
(Note that the above conditions imply r and s monic.) 


c] Finish the proof of the initial statement of this exercise. 


This is a special case of a more general theorem of Ritt [23] that classifies 
all rational functions r and s that commute in the sense that ros = sor. 


d] Another Composition Characterization. Suppose p € P,, has the prop- 
erty that the closure of the set 


I, := {2 €C: p*l(z) =0 for some k = 1,2,...} 
is the interval [—1,1], where pl! is the kth iterate of p, that is, 
pl =p and pal =p o pik for k=2,3,.... 


Then p(x) = Tp (2). 


e] Let 
rn(a) = tan(ntan~'(a)). 


Show that r, is a rational function in Ry», and observe that 


Ry Oo hi nhs 
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E.6 Trigonometric Polynomials of Longest Arc Length. Theorem 5.1.3 
(Bernstein-Szegé inequality) asserts that 


t'(8)? +n7#?(8) <n? |I¢llz 


for every t € J, and 6 € R. Use this to prove the following result of Erdés. 
For ¢ € J, with |lt|lR < 1, the length of the graph of t on [0,27] is the 
longest if and only if it is of the form ¢(@) = cos(n@ + a) for some a € R. 


Hint: Suppose t € Ty, with ||t||p = 1. Let s(@) := cosné. If 
-l< t(61) = 8 (02) <1 
holds, then by the Bernstein-Szegé inequality (see also E.5 of Section 5.1) 
|é(A1)| < nd — #°(61))? = n(1 = 8°(62))'? = |s'(2)|,, 
and if equality holds for one pair of 0;, 62, then it holds for all pairs, and 
t(0) = cos(n6 + a) for some a € R. Suppose t,(0) # cos(né +a). Let 7 and 
a be monotone arcs of the graphs of y = t(@) and y = s(6), respectively, 
with endpoints of each having the same ordinates y; and y2. Let |r| and |o| 


be the length of r and o, respectively, and let |7,| and |o,| be the length of 
the projection of 7 and o, respectively, on the z-axis. Show that 


I7] < lo] + te] — lon) 


by approximating 7 and o by a polygonal line corresponding to a subdivi- 
sion of the interval with endpoints, y; and yz on the y-axis. 


E.7 Monic Polynomials with Minimal Norm on an Interval. 


a] The unique monic polynomial p € Ps, minimizing ||p||[a,5) is given by 


28) ee) 


b] Let 0 <a <b. Find all monic polynomials p € P¢ minimizing 


Il>l|,_-6,—a}ufa,o) - 


(For two intervals of different lengths this is a much harder problem. The 
problem was originally due to Zolotarev and is solved in terms of elliptic 
functions. See Todd [88], Fischer [92], and Peherstorfer [87].) 
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E.8 Lower Bound for the Norm of Polynomials on the Unit Disk. Let D 
be the open unit disk of C. Show that 


n 
re >m 
lag tayz +++++an2"||p 2 ane a 


for arbitrary complex numbers ag, @1,... ,@n- Thus z” plays the role of the 
nth Chebyshev polynomial on the unit disk. 


Hint: If p(z) := agp +ayz +++: +ay2”, then 


_1 f Pp) 4 
Om = Oni J gmat: 
aD 


The next exercise supposes some familiarity with the rudiments of 
reducibility over Q and basic properties, such as irreducibility of cyclotomic 
polynomials over Q (see Clark [71]). Details of the following observation of 
Schur’s are in Rivlin [90]. 

E.9 On the Reducibility of T,, over Q. Let n € N be fixed. 


a] The zeros of T,,(x/2) are all of the form 


aji= e(2d-lin/(2n) Be e 2i-l)ix/(2n) : is eee 


b] Ifn > 3 and ¢ is a primitive nth root of unity, then ¢+¢7' is of degree 
y(n) /2. (Here y is the Euler ¢ function.) 


c] Thus if 7, is irreducible over Q, then n must be a power of 2. 


d] For a positive integer h, let 


n 


Fy (x) = II (a — 4). 


j=l 
ged(2j—1,2n)=h 


(Here gcd(m,n) denotes the greatest common divisor of m and n.) Show 
that if h is odd, then Fy}, is irreducible over Q. 
e] The Factorization of T,,. 


2T,(e/2)= |] Fale). 


hin, hodd 


So if n is odd, T, has y(n) factors, while if n is even, then T,, has y(m) 
factors, where m is the largest odd divisor of n. 


f] Let n > 3 be odd. Then T),(x)/zx is irreducible over Q if and only if n 
is prime. 
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E.10 Chebyshev Polynomials of the Second Kind. Let the Chebyshev poly- 
nomials of the second kind be defined by 


Un—1(x) := “74 (2) = ae x= cosé. 
a] U(x) = 2T,,(x) + Upn_2(x). 
b] T,(x2) = U,(x) — aUp_i(x). 


a tay y Ce 
(c+ Ve2—1)"" — (@-Va?—1)"" 
2/x2 —1 ; 


e] Orthogonality. Show that 


d] Un(2) = 


,; n=m>d0. 


1 
0 
= [ Cnle)Um(a)v 1-2? dt = dbnm i= { i nem 
“1 


f] Three-Term Recursion. Show that 


Un (x) = 22Un_1(2) — Un-2(x), n= 2,3,.... 


(Note that this is the same recursion as for T,,.) 
g] The Coefficients of U,. Show that 


Un{a) = Fey! (" k ° (2x)? 


k=0 


h] Another Form of U,,. Show that 


rales n+1 
ale) = Yo -*(4 4 Jee? — DF. 
k=0 


The concepts of transfinite diameter and capacity play a central role 
in potential theory, harmonic analysis, and other areas of mathematics. 
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E.11 Transfinite Diameter. Let E be a compact subset of C. Let 


A,(E) = ag ae I] |Z; = 2; : 
1<i,j<n 
tj 
The points z; at which the above maximum are obtained are called nth 
Fekete points for E. If the points z; are the nth Fekete points for E, then 
the polynomial 
n 
Qn(z) := II (z — 2) 
i=1 
is called an nth (monic) Fekete polynomial for E. The transfinite diameter 
or logarithmic capacity of E is defined by 


cap(B) = lim (An(E)) "= , 


where the limit exists by part c] (below). 


a] Let 21, 22,... ,2n be nth Fekete points for EF. Then 
loz... ie 
1 n—-1 


Hint: See E.2 b] (Vandermonde determinant) of Section 3.2. 
b] Let gn(z) := T]j_, (2 — 2) be an nth Fekete polynomial for E. Let 


my2= min |gy(z)| and My = [lgalle. 
Then 1/2 

An4si(E wT 

My < (SE) <n < (Anin(B)) 


Outline. We have 


lan(@)PAn(B) =[]le- ail? TT i - ail $ Ania (2) 


and 


Ani(F)= JJ la-zl [] lee--l? 


1<i,j<ntl 1<i<n+4l 
t#R JAK IAS if~k 
2 
<An(E) |[ lexi’. 
1<i<n+4l 
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From the first line above, 
Mp An(E) < Ansi(E). 
From the second line above, 


Anti l(E) < An(E)mi44 . 


c] Show that (A,(F)) TEA is decreasing, so the limit exists in the defini- 
tion of cap(F). 


d] The Fekete points lie on the boundary of FE. So cap(E) = cap(0(F)). 
Hint: Use the maximum principle (see E.1 d] of Section 1.2). 

e] If EC F, where F C C is also compact, then cap(E) < cap(F). 

f] Chebyshev Constants. Let 


j=l 
and 
Hy = {ners p(z) = |] (@- 2), nee 
j=l 
Let 
Mn(E) := inf{||p|le sp € Mn} 
and 


jin(B) := inf{||plle : p € Mn}. 


Show that the infimum in the definition of ,(/) and jfi,(F) is actually 
minimum. Show also that 


Untm(E) < Un(E) mE) 


and 


Hintm(E) < fin(E) ftm(E) 


for any two nonnegative integers n and m. Finally show that the above 
inequalities imply that 


exist. 
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The numbers p(F) and ji(F) are called the Chebyshev constant and 
modified Chebyshev constant, respectively, associated with E. Obviously 


w(E) < fi). 
g] Transfinite Diameter and Chebyshev Constants Are the Same: 


cap(E) = h(E) = (EB). 


Proof. Without loss of generality we may assume that FE contains infinitely 
many points. Part b] yields “(£) < cap(E). Therefore, since u(F) < fi(F), 
it is sufficient to prove that cap(E) < u(E). Note that if p € My, and 


21,22,---,2n41 € F are the (n + 1)th Fekete points for EF, then 
Tee aie wie See! ace) 
Aioea: ee 
1 oe mn an bead) 


Expanding the above determinant with respect to its last column, we obtain 
n+1 
(Angi(B))/? < (An(B))/? SS |p(zs)| 
j=l 
< (n+ 1)(An(E))'? |[plle, 


0) 
(Anti(B))'? < (n +.1)(An(B))"? un (BE). 
For the sake of brevity let 


2 


en = ((n +1)? (fin(B))2)/” and da = (An(E)) 705 


Then 
ci acd 4 


Since E contains infinitely many points, c, > 0 and d, > 0 hold for each 
n = 2,3,.... Multiplying the above inequalities for n = 1,2,...,k, we 
obtain after simplification that 

k il. 


(dodg © + dgzi)™=7 (desi) < (de)? (coeg +4) = 


Since lim dg = cap(E) and lim cy, = (u(E))*, we conclude 
k- oo k-00 


(cap(E))” < (u(B))’, 


which finishes the proof. 
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h] Show that cap([a, b]) = +(b — a). 
i] Show that cap(D,) = p, where 


={zEC: |z| <p}. 


j] Show that cap(A.) = sin(a/4), where A, is an arc of the unit circle C 
of length a, 0 <a < 2n. 


Hint: Without loss of generality we may assume that the arc Ag is sym- 
metric with respect to the x-axis and 1 € Ay. Now use part h] and the 
transformation x = $(z +27). 


2.2 Orthogonal Functions 


The most basic properties of orthogonal functions are explored in this sec- 
tion. The following section specializes the discussion to polynomials. 


In this section the functions are complex-valued and the vector spaces 
are over the complex numbers. All the results have obvious real analogs 
and in many later applications we will restrict to these corresponding real 
cases. 


An inner product on a vector space V is a function (.,-) from V x V 
to C that satisfies, for all f,g,h € V anda, €C, 


(2.2.1) (f, f) > 0 unless f = 0 (positivity) 
(2.2.2) (f,9) =(9,f) (conjugate symmetry) 
(2.2.3) (af + Bg,h) = af, h) + B(g,h) (linearity). 


A vector space V equipped with an inner product is called an inner 
product space. It is a normed linear space with the norm || - || := (-,-)!/?. 


The canonical example for us will be the space Ca, b] of all complex- 
valued continuous functions on [a,b] with the inner product 


b ———_— 
(2.2.4) (f,9) = ‘ f(e)g(@jw(a) de, 


where w(x) is a nonnegative integrable function on [a,b] that is positive 
except possibly on a set of measure zero. It is a normed linear space with 
the norm 


1/2 
(2.2.5) Hee (ic he vie) de) , 
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More generally, if (X, js) is a measure space (with ps nonnegative), then 


(2.2.6) (f,9) = [ fla)gl@) du(e) 


is an inner product on the space L2() of square integrable functions. More 
precisely, L2(j4) denotes the space of equivalence classes of measurable func- 
tions for which 


/2 
I fllesqy = (RA? = {f. IF (e) 2 du(e) )} 


is finite. The equivalence classes are defined by the equivalence relation 
f~gif f = g p-almost everywhere on X. 


If V is a vector space equipped with an inner product (-,-), then a 
metric p can be defined on V by p(f,g) := (f —9,f —g)'/?. The fact 
that this p is a metric on V is an immediate consequence of (2.2.1) and 
Theorem 2.2.1 b]. If this metric space (V,p) is complete (that is, if every 
Cauchy sequence in (V,) converges to some x € V), then V is called a 
Hilbert space. 


It can be shown that L2(1) is a Hilbert space for every measure space 
(X, 4) (see Rudin [87]), while Cla,b] equipped with the inner product 
(2.2.4), where w(x) = 1, is not a Hilbert space (see E.1). 


When we write L»[a,b] we always mean L2() where p is the Lebesgue 
measure on X = [a,b]. The fact that the inner product gives a norm is part 
of the next theorem. 


Theorem 2.2.1. If (V,(-,-)) is an inner product space equipped with the norm 
| | = Ce ae then for all fig € V, 


al Kf. 9)| < IFT Cauchy-Schwarz inequality 
b] If + ll < MFI + Ig triangle inequality 
c] If + ol? + Ilf = oll? = 2 INF? + 2 lg? parallelogram law. 


Proof. Let f,g € V be arbitrary. To prove the Cauchy-Schwarz inequality, 
without loss of generality we may assume (g,g) = 1 and we may assume 
(f,g) is real (why?). Let ¢ := (f,g) and note that by (2.2.1) and (2.2.3), 


0<(f-C9,f-—Co) =F.) — 2C(f.9) + Clg,9) 
= FAI? ~ (figyes 


which finishes the proof of part al. 
Using the Cauchy-Schwarz inequality, we obtain 
If + gl? =(f +9, f +9) =(F,F) + 2Re((F, 9) + (9,9) 
< | FIP + 2U/fIl llgll + ligll? 
< (IlFll + Ilgll)? 


which is the triangle inequality. 
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The parallelogram law follows from 


If + all? +IlF - oll? 
= (ff) + 2Re((f,9)) + (9,9) + (ff) — 2Re((f,9)) + (9.9) - 


For the space L2(1) of all square integrable functions, the Cauchy- 
Schwarz inequality becomes 


(/ If dla ) (wean) 


Applying this with f and g replaced by |f| and |g|, we obtain 


; F 1/2 ; 1/2 
(2.2.7) / yale < (f 1 aut (/ ae) 


A collection of vectors {fg : a € A} in an inner product space (V, (-, -)) 
is said to be orthogonal if 


" 194) < 


(2.2.8) (for fa) = 9, a,BEA, aFf§8. 


If (fa, fg) = 0, then we write fat fg. The collection is called orthonormal 
if, in addition to being orthogonal, 


(2.2.9) (EPS ae As 


An orthogonal collection {f, : a € A} of nonzero vectors in an inner 
product space can always be orthonormalized as {||fa||~ fa : a € A}. The 
vector space over C generated by {fq : a € A} is denoted by 


span{fa :a€ A}. 
So span{f, : a € A} is just the set of all finite linear combinations 
n 
{Safa imed, ec, menh 
i=1 


Any linearly independent collection of vectors can be orthonormalized, as 
the next theorem shows. 
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Theorem 2.2.2 (Gram-Schmidt). Let (V,(-,-)) be an inner product space 
with norm || +|| := (-,-)!/?. Suppose {f;}%, is a linearly independent collec- 
tion of vectors in V. Let 


gis 
Il full 
and (inductively) let 
n-1 i 
tn:=fn- > (frsgege and = gn = Tea 
k=1 se 


Then {gn}?—, is an orthonormal collection, and for each n, 


span{gi, 92,- ae »In} = span{ fi, fo,. a fate 


Proof. This can be proved easily by induction where the inductive step is: 
form <n, 


n-1 


(Un; 9m) = (fn» 9m) — SFr 9k) (Gks Im) 


kal 


n—-1 
= (fasgm) — >— (fas 9k)5km = 0. 


b>) 


The key approximation theoretic property orthonormal sets have is 
encapsulated in the following result: 


Theorem 2.2.3 (Best Approximation by Linear Combinations). Let (V, (-, -)) 


be an inner product space with norm || - || := (-,-)'/?. Suppose {f1,... , fn} 
is an orthonormal collection of vectors in V. Let f € V. Then 


n 
mia |e J| 
i=1 
is attained if and only if 


a =f, fi), tS 1.2.05: 


In other words, the sum S>;_,(f, fi) fi is the best approximation to f from 
span{fi,... , fn} in the norm (-,+)!/?, 
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Proof. Fix f € V, and let c; be as above. Let 


and let h € span{fi,... , fn}. Note that 
(g-SflLfi, a be rent 1) 


since by orthonormality 


3 


Ga fila] Ota Se at 


j=l 


Thus 


and so 


Ik — FIP? = [1h - 9) + (9 - AIP 
= ||h — gl|? + 2Re((h — 9,9 — f)) + Ilo — FIP 
= ||h - gll? + Ilo - FIP 
> Ilg — fll 


with strict inequality unless h = g. This finishes the proof. 


Note that the above theorem gives the following corollary: 


Corollary 2.2.4. If {f1,..., fn} is an orthonormal collection, then every 


g € span{fi,... ire: 


can be written as " 


9= 09. fi) fi- 


i=1 


Comments, Exercises, and Examples. 


The theory of orthogonal functions, and in particular orthogonal polyno- 
mials, is old and far-reaching. As we will see in the next section, the names 
associated with the classical orthogonal polynomials including Chebyshev, 
Laguerre, Legendre, Hermite, Jacobi, and Stieltjes, are the “who’s who” 
of nineteenth century analysis. Various aspects of this beautiful body of 
theory are explored in the exercises of this and the next section. 


Much of this material is available in G. Szegé’s [75] classical trea- 
tise “Orthogonal Polynomials.” Of course, orthogonal polynomials are in- 
timately connected to Fourier series and parts of harmonic and functional 
analysis generally. The standard functional analysis in the following exer- 
cises is available in many sources. See, for example, Rudin [73, 87]. 
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E.1 C[0,1] Is Not a Hilbert Space. Construct a sequence of continuous 
functions (fp)°2, on [0,1] for which 


Ilfn — fll z2[0,1] + 0 
with somef ¢ C[0,1] (in the sense that f cannot be modified on a set of 
measure zero to be in C[0, 1]). 


So C[0, 1] equipped with the inner product (2.2.4), where [a,b] = [0, 1] 
and w(x) is identically 1, is not a Hilbert space. It can be shown that there 
is no way of putting a norm on C(O, 1] that preserves the uniform topology 
and makes C[0,1] into a Hilbert space, essentially because C[0, 1] is not 
reflexive (see Rudin [73], Chapter 4). This, in fact, shows that C/0, 1] is not 
isomorphic to L,[0, 1] for any p € (1,00). For the definition of L,[0, 1], see 
E.7. 


E.2. On L2(w). Consider 
b 
(f.9) =i f(x)g(x)w(a) dr . 


What conditions on w guarantee that (f, g) is an inner product on C[a, b]? 


E.3  Cauchy-Schwarz Inequality for Sequences. Show that 


n 2 n n 
Seals (s> a] (>: a) 
4=1 i=l i=l 


for all a1,.-. ,@n,81,--- , Bn € C. Equality holds if and only if there exists 
ay €C so that either a; = yf; for each i or G; = ya; for each 7. 


Hint: C” is a Hilbert space with inner product 


((a1,Q2,... , An), (G1, B2,... »Bn)) = > aif; 
i=l 


E.4_ Bessel’s Inequality. Let (V,(-,-)) be an inner product space with 
norm ||-|| := (-,-)!/?. Suppose { f;}2, is a countable collection of orthonor- 
mal vectors in V. 


a] Show that 


foe) 


fie AP < IFIP. 


i=1 
Hint: With h := 0 in the last expression of the proof of Theorem 2.2.3 


IIfll? = Ilgll? + Ilg - FIP 
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b] Suppose 
coe ee ri 
i=1 


in the sense that the partial sums of the right-hand side converge to f in 
the norm || - ||. Show that 


If’ = Delfi AI. 


E.5 The Kernel Function. Let {p;}?_9 be a collection of orthonormal 
functions in L»[a,b] with respect to the inner product defined by (2.2.6), 
where X := [a,b]. Define the kernel function by 


Kp(£0,£) := po(to)po(a) + pi(to)pi (x) + +++ + pn (to) pn(x) 


a] Reproducing Property. If g € span{po,... , pn}, then 


b 
/ Kn(t,x)q(t) du(t) = q(2). 


Hint: Expand q in terms of po,... , Pn as in Corollary 2.2.4. 


b] (Kp(20,20))7!/? Kn (a0, 2) solves the following maximization problem: 
b 
max {te :q € span{po, pi,.-. ,Pn} and / lq(x) |? du(x) = 1 : 
a 


Outline. Write q = )0;"_9 cipi- Then, as in E.4 bl], 
llallzo(u) = leol? + lea)? + +++ + len|? = 1. 
The Cauchy-Schwarz inequality of E.3 yields that 


|g(xo)|? < (So (>: rate = Kn (xo, £0). 


i=0 i=0 
However, if 


Bee pi(xo) 
(S74 bes(eo)P) 
sO K ( ) 
om n\lo, & 
q(x) = (Kalto.to))’ 


then equality holds in the above inequality. 


c] Show, as in a], that if g € span{po,... , pn} and po,... , Pn are m times 
differentiable at x9, then 


Py 1/2 
la (@o)| < > Dh Cea) Ill no(u) - 


k=0 
When does equality hold? 
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E.6 Completeness. Let {fg : a € A} be an orthonormal collection in a 
Hilbert space H. The collection {f. : a € A} is called a maximal orthonor- 
mal set in H if there is no f £0 so that (f, fa) = 0 for every a € A. 


The following statements are equivalent: 


1) The set of all finite linear combinations of f,,a € A, is dense in H. 


) 
2) IFIP = aes fas f)|? for all f € H. 
3) (f:9) = Vaealfas f) fa, 9) for all f,g € H. 


4) {fa:a@€A} is a maximal orthonormal set in H. 


( 
( 
( 
( 


If any of the above holds, then the orthonormal collection is called a com- 
plete orthonormal system. (See, for example, Rudin [87].) 


a] Deduce (1) > (2) from Theorem 2.2.3. 
b] Deduce (2) => (3) from the simple identity 


A(f,9) = lf + ll? — lf — gl? + allt + égll? — all f — ‘all? 


The above identity is called polarization. 
c] Prove (3) => (4). 

d] Prove (4) = (1) by contradiction. 
Equality (3) is called Parseval’s identity. 


The remaining exercises assumes some familiarity with measure theory. 


E.7 Basic Theory of L, Spaces. Let (X,,:) be a measure space (yu is 
nonnegative) and p € (0, 00]. The space L,(js) is defined as the collection of 


equivalence classes of measurable functions for which || f||z,,() < 00, where 


1/p 
inte (f. i) pee) 


and 
lf llz(u) = sup{a € R: p({z € X :|f(x)| > a}) > 0} < ow. 


In any of the cases the equivalence classes are defined by the equiv- 
alence relation f ~ g if f = g p-almost everywhere on X. When we 
write L,[a,b] we always mean L,(js), where « is the Lebesgue measure 
on X = [a,6]. The notations L,(a,b), L,[a,6), and Ly(a,6] are also used 
analogously to L,[a, b]. 
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a] Hélder’s Inequality. Suppose 1 < p< q < oo and p-!'+q7! = 1. Show 
that 


| [ fads = WAlecesllalheses 


for every f € Ly(u) and g € Lg (2). 


If 1 < p,q < oo, then equality holds if and only if alf|? = Blg|? p- 
almost everywhere on X for some a, € R with a? + 8? > 0, and there is 
ac€C with |c| = 1 so that cfg is nonnegative p-almost everywhere on X. 


Holder’s inequality was proved by Rogers [1888] before Hélder [1889] 
proved it independently. 


Hint: If the right-hand side is 0, then the inequality is obvious. If it is 
different from 0, then let 


a aallfl and G:= __lgl_ : 
fll, (u) Ilgllz4(u) 


If « € X is such that 0 < F(a) < oo and 0 < G(x) < oo, then there are 
real numbers s and ¢ such that 


F(z) =e%/? and G(x) =e!/", 


Use the convexity of the exponential function to show that 


es/p+t/a <p leh 4g 1 ot 


Apply this with the above choices of s and t, and integrate both sides on 
X with respect to p. 


b] Minkowski’s Inequality for p € [1,00]. Let p € [1, 00]. Show that 


lf + gllzp,@) <WFllzpq) + lgllop qu) 


for every f,g € Ly(y). 


If 1 < p,q < ow, then equality holds if and only if af = Bg p-almost 
everywhere on X for some a, € R with a? + B? > 0. 


Hint: The cases p = 1 and p = ow are straightforward. Let p € (1, 00). Then 


Iftol? <\fllf+o 7 +lollf +9? 7? 


and apply Hélder’s inequality (part a]) to each term separately. 
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By part b], Lp(u) is a vector space and || - ||z,(,) is a norm on Lp(p) 
whenever p € [1, oo]. If p € (0,1), then || ||z,(,,) is still called a norm in the 
literature, however, for p € (0,1) the subadditive property, in general, fails. 
In fact, if p € (0,1), then || -||z, [2,9] is superadditive for Riemann integrable 
functions in L,|[a, b]; see Polya and Szegé [76]. 


c] Assume p(X) < oo. Show that L,(u) C Ly(s) for every 0 < p <q < 00. 
If u(X) < 1, then prove that 


WF llc.) <M lleg qu) 
for every measurable function f. 


d] Assume f € L,y() for some q > 0. Show that 


jim, I fllz.@) = WF lle. - 


e] Riesz-Fischer Theorem. Show that if 1 <p < oo, then (Lp(y), p) is a 
complete metric space, where 


ARO Ht alleges: 


Hint: Use the monotone convergence theorem and Minkowski’s inequality 
(part b]); see Rudin [87] for details. 

If p € [1,0], then q € [1,00] defined by p=! + q7! = 1 is called 
conjugate to p. 


f] Bounded Linear Functionals on L,(u). Let 1 < p< oo and g € L,(p), 
where q is the conjugate exponent to p. Show that 


8,(f):= | tad 


is a bounded linear functional on Ly (1). 


Hint: Use Holder’s inequality (part al). 


g] Riesz Representation Theorem. Suppose 1 < p< oo, p is (c-) finite 
and © is a bounded linear functional on Ly(js). Then there is a unique 
g © Ly(u), where q is the conjugate exponent to p, so that 


P(f) = | faaw. fe L,(p). 
Moreover, if and g are related as above, then 


[|P|| = max{P(f) = f € Lp), WFlle.@) = 1 = Ilgtic - 


Proof. See, for example, Rudin [87] or Royden [88]. 
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If X is a locally compact Hausdorff space, then the characterization 
of bounded linear functionals on the space C,(X) of continuous functions 
with compact support equipped with the uniform norm is also known as the 
Riesz representation theorem, and its proof may be found in, for example, 
Rudin [87]. 

h] Orthogonality in L,(4). Suppose 1 < p < ov, p is (o-)finite, Y is a 
finite-dimensional subspace of L,(u). The function f € L(y) is said to be 
orthogonal to Y in Ly(), written f L Y, if 


Wf llc, < MF + Allz,(u) 


for every h € Y. Show that an element f € L,(c) is orthogonal to Y if and 
only if 


/ FP Sgn (f)h du = 0 
xX 


for every h € Y, where 


TO nny 
saGG ya ey. oer” 
0 if f(x) =0. 


Outline. Suppose that the integral vanishes for every h € Y. Let q be the 
conjugate exponent to p. defined by p~! + q7! = 1. Observe that 


g = |fIP' sign(f) € La (u) 


[iota =f FP dy. 
xX xX 


Without loss of generality we may assume that. ||f||z,(,) = 1. Then for 
every h € Y, Holder’s inequality yields that 


I fllptan aS) fgdu= [ (f+ Ng du 
xX xX 
SF AleeslolnieS leet lees 


proving that f L Y. (Observe that this argument is also valid for p = 1.) 


Suppose now f L Y. Without loss of generality we may assume that 
f ¢ Y. By a standard corollary to the Hahn-Banach theorem (see, for 
example, Rudin [87]), there exists a linear functional M on Ly() such that 
M(f) = 1, M(h) = 0 for every h € Y, and ||M|| = IF llzccuy: This M is 
then representable by some element g € L,(), that is, 


M(f) = a fod, lIgllz,) = Flea 
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(see part g]). Therefore 


[ f9du= Illes leat 
and by the conditions for equality to hold in Hélder’s inequality, 
g(x) f(x) > 0 a.e. [pu] on X 


and 
|g(x)|* = Al f(z) |? a.e. [p] on X 


for a suitable constant ’ > 0. Hence 


g(x) = Alf(z)|P~* sign(f(z)) , 


and so M(h) = 0, h € Y, implies 


[lect sgntayn dy =o 
xX 


for every h € Y. 


The statement of part h] remains valid for closed subspaces Y instead 
of finite-dimensional subspaces, see, for example, Shapiro [71]. 
i] Minkowski’s Inequality for p € (0,1). Show that 


IF + gle.) <2? (Ilfllo,a9 + llgliz.as) 


for every f,g € Lp(u) and p € (0,1). 
Hint: Verify that 


1/p 
lf + gllz,00 < ( [aie tov" in) 


1/p 
Pd Pd 
< (fiir w+ | 1) 
1/p 1/p 
1/p-1 Pp D 
<2 (fur au) +(f Ioan) 


whenever f,g € L,(u) and p € (0,1). 


Further properties of L,() spaces may be found in Rudin [87]. 
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E.8 Fourier Series. 


a] Show that 


{ eind 
ne€Z 
V2 } 


is a maximal orthonormal collection in L2[—7, 7]. 
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Hint: The orthonormality is obvious. In order to show the maximality, first 
note that L2[—7,7] is a Hilbert space by the Riesz-Fischer theorem (E.7 
e]). Hence, by E.6, it is sufficient to show that the set T° of all complex 
trigonometric polynomials is dense in L2[—7,7]. By the Stone-Weierstrass 
theorem (E.2 of Section 4.1) T° is dense in C*|—7,7], where C*[—7, 7] 


is the space of all complex-valued 27-periodic continuous functions on 


example, Rudin [87]. 


R 
equipped with the uniform norm on R. Finally, it is a standard measure 
theoretic argument to show that C*[—7,7] is dense in L2[—7,7]; see, for 


The kth Fourier coefficient fk) of a function f € L4|—7,7] is defined 


by 


f(k) = | Hoe dé. 


The (formal) Fourier series of a function f € L1[—7,7] is defined by 


fr~ >> flirt. 


k=—0o 


The functions ‘, 
= YF fe 
k=—n 
are called the nth partial sums of the Fourier series of f. 
b] Show that if f € Lo[—7,7], then 


foe) 


SOP See 


k=-co 


Hint: Use part a], E.6, and E.7 el]. 
c] Show that if f € L2[—7, 7], then 


Jim I| f = Sn lesa =0 


so f is the L2[—7, 7] limit of the partial sums of its formal Fourier series. 


Hint: Use part bj. 


54 2. Some Special Polynomials 


Carleson, in 1966, solved Luzin’s problem by showing that S, — f 
almost everywhere on [—7,7] for every f € L2[—7,7]. Earlier, Kolmogorov 
showed that there is a function f € L,[—7,7] so that S, diverges every- 
where on [—7, 7]. 


d] Isometry of L2[—7,7] and ¢5. Let 


CO 
$= . See atmeee,. yl) ~| 


k= =O 


se 1/2 
IIxIles = ( S- rn ) K= (tn), te EC. 


k=-co 
Show that the function I: L2[—7, 7] > €§ defined by 
Coe atta) 


is one-to-one and onto, and 
IZ) lles = lf llzo[—x,n] : 


Hint: Use part a] to show that I is one-to-one. Use the Riesz-Fischer the- 
orem (E.7 e]) to show that I is onto. The norm-preserving property is the 
content of part bl]. 


Part d] shows that the structure of L2[—7,7] is the same as that of 
é§. Hence L2[—7, 7] is a separable Hilbert space, that is, it has a countable 
dense subset. So if € > 0 is fixed, then any collection {fy : a € A} from 
L[-—7,7] for which 


i Pew ile epee a Bead, a#B 


must be countable. 


e] The Riemann-Lebesgue Lemma. /f f € [;[—7,7], then f(k) > 0 as 
k > ov. 


Hint: First prove it for step functions, then extend the result to every 
f € In|-7,7] by using the fact that step functions form a dense set in 
Ty [—7, T| : 


f] Show that 


foe) 1 2 foe) 1 4 foe) 1 


T T ok 
; s==—s y —=—, and y = = 1p 
n? 6° n+ 90’ n2k 
n=1 n=1 n=1 
for every k = 3,4,--- , where rz is a rational number. 


Hint: Let f be the 27 periodic function defined by 


f(0):= =) , 0 € (0,27). 


Apply part bj. 
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E.9 Denseness of Polynomials in D2(j) on R. 
a] Let yp be a finite Borel measure on [a,b] and f € L(y). Show that if 


27k 
b—a’ 


b 
/ f(a)e™ du(x) = 0, t= k= Optlyt2. 035 


then f(x) = 0 a.e. [ju] on [a, B]. 


Outline. Use the fact that the set 7° of all complex trigonometric poly- 
nomials is dense in C*[—7,7] (see the hint given for E.8 a]) and standard 
measure theoretic arguments to show that the assumption of part a] implies 


b 
[ @)a6o) due) = 0 
a 
for every bounded measurable function g defined on [a, b]. Now, choosing 


Le) ae Ge 
g(x) = sign(f(x)) = 4 |F@)| f(x) #0 
q if f(z) =0, 


we obtain 


J t@laute) =0, 


and the result follows. 


b] Let yu be a finite Borel measure on R and f € Ly(). Show that if 


/ f(a)e™ du(x) = 0, teR, 
R 


then f(x) = 0 ae. [ju] on R. 
Hint: Use part a] to show that the assumption of part b] implies 


i fle)g(«) dul) =0 
R 


for every bounded measurable function defined on R (first assume that g 
has compact support, then eliminate this assumption). Finish the proof as 
in part al. 


c] Let yu be a Borel measure on R satisfying 


[ el*l du(x) < co 
R 


with some r > 0. Show that the set P° of all complex algebraic polynomials 
is dense in L2(1). 
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Outline. First observe that the assumption on pu implies P* C Lo(). The 
fact that L2(j) is a Hilbert space (see E.7 e]), Theorem 2.2.2 (Gram- 
Schmidt), and E.6 imply that it is sufficient to prove that if f € Lo(u) 
and 


[ tex" dua) = 0, b= 0812s og 
R 


then f(z) = 0 ae. [u] on R. Assume that f € L(y) satisfies the above 
orthogonality relation. Use Theorem 2.2.1 a] (Cauchy-Schwarz inequality) 


to show that 
=f Hlw)er* duta) 


is well-defined on R. For every to € R, we have 


Je —itor e it— to)a 


flee = Fle 
ame Lt) playertoragt 


Note that if |t — to| < r/2, then the integral of the right-hand side with 
respect to u(x) on R can be calculated by integrating term by term since 


ety 


—,—flale**a*| du(z) 


[t= tol? x)\|a}* x 
Es oF) dle) 
= | ete)lettlll ate) 

R 


1/2 
<| f inter date) fh ayte) oe 
R R 
Therefore, if |¢ — to| < r/2, then 
= a(t _ ews: ea ito® » k 
F(t) = S-(-i) Rie du(x) . 
k=0 


This means that F' has a Taylor series expansion about every to € R with 
radius of convergence at least r/2. Also, with the choice to = 0, by the 
assumed orthogonality relations, we have F(t) = 0 whenever |t| < r/2. We 
can now deduce that F(t) = 0 for every t € R. Hence it follows from part 
b] that f(z) =0 ae. [py] on R. 
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2.3 Orthogonal Polynomials 


The classical orthogonal polynomials arise on orthogonalizing the sequence 
(1,a,27,...) 


with respect to various particularly nice weights, w(a), on an interval, 
which, after a linear transformation, may be taken to be one of [-1, 1], 
[0, 00), or (—0o, 00). The main examples we consider are the Jacobi polyno- 
mials 


(2.3.1) P6~9)(x), where w(x) := (1—2)*(1+2)° on [-1,1], a,8 > —1. 


When a@ = 8 = —1/2 the Jacobi polynomials are the Chebyshev polynomials 
of the first kind, 


(2.3.2) T(x), where w(x) := (1 — 2?)~!/? on [-1,1]. 
When a = 6 = 1/2 they are the Chebyshev polynomials of the second kind, 
(2.3.3) Un(x), where w(x) := (1 — «?)!/? on [1,1]. 


Another special case of importance is a = 8 = 0, which gives the Legendre 
polynomials, 


(2.3.4) P,(a), where w(x) = 1 on [—-1, 1]. 
The Laguerre polynomials are 

(2.3.5) EL,(a), where w(a) :=e~* on [0,00). 
The Hermite polynomials are 

(2.3.6) H,(x), where w(x) := e-” on (—0o, 00). 


The above notation is traditionally used to denote orthogonal polynomials 
with a standard normalization; see the exercises. It is not usually the case 
that this normalization gives orthonormality. All of these much studied 
polynomials arise naturally, as do all the special functions, in the study of 
differential equations. We catalog some of the special properties of these 
classical orthogonal polynomials in the exercises. 


In general, a nondecreasing bounded function a (typically the distribu- 
tion function of a finite measure) defined on R is called an m-distribution 
if it takes infinitely many distinct values, and its moments, that is, the 
improper Stieltjes integrals 
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foe) we 


/ x” da(x) = lim x” da(x) , 
W174 - CO 
—oo W2F>+OO yyy 


exist and are finite for n = 0,1,.... 


Theorem 2.3.1 (Existence and Uniqueness of Orthonormal Polynomials). 
For every m-distribution a there is a unique sequence of polynomials 
(pn) oo with the following properties: 


(i) Pn(x) = nz" + Tn—1(2) ) Ye Us Trete Pas 
3g ea fi forn=m 
Gi) pale)Pm(2) da2) = bm = { Sa. 


Proof. The result follows from Theorem 2.2.2 (Gram-Schmidt). Note that 
the defining property of an m-distribution a ensures that 


(p,q) °= [ mde 


is an inner product on Pe. 


The sequence (py)? defined by Theorem 2.3.1 is called the sequence 
of orthonormal polynomials associated with an m-distribution a. The se- 
quence (qp)°29 is called a sequence of orthogonal polynomials associated 
with an m-distribution a if 


in = Capes UF co EC, WH 0 buss 


where (py,)°29 is the sequence of orthonormal polynomials associated with 
a. The support supp(a) of an m-distribution a is defined as the closure of 
the set 

{az € R: a is increasing at x}. 


If a is absolutely continuous on R, then 
da(x) = w(x)dx withsome 0<w € L1(co,0) 


in which case a may be identified as a nonnegative weight function w € 
I,(—oo, 00) whose integral takes infinitely many distinct values. If (a, b) 
is an interval and w € L,[a,b] has an integral that takes infinitely many 
distinct values, then the sequence of orthogonal (orthonormal) polynomials 


associated with (x) if (a,b) 
~,\,  jw(a) if x € (a, 
Oa) { 0 if a ¢ (a,b) 
is said to be orthogonal (orthonormal) with respect to the weight w. 


One thing distinguishing orthogonal polynomials from general orthog- 
onal systems is the existence of a three-term recursion. 
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Theorem 2.3.2 (Three-Term Recursion). Suppose (pn)?2_9 is a sequence of 
orthonormal polynomials with respect to an m-distribution a. Then 


LPn(L) = AnPnti(®) + bnpn(x) + Qn—1Pn—1(2) , n=0,1,..., 
where 


pi:=0, a1=0, q=—™ 
Yn+1 


(Yn is the leading coefficient of py). 
This theorem has a converse due to Favard [35]; see E.12. 
Proof. Since xpy(x) € Pn41, we may write 
n+l 
(2.3.7) IPn(x) = Ls dypx(2) , d, ER. 
k=0 
For notational convenience, let 


(0,4) = i p(ae)q(«) deux) 


for any two polynomials p and gq. Since (py, q) = 0 for every q € Pn—1, we 
have 
(xpn(x),(x)) = (pn(x), eq(x)) = 0 


for every g € Pn—2. In particular, 
(epn(z),pe(z)) =0,  k=0,1,...,n-2. 


On the other hand, using (2.3.7) and the orthonormality of (pp,)°2o9, we 
obtain 
(Pn (x), Pe(x)) = de(pe, Pk) = Ak - 


Hence d; = 0 for each k = 0,1,... ,n —2 and 
(2.3.8) rpn(x) = dn4iPn4i(z) + dnpn(x) + dn—1pn—1(2) - 


Here the lead coefficient of the left-hand side polynomial is y,, while the 
lead coefficient of the right-hand side polynomial is dn41Yn41, SO 


An i= dn+1 = Yn|Yn+1 : 


In order to show that a@p)—1 := dn—1 = Yn-1/Yn, note that (2.3.8) and the 
orthonormality of (pp,)°>9 imply 
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0= (Pn41 SPaai) 


1 dy, dn— 
= (cpp (2), Pn—1(@)) — —* (pn, Pn—1) — = (Ppn—1,Pn—-1) 
dn+1 dn+1 


dn+1 
— 1 n dn—1 
— dn+1 (pn (2), Yn—1£ ) dn+1 


1 Yn-1 a dn—-1 
dn+1 Yn dn4i- 


Hence 


Yn-1 


An—1 = dn. = 7 
n 


Theorem 2.3.3 (Christoffel-Darboux Formula). With the notation of the 
previous theorem, 


S~ pe(a)pe(y) = 2 (ee stitibelah — pelts) 


Yn4+1 ry 
for allx AyEC. 


Proof. Theorem 2.3.2 (three-term recursion) yields that 


Ax : = pr+i(2)pe(y) — Pe(x)Pe+i(y) 
— (x= v)pa(o)pr(y) + (pe (e)pa() ~ Pea(e)pa(u))- 


So 


and we sum the above from 0 to n to get the desired formula. 


Corollary 2.3.4. In the notation of Theorem 2.3.2 


> rit Fay (Onsale )Pn (x) — pi, (@)Pn41 (a) : 


Proof. Let y + x in Theorem 2.3.3. 


We can deduce quite easily from this that orthogonal polynomials as- 
sociated with an m-distribution a have real interlacing zeros lying in the 
interior of the smallest interval containing supp(a); see E.1 and E.2. 
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Comments, Exercises, and Examples. 


Askey, in comments following an outline of the history of orthogonal poly- 
nomials by Szegé [82, vol. III], writes: 


“The classical orthogonal polynomials are mostly attributed to someone 
other than the person who introduced them. Szegé refers to Abel and 
Lagrange and Tschebyscheff in [75, chapter 5] for work on the Laguerre 
polynomials L° (a). Abel’s work was published posthumously in 1881. Prob- 
ably the first published work on these polynomials that uses their orthonor- 
mality was by Murphy (1833). Hermite polynomials were studied exten- 
sively by Laplace in connection with work on probability theory. Hermite’s 
real contribution to these polynomials was to introduce Hermite polynomi- 
als in several variables. Lagrange came across the recurrence relation for 
Legendre polynomials.” 


Perhaps this is not very surprising given the many diverse ways in which 
these polynomials can arise. 


There are many sources for the basic properties of orthogonal polyno- 
mials. In particular, Askey and Ismail [84], Chihara [78], Erdélyi et al. [53], 
Freud [71], Nevai [79b], [86], Szegd [75], and, in tabular form, Abramowitz 
and Stegun [65] are such sources. Exercises include a treatment of the ele- 
mentary properties of the most familiar orthogonal polynomials. The con- 
nections linking orthogonal polynomials, the moment problem, and Favard’s 
converse theorem to the three-term recursion are also examined in the ex- 
ercises. 


E.1 Simple Real Zeros. Let (pn,)°2, be the sequence of orthonormal poly- 
nomials associated with an m-distribution a. Show that each p, has exactly 
n simple real zeros lying in the interior of the smallest interval containing 


supp(a). 
Hint: Suppose the statement is false. Then p,, has at most n—1 sign changes 
on [a,b], hence there exists 0 4 q € Py_1 so that 

Dn(x)q(a) > 0, x € [a,b]. 


Show that this contradicts the orthogonality relation 


b 
0= ih pa(a)q(#) da(e) = / pa(a)q() dete) . 


E.2 Interlacing of Zeros. Let (pn)°29 be the sequence of orthonormal 
polynomials associated with an m-distribution a. Then the zeros of py 
and pn+1 strictly interlace. That is, there is exactly one zero of p, strictly 
between any two consecutive zeros of pr+1. 
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Hint: From Corollary 2.3.4, 
Prot (t)Pn(2) — Pp (2) Pn4i (2) 


is positive on R. Since pn41 has n +1 simple real zeros (see E.1), we see 
that if y and 6 are two consecutive zeros of py41, then 


sign(p,,41(7)) = —sign(p,41(4) ; 


and hence 
sign(pn(7)) = —sign(pn(6)) - 


E.3 Orthogonality of (K,,(x0,2))°%°5. Let (pn)% 9 be the sequence of 
orthonormal polynomials associated with an m-distribution a. Let 


Xo <minsupp(a@) or 29 > maxsupp(a). 


Let (Kn(x0,2))°.9 be the sequence of associated kernel functions (as in 
E.5 of Section 2.2). Show that 


; Ky (20, t) Km (20, 2)|@ — 2o|da(x) = 0, 
R 


for any two nonnegative integers n 4 m. 


E.4 Hypergeometric Functions. We introduce the following standard no- 
tation: the rising factorial (or Pochammer symbol) 


(a)n = a(a+1)---(a+n-1), (a)o :=1 
fora € Cand n = 1,2,...; the binomial coefficient 
(‘) aa 1)-(a=n+1) @ = 
n n! ; 0} ° 
fora € Cand n = 1,2,...; and the Gaussian hypergeometric series 


) 
Fi(a,b;c;z) = F(a,b;c;z) = )) 
2 1(a,b;c;2) (a, byeez) n 


n=0 C)n 
for a,b,c EC. 
a] For Re(c) > Re(b) > 0, 
I'(c) : b-1 —b-1 = 
. . = 1 =, c 1 = a 
F(a,b;c;z) rps | (1-1) (1 —tz)~* dt, 
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where I’ is, as usual, the gamma function defined by 


T(z) auf Poe dk, Re(z) > 0. 
0 


Proof. See, for example, Szegé [75]. 


b] Hypergeometric Differential Equation. The function y = F(a,b;c;z) 


satisfies . 


z(1—2z) dy 


aa tle-(a+b+1e | — aby =0. 


Proof. See, for example, Szegé [75]. 


In E.5, E.6, and E.7 we catalog some of the basic properties of some 
of the classical orthogonal polynomials. Proofs are available in Szegé [75], 
for example. 


E.5 Jacobi Polynomials. 
a] Rodrigues’ Formula. Let 


PO)(a) = (192 (1-2) *(L40)- 9 [1 — 2) (1 + 2) — 2°)". 


Then (Pie Jeo, is a sequence of orthogonal polynomials on [—1, 1] asso- 
ciated with the weight function 


w(x) = (1—2)*(14+2)%, -l<a,B<o. 


That is, 
1 
P\8) EP, and ; Pio) plo) (1 — 2)*(1 + 2)? dx =0 
-1 


for any two nonnegative integers n 4 m. 


) 


In the rest of the exercise, the polynomials PX) are as in part al. 


b] Normalization. We have 


prowl = ("20 = eon 


n n! 


and 


i (P&P) ())? (1 — 2) (14+ a)? dx 


— aetBtt — Pintatlr(nt+fh +1) 
~~ nt+athB+1P(n+)Pn+a+B4+1)" 
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c] Explicit Form. 


PDNa) = > & : *) (” = ) (= 1)"-™a +1)” 


m n—-m 
“. fatn\ (at Btnt+m) (x—-1\™ 
Sy em m 2 


m 
1— 
= (“F*) on (-nnbat st tied: =) ; 
n 


II 
M 


d] Differential Equation. The function y = Pio (x) satisfies 
dy dy 
Leet) -—a- 2)a) = l)y =0. 
( w) 72 tI a-(a+6t+ ja] 7 tan tatBt dy 


e| Recurrence Relation. The sequence Pio ) 2))°, satisfies 
n=0 


Dp Pho? (e) = (An + Bat) PLO) (2) — Ca POP (2), 


where 
PO) 1 and = PI) (2) = Fa — B+ (a+ B+2)z] 
and 


Dy, =2(n+1)(n+a+f8+1)(2Qn+a+ B) 

An = (Qn +a+6+1)(a? — f?) 

By, = (Qn+at+684+2)Qn+a+64+1)2Qn+a+ 6) 
Cn =2A(n+a)(n+ B)Qn+a+B+2). 


f] Generating Function. 


90+ 8 


Pho) 1, SS 
LPO als" = aaa Rae RP 


where R= V1 — 2224 22. 


There are various special cases, some of which we have previously de- 
fined. The Legendre polynomials P, are defined by 


PPO i SO Vices 
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The Chebyshev polynomials 7), defined in Section 2.1 satisfy 
4 
2 

a 


The ultraspherical (or Gegenbauer) polynomials Ge 


Ty = PEMA) Age 0 Toot 


) are defined by 


PQa+n)P(at 2) p(a-1/2,a-1/2) 


Ole) .— DM AN 2 
e T(Qa)l(a+n+4) ” 


5 HO, laces 
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In terms of Glo). the Chebyshev polynomials of the first and second kind 


are given by 


T= FO) and Un =C), n=0,1,.... 


E.6 Hermite Polynomials. 
a] Rodrigues’ Formula. Let 


Hal) s= exp(—22) da” 


exp(—2”). 


Then (H,,)°» is a sequence of orthogonal polynomials on (—oo, co) asso- 


n=0 
ciated with the weight function 


w(x) := exp(—2”). 


That is, 
Ay, € Py and [ Hy, (2) Hm (ax) exp(—2”) dx = 0 
R 


for any two nonnegative integers n 4 m. 
In the rest of the exercise, the polynomials H,, are as in part al. 
b] Normalization. We have 
CO 
/ (Hy (a))? exp(—2”) dx = Vr 2"n! 
—co 
and ’ 
Aon41(0) = 0, Fn (0) = (yn Cut 


c] Explicit Form. 


H,(z) =n! Se ("2a 


m!(n — 2m)! 


66 2. Some Special Polynomials 


d] Differential Equation. The function y = H,,(2) satisfies 


dy dy 
— — 247 —+4+2ny =0. 
Te My ce + 2ny = 0 


e] Recurrence Relation. The sequence (H,,(x))°, satisfies 
Anii(a) = 2a, (x) — 2nAy_-1(2) 

with 
Ao(a) =1 and Ay (ax) = 2x. 

f] Generating Function. 


[oe gn 
S- H,(x)— = exp(2x2 — 2”). 
= n! 

E.7 Laguerre Polynomials. Let a € (—1, 00). 

a] Rodrigues’ Formula. Let 

1 d” 


nle~tx% dx” 


L{) (x) := (eee tt yh, 


Then (LO) )e°_9 is a sequence of orthogonal polynomials on [0, 00) associated 
with the weight function 


w(x) := 2% exp(—2). 


That is, 
LO €P, and / L') (2) L (x) a% exp(—2) dx = 0 
0 


for any two nonnegative integers n # m. 


) 


In the rest of the exercise, the polynomials iS are defined as in part al. 


b] Normalization. We have 


I(at+n+1) 
n! 


[ (L (a))?a%e-* da = 
0 


and 


1600) = Ge . 


n 


c] Explicit Form. 
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d] Differential Equation. The function y = L@ (x) satisfies 
dy dy 


at i= ee 20) 
ta t lat t) a ty 0 


e] Recurrence Relation. The sequence Coe) (x)) °° 9 satisfies 
(n+ 1D) (2) = [n+ 0 + 1) ~ a] (a) ~ (n+ a) LE, (a) 


with 
ED =1 and LO (2) =-x+a+l1. 


f] Generating Function. 


5 16) (a)2" = exp (22-) a — 2-2“ 
dh (a)z” = exp (5) 2) : 


E.8 Christoffel Numbers and Gauss-Jacobi Quadrature. Let (p,)°29 be 
the sequence of orthonormal polynomials associated with an m-distribution 


a. Let @pn, ¥=1,2,...,n, denote the zeros of p,. Let 
1 x 
Now = a | PO tala), y =1,2,...,n. 
Pitin) RU Lyn 


The numbers 4,,,, are called the Christoffel or Cotes numbers. 


a] Show that, for any q € Pon-1, 
[ aa)da(e) = Yo nalern): 
R v=1 


Hint: First show the equality for every g € Pn_1 by using the Lagrange 
interpolation formula (E.6 of Section 1.1). If ¢ € Pan—1, then g = spn +r 
with some s,r € Pn—1, where s is orthogonal to pn. 


b] Show that A,,, > 0 for every v = 1,2,...,n. 
Hint: Use part a] to show that 
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c] Suppose [a,}] is a finite interval containing supp(a). Let f € C]a, }]. 
Show that 


x) data — Dd Comey 


SO) ates) cram lpia 


Hint: Use parts a] and b] together with the observation 


n b 
> Apa = i da(x) = a(b+) — a(a—). 


d] Suppose supp(a) C [a,b], where a,b € R. Show that 


n b 
Yun fltn) <> f fle)da(a) 


for every Riemann-Stieltjes integrable function on [a, b] with respect to a. 


Hint: First show that f is Riemann-Stieltjes integrable on [a, b] with respect 
to a if and only if for every € > 0 there are gi, g2 € Cla, b] so that 


g(x) <f(z)<glz), «ré[a,d] 
and 


b 
/ (g2(a) — gi(x)) da(a) <e€. 


Finish the proof by part c] and the Weierstrass approximation theorem (see 
E.1 of Section 4.1). 


e] Suppose supp(a) is compact. Let 


Z:= {fn iv =1,2,...,n, ol ee an 


Show that supp(a) C Z, where Z denotes the closure of Z. 
Hint: Use part d]J. 


f] Show by an example that supp(a) # Z is possible. 


E.9 Characterization of Compact Support. Using the notation of Theo- 
rem 2.3.2 and E.8, show that the following statements are equivalent: 
(1) supp(a) is compact. 
(2) sup{lan| + |bn|} < co. 
neN 


(3) The set Z:= {tn :v=1,2,...,n, n=1,2,...} is bounded. 
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Outline. (1) => (2). Note that the orthogonality of {p,}°2 implies 


Gn = [ LPn—1(L) Pn (x) da(x) and b= i. xp, (a) da(a) . 
R R 


So supp(a@) C [—K, K], the Cauchy-Schwarz inequality, and the orthonor- 
mality of (py)o2, yield 


K 
lan| < K [ _[Pn-1(@)P(2)] daa) 


K 
bol Kf pi(e)da(e) = K. 


(2) => (3). Use Theorem 2.3.2 (three-term recursion) to show that 


n—-1 n—-1 n-1 
Lyn Spi (tv,n) <2 y Ok41Pk(Lv,n)Pk+1 (Lv,n) + Le by py (@v,n) . 
k=0 k=0 k=0 


Hence 


onl 2 wh eon) < (2,pax lael + pax bl) So reenn) 


(3) > (1). If Z C [-K, K], then by E.8 a] 


Ler 2 dala = dente a a a da(x) , 
R 


which implies supp(a) C [—K, K]. 


E.10 A Condition for supp(a) C [0,00). Let (p,)%29 be the sequence 
of orthonormal polynomials associated with an m-distribution a. Suppose 
supp(a) is compact and 


Pn(0)Pn41(0) <0, n=0,1,.... 


Show that supp(a) C [0, 00). 
Hint: Use the interlacing property of the zeros of p, (E.2) to show that 


LAE Gy pi VS TDs i eS 12.4 2)-C [0;,06). 


Now use E.8 e] to obtain supp(a) C [0, oo). 
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E.11_ The Solvability of the Moment Problem. Let (j1,,)°°.9 be a sequence 
of real numbers. We would like to characterize those sequences (j1,)°°.9 for 
which there exists an m-distribution a so that 


[et dale) =n, n=0,1,.... 
R 


Let 
n 
u(p) = D0 ane 
k=0 
for every p € Pp of the form p(x) = Tp_9 aex". 


A polynomial p is called nonnegative if it takes nonnegative values on 
the real line. The sequence (jin )°29 is called positive definite if 


n 
up) = S- axpn > 0, n=0,1,... 
k=0 


holds for every nonnegative polynomial p € P,, of the form 


n 
p(«) = S- apa™ . 
k=0 


The aim of this exercise is to outline the proof of Hamburger’s characteri- 
zation of the solvability of the moment problem by the positive definiteness 
of the sequence of moments. See part o]. 


a] Show that if there exists an m-distribution a so that 


[et dale) = 41m, WHO Dyes, 
R 


then (j1n)°2 is positive definite. 


Hint: An m-distribution a is increasing at infinitely many points. 


b] Show that (jn)°°9 is positive definite if and only if p(p”) > 0 holds for 
every OA DE Pn, n=0,1,.... 


Hint: Use E.3 of Section 2.4. 
c] Show that ({1,)°29 is positive definite if and only if 
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Hint: Use part b] and the law of inertia of Sylvester. See, for example, van 
der Waerden [50]. 


d] Helly’s Selection Theorem. Suppose the functions fn, n = 1,2,..., 
are nondecreasing on R, and 


sup || fnllr < 00. 
neN 


Then there exists a subsequence of (fn)&, that converges for every x € R. 
That is, we can select a pointwise convergent subsequence. 


Hint: See, for example, Freud [71]. 


e] Helly’s Convergence Theorem. Let [a,b] be a finite interval. Suppose 
the functions an, n =1,2,..., are nondecreasing on [a,b] and 


sup ||An|l[a,0] < - 
neN 
Suppose also that (ay(a))°, converges to a(x) for every x € [a,b]. Then 


b 
lim ae ) day (ax y= fin f(a) da(x 


Noo 


for every f € Cla, b}. 
Hint: See, for example, Freud [71]. 


In the rest of the exercise (except for the last part) we assume that 
(Un )& is positive definite. Our goal is to prove the converse of part al. 
Let 


Lo L1 Ln-1 1 
% eal bL2 Ln x 
Dp {X) = 
Mn Bnti ++» Han—-1 £” 
f] Show that 
w(p,g =9, G€ Pn-r- 


g] Show that each p* has n simple real zeros. 
Hint: Use part f]. 


Let 21.7 > f2,n > ++: > Lnm be the zeros of p>. Let 


Dp, (x) 
Dg) ea ee ST ae SO 
eh ere ae SEe 


(see E.6 of Section 1.1), and let 


Arn = Wyn) - 
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h] Show that 
n 
#(q) = D> Av,nd(tv,n) 
v=1 
for every q € Pan-1. 


Hint: Use part f]. 
i] Show that 


Nye Sas 04 at ay ane ie 1 


Hint: Use part hj. 
For z € R, let 


Qn(x) = MS Avr» N= Ay 2 ees 


{v: &p.n<ax} 


j] Show that 0 < a,(a) < po on R for each n, and there is a subsequence of 
(a@,)P2, that converges pointwise to a nondecreasing real-valued function 
aon R. 


Hint: Use parts hj, i], and d]J. 


k] Show that for every finite interval [a, b], 
b b 
lim x” don, (x) = / a™ da(x) , m=0,1,2,..., 
a 


k>00 Jaq 


where a is defined in part jj. 


Hint: Use part e]. 


I| Let m be a fixed nonnegative integer and let r := [m/2| +1. Show that 
ifn, >r+1, a<—landb>1, then 


/ x” day, (x) + ji x” dot, (x) 
—oo b 


1 1 1 1 
<[ot+a [2 dam, (0) = (+ Ge) bar: 
(a 7) : Va Be 


Hint: Use part hj. 
m] Show that 


[ 2" dala) = bm m =0,1,2,... 
R 


where a is defined in part jj. 
Hint: Use parts k] and J]. 
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n| Show that a defined in part j] is an m-distribution. 


o] There exists an m-distribution a so that 


Lin ee da() 


if and only if (4p)? is positive definite, that is, if and only if 


Lo M1 Ln 
b1 H2 Ln 

: ; n=0,1, 
Mn PEn+1:-- L2n 


Hint: Combine parts a], c], m], and nj. 
Necessary and sufficient conditions for the uniqueness of the solution 
of the moment problem are given in Freud [71], for example. 


E.12 Favard’s Theorem. Given (an)°9 C (0,00) and (bn)°%9 C R, the 
polynomials pn € Pn are defined by 


LPn (x) = AnPn—1(x) + bnPn (a) + Gn41Pn+1 (a) , 
p-1=0, Po = > 0. 


Then there exists an m-distribution a such that 
[ Pn(#)Pm(a) da(x) = 0 
R 


for any two distinct nonnegative integers n and m. In other words, the 
converse of Theorem 2.8.2 is true. 


In order to prove Favard’s theorem, proceed as follows: 


a] Show that the polynomials p, are of the form 


Pn(£) = ne" +r(z), Yn >0, re Py. 


b] Let pn := Yn'Pn, n = 0,1,.... The sequence (fin)929 is defined as 
follows. Let 
Mo:=1, pwg):=c if q=c, ceER. 


If uo, f1,--- , Um have already been defined, then let 


n n 
L(g) = S- Cele Whenever q(x) = S- cpt, cpER 
k=0 k=0 
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and let 
bing = w(2"t* — Pr4yi(a)). 
Show that 
L(PnPm) = 0, m=0,1,...,n-1, n=0,1,... 
and 


u(p,) > 0, MS 0 Te as 
Hint: It is sufficient to prove that 
L(pn(x)2"”) = 0, m=0,1,...,n-1, n=0,1,... 


and 
L(pr(x)x”) > 0, n= Oly. 


These can be obtained from the definition of 4 and from Theorem 2.3.2 
(three-term recursion) by induction on n. 


c] Show that every ¢ € Py is of the form 
n 
a=) cePe,  chER 
k=0 


and if g 4 0, then 


wg) = d_ ceu(PR) > 0. 
k=0 


d] Show that (u,)°2 9 is positive definite in the sense of E.11. 
Hint: Use the previous part and E.11 bj. 


e] Prove Favard’s theorem. 


Hint: Use part o] of E.11, parts d] and b] of this exercise, and the definition 
of pL. 


E.13 Christoffel Function. Let @ be an m-distribution. For a fixed n € N, 
the function 


Arn(a) =int { f42(a) daa q€ Pa, jae) = 1} zEC 


is called the nth Christoffel function associated with a. 
a] Show that 


Ore (< puta?) 
k=0 


where (py,)°29 is the sequence of orthonormal polynomials associated with 
Q. 
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Show also that the infimum in the definition of A,(z) is actually a 
minimum, and it is attained if and only if 


Ee ai )p (a) 


a) 


Hint: Write 
a= >. cere, ch EC 


and observe that the orthonormality of (p,)°2 implies 


n-1 


[ (a) dale) = So feel? 


k=0 


Now use the Cauchy-Schwarz inequality (E.3 of Section 2.2) to find the 
maximum of |¢(z)| for polynomials q € PS_, satisfying 


i P(x) do(a) <1 
R 


where z € C is fixed. 


b] Let Ayn, vy =1,2,...,n, be the Christoffel numbers associated with an 
m-distribution a, that is, the coefficients in the Gauss-Jacobi quadrature 
formula, as in E.8. Show that 


Ayn = An(@v,n) ; Y= V2 nh 


? 


that is, the Christoffel numbers are the values of the Christoffel function at 
the zeros of the nth orthonormal polynomial p,. 


Hint: Use parts E.8 a] and E.8 bl. 
c] Let « € R be fixed. Show that 


[o-<) 
Y= pp (2) < 0 
n=0 


if and only if x is a mass point of a, that is, a(a—) < a(at+), in which case 


Yorke a(a+) — a(z—))™*. 


Hint: Use part a] and the Weierstrass approximation theorem. See E.1 of 
Section 4.1. 
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E.14 The Markov-Stieltjes Inequality. Let a be an m-distribution with 
associated orthonormal polynomials (p,)°2o9. Let tin > %2.n > ++: > Lnn 


denote the zeros of pp. Let ton := 00 and niin := —oo. As in E.8 let 
Av.n» ¥ = 1,2,...,n, be the Christoffel numbers associated with a . Show 
that 


Lv—1,n 
din sf do(2) , y=1,2,...,n 
Lv4i,n 


and r 
v—-1,n 
i da(x) < Axn + Av-1,n ; vy = 2,3,...,n. 
x 


vin 


Hint: Let 1 < k < n be fixed. Use E.7 of Section 1.1 (Hermite interpola- 
tion) to find polynomials P € Poy»-1 and Q € Pani with the following 
properties: 


(1) P(ejn)=Q(@jn)=1, 9 =1,2,...,k-1, 

(2) P(ten)=9, Q(een) =1, 

(3) P(tjn) = Q(@jn) = 9, j=k4+1,k4+2,...,n, 
(4) P(2) < xc, annf(t) $< Q(z), FER, 

where 


1 if -o<@<aen 


eee { 


0 if tn<@<oo. 


Now apply E.8 (Gauss-Jacobi quadrature formula) to P and Q. 


E.15 Orthonormal Polynomials as Determinants. Suppose a is an m- 
distribution with moments 


jin = f 2" dale), n=0,1,.... 
R 


Let 
Lo M1 Ln 
M1 2 Mn+1 
An = ‘ : ’ n= 0, iF 
Mn PEn+1 :-- L2n 


a] Show that A, > 0, n=0,1,2,.... 


b] Show that the orthonormal polynomials p, associated with a are of the 
form 
Ho =f wee Pn—-1— I 
M1 be see Lin x 
Dn(x) = (AgAy yr . : . : 


Mn Pn+1 +--+ P2n-1 & 
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c] Let (a,)%9 C (0,00) and (b,)°2.9 C R be the coefficients in the three- 
term recursion for the sequence (pp,)°29 of orthonormal polynomials asso- 
ciated with a as in Theorem 2.3.2. Show that the monic orthogonal poly- 
nomials Pp := ¥;,'Pn are of the form 


Dn(x) = det (xl, — Jn) 


where J, is the tridiagonal n by n Jacobi matrix 


bo ay 
at by a2 
In t= az by ag 


and J, is the n by n unit matrix. 


E.16 The Support of a. Let (a,)°, C (0,00) and (b,)°%29 C R be the 
coefficient sequences in the three-term recursion for the sequence of (pp )°.9 
of orthonormal polynomials associated with an m-distribution @ as in The- 
orem 2.3.2. 


a] Show that if supp(a) C [b — a,b + a] with some a > 0 and b € R, then 


Qn <a and |b, —b6| <a, n=0,1,.... 


Hint: Use the orthonormality of (pp)°29 to show that 


b+a 
Qn = / (a — b)pn—1(£) pn (x) da(x) 


—a 


and 
b+a 
b, —b= / (a — b)p? (x) da(a) . 
b-a 
Now apply the Cauchy-Schwarz inequality, and use the orthonormality of 
(Pn) v9 again. 
b] Show that 


supp(a) C [-K, kK] 
where 
K := 2sup{an :n € N} + sup{|b,| :n € N} 
(the suprema are taken over all nonnegative integers). 


Hint: Suppose K < oo; otherwise there is nothing to prove. Combine E.9, 
the inequality in the hint to the direction (2) => (3) of E.9, and E.8 e]. 
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c] Blumenthal’s Theorem. Assume that 


lim ay = 2 S16 and lim bn = OER. 
n CO 


n—0o 2 


Then 
supp(a) = [b—a,b+ al) UF 


where F C R\ [b-—a,b+ a] is a countable bounded set for which 
F\ (b—a—€,b+a+e) 

is finite for every € > 0. 

Proof. See Nevai [79b] or Maté, Nevai, and Van Assche [91]. 


d] Rakhmanov’s Theorem. Suppose supp(a) C [b—a,b+ a] with some 
a>0Oandb€R. Suppose also that a'(x) > 0 a.e. in [b—a,b+a]. Then 


lim ay, = = and lim bn =6b. 
n—00 2 N00 


Proof. See, for example, Maté, Nevai, and Totik [85], or Nevai [91]. 


There is an analogous theory of orthogonal polynomials on the unit 
circle initiated by Geronimus, Shohat, and Achiezer. An important contri- 
bution, called Szegé theory, may be found in Freud [71]. 


E.17_ A Theorem of Stieltjes [14]. Let w be a positive continuous weight 
function on [—a, a]. Denote the nth moment by 


Lin =) x” w(x) dx. 


Let Pn € Pn denote the nth monic orthogonal polynomial on [—a, a] asso- 
ciated with the weight w. Then (p,,)°29 satisfies a three-term recursion 


Dn(@) = (x =) An) Pn—1(2) = BrnPn—2(2) 
with po(x) = 1 and p(x) := x — A1; see Theorem 2.3.2. 


Suppose the sequence of polynomials (q,,)°2_9 satisfies the same recur- 
sion commencing with go(x) := 0 and qi(x) := By. Stieltjes’ theorem (see, 
for example, Cheney [66]) states the following. 


Theorem. For any x ¢ [—a, al, 


‘ t) dt 
Lg Dat Cae 
i B 
g@—A,— 
Bg 
g@— Ay — 
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Furthermore, the nth convergent dn/Dn satisfies 


In(x) By 


E.18 Completeness of Orthogonal Polynomials. Let (p,)°2_, be the se- 
quence of orthonormal polynomials associated with an m-distribution a. If 
supp(a) C [a,b], where [a, b] is a finite interval, then (p,)°2.9 is a maximal 
orthogonal collection in Ls[a, }]. 


Hint: Use the Weierstrass approximation theorem (E.1 of Section 4.1) on 
la, b]. 


E.19 Bounds for Jacobi Polynomials. For all Jacobi weight functions 
w(x) = (1-2)*(14+ 2)° with a > —1/2 and B > —1/2, the inequalities 


pa) 42+ Vor+) 


mak = 
re[-1,1] Dopo PR(®) ~  Int+atB+2 


and 
2e (2 + Ja? + B?) 
max V1 —a22w(2)p (2) << —*~——__ + 
x€[—1,1] Tw 
hold, where (p,)°2, is the sequence of orthonormal Jacobi polynomials 
associated with the weight function w. 


Proof. See Erdélyi, Magnus, and Nevai [94]. 
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A quadratic polynomial x? + az + 6 with real coefficients has both roots 
in the halfplane {z € C : Re(z) < 0} if and only if 6 > 0 and a > 0. This 
easy consequence of the quadratic formula gives the following lemma: 


Lemma 2.4.1. [fp € Py, has all its zeros in {z € C : Re(z) < 0}, then either 
p or —p has all nonnegative coefficients. 


The converse of this is far from true. Indeed, the following result of 
Meissner holds (see Pélya and Szegé [76]). We denote by P;* the set of 
polynomials in P,,, that have all nonnegative coefficients. 


80 2. Some Special Polynomials 


Theorem 2.4.2. If p € PS and p(x) > 0 for x > 0, then p = s/t, where s 
and t are both polynomials with all nonnegative coefficients. 


Since a polynomial p that is real-valued on the positive real axis has 
real coefficients, and since p(a) > 0 for all x > 0 implies that the leading 
coefficient of p is positive, Theorem 2.4.2 will follow immediately from the 
next lemma. 


Lemma 2.4.3. Suppose a,8 € R and suppose x? — ax + 8 has no non- 


negative root. Then x? —ax+ = p(x)/q(x), where p,q € Pm both have all 
nonnegative coefficients, and where 


at 
m<10|4- — F 
s0(t-5 


Proof. The quadratic polynomial x? — az + 8 has no positive root if and 
only if a? < 48. We set c:= a?/8 and note that ¢ < 4. Consider 


(a? —aa + B)(a? +a + 8) = 2* + (28 -—a°)2? + 8? 
= 2+ B(2—c)x’? + B’. 


If c < 2 we have the desired factorization. If c > 2, consider 


(a* + B(2 — c)ax? + ?)(a* — B(2— e)a” + 8") 
= 2° + 6°(2—(2—c)*)a* + Bt. 


If 2 — (2—c)? > 0 we are finished. In general, we proceed as follows: 
Let 


n+1 n—-1 n n 
Pila\csa 0 PRP GS 6022 Fey Pa Pat +h? 
=e + Bena?” + Be P 


where c,, has n nested terms. Let 


41 1 
os = Cpt + p?" . 


Qn(x) = 2 
Note that, since Cn41 = 2-3 


g(nt+1 


Pa(a)Qn(2) = x — p cn +287" 9?" 4B 
= ge + p2" Crp 12? m4 pee 
Pr4i(z) - 


grt 
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Consider the smallest n (if it exists) such that c, is nonnegative. Then 
(a? —ar+ 8)(a? +ar+ 8) = P,(z) 


and 
PiQ1Q2°+:Qn-1 = Pr, 
where QiQ2::+Qn-1 € Peck, 4 Since each cy < 0 for k <n, and where 
P,, € Py, yn41 Since €, > 0. Thus, we have the desired representation 
Pp(x) 
(a? + aw + B)(Q1Q2 ++ Qn-1)(2) ’ 


where n is the smallest integer such that c, > 0. 


g—axrt+B= 


Now suppose ¢1,.-. ,Cya—1, Cn are all nonpositive. Then 


Ck = —\2 — Crgi, k=1,2,...,n-—1 


and c; = 2 —c imply 
(2.4.1) 6S (Osea ee es ee 


where the above formula contains n iterations. Since, by assumption, c < 4, 
and since 6, + 4 as n — ov, it is clear that (2.4.1) is not satisfied for some 
n, and eventually some c, is greater than zero. 

The estimate on the degree requires analyzing the rate of convergence 
of (bn) %2 9. Since dn = 2+ /on—1, we have 
4 —dbn-1 c 4c onn 


Pee 


By repeated applications of the above, 


4—b, =2- a 


4—on < aa = — 
Now we can improve the above estimate as follows: We have 
dh n(n Orie = 4 — bn—2 
24+ Jon-1 (24+ Vbn—1)(2 + V/bn-2) 
4 — do 


(2+ Jon a)(2+ bn—2) ae te 
<a So SS 
2 


ee 

= (FEI 7 OOo — 2) ce Oo D8) 
n+l 1 n+1 

<2-.47” ——— <2.4™" 142.277) <2e4™ 

< lies Mee 1) < 2e 
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So if 
mia 2rtis ange 
he A C’ 


then 
4— bn <2e4-™ <A—c, 


that is, dn >. 


We note that in the above proof a little additional effort yields a slightly 
better constant than 10. 


Let k € N and € € (0,7). It follows easily from Lemma 2.3.4 that if 
p € Px has no zeros in the cone 
{2 €C: |arg(z)| <e}, 
then there are s,t € P*, with m < 2rke7! so that p = s/t; see E.1 d]. The 
essential sharpness of this upper bound is shown by E.1 e]. An easier proof 
of Theorem 2.4.2 that gives a weaker bound for the degree of the numerator 
and denominator in the representation is given by E.1 f]. 


A similar sort of representation theorem due to Bernstein [15] is the 
following: 


Theorem 2.4.4. If p € Pn and p(x) > 0 for x € (—1,1), then there is a 
representation 


d 
py alate) 
j=0 
with each a; > 0. (The smallest d:= d(p) for which such a representation 
exists is called the Lorentz degree of p.) 


It suffices to prove this result for quadratic polynomials; this is left as 
an exercise; see E.1 f]. 

The proof of the following interesting result of Barnard et al. [91] is 
surprisingly complicated, and we do not reproduce it here. 


Theorem 2.4.5. Suppose that p € Py has all nonnegative coefficients. Sup- 


pose that the zeros of p are 21,21,-..,2n € C. For tT > 0, let 
n 
z 
= [ee 
ml Mh eg: 
j=l 
larg(zj)|>7 


where arg(z) is defined so that arg(z) € [—7,7). Then p,(z) has all non- 
negative coefficients. 


It follows from this result that if p € P, has all nonnegative coefficients 
and if q(x) = 2? + ax + 8 is a quadratic polynomial with zeros forming 
a pair of conjugate zeros of p that have least angular distance from the 
positive x-axis, then p/q also has all nonnegative coefficients. 
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Comments, Exercises, and Examples. 


Polynomials with all nonnegative coefficients have a number of distinguish- 
ing properties that are explored in the exercises. For example, only analytic 
functions with all nonnegative coefficients can be approximated uniformly 
on [0,1] by such polynomials; see E.2. So a Weierstrass-type theorem does 
not hold for these polynomials. This is quite different from approximation 
by polynomials of the form 


(2.4.2) Soaij(e+1i—sz), a,j 20. 


Since every polynomial that is strictly positive on (—1,1) has such a repre- 
sentation (E.1 b]), it follows from the Weierstrass approximation theorem 
that all nonnegative functions from C[—1, 1] are in the uniform closure. 


It follows from Theorem 2.4.2 and the Weierstrass approximation the- 
orem (see E.1 of Section 4.1) that fractions of polynomials with all non- 
negative coefficients form a dense set in the uniform norm on [0,1] in the 
set of nonnegative continuous functions on a finite closed interval [0, 1]. 
Hence they have a much larger uniform closure on [0,1] than that of the 
polynomials with all nonnegative coefficients. 


Various inequalities for polynomials of the form (2.4.2) are considered 
in Appendix 5. 
E.1 Remarks on Theorem 2.4.2. 


a] Suppose a,3 € R,e € (0,7), and suppose 2? + ax + 8 has no zeros in 
the cone 
{z€C: |arg(z)| <e}. 


Show that there are p,q € P*, with m < 27e71 such that 


ie a ee By 


q(x) 


Hint: This is a reformulation of Theorem 2.4.3 by introducing the angle 
between the positive z-axis and the zero of the quadratic polynomial. 


b] Let n € N. Show that if p € P;*, then p has no zeros in the cone 
{z€C: |arg(z)| < 7/(2n)}. 


This is sharp, as the example p(x) := x” + 1 shows. 
c] Show that the result of part a] is sharp up to the constant 3. 
Hint: Let n € N. Consider 


gt+art+B= (a — exp (=24)) (a — exp (*)). 


2n 
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Show that if there are p,q € P;, so that x7 + ax + 8 = p(x)/q(x), then 
m>n-1. 


d] Let € € (0,7) and k € N. Suppose p € Px has no zeros in the cone 
{z€C: |arg(z)| <e}. 
Show that there are s,t € P}, with m < 4ake7' so that p= s/t. 
e] Let « € (0,7) andk EN. Let 
f(x) == (a — 20)(@ — 20))*, 
where arg(zo) = e. Assume that f, = s/t, where s,t € P,{. Show that 
m > (log 2)ke~* . 


Hint: First observe that 
s(y) < s(y + ydm“") < e°s(y) 
for every s € P*, y € (0,00), and 6 € (0, 00). Therefore 
frly + yom") < e° fay) 


for every y € (0,00) and 6 € (0,00). Now let y > |zo| be chosen so that 
ly — zo| = e. Applying the above inequality with this y and 6 := ma, we 
obtain 

Sey + ey) Se fe(y) » 


hence 2’ < e™, that is, klog2 < me. 


f] Prove that ifr € P, and r(x) > 0 for all x > 0, then there is an integer 
d>n such that 


ine q(#) 
d+¢)e-2" 
where q € Pt. 
Hint: Let a, 8 € R and a? < 48. Consider 
d+2 


(2? —ar+B)(1+2)4= S- cja) 
j=0 


and compute c; explicitly. 
g] Ifp € Py and p(x) > 0 for all x € (—1,1), then it is of the form 


d 
pz) =D aj(l—-a(l+a)*%, a; >0 
j=0 


for some d>n. 


Hint: Apply a] to 
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E.2 Polynomials with Nonnegative Coefficients. 


a] Ifpe Pt, then for x > 0 


0< P(e) <= ple). 


b] If (py)S21 is a sequence of polynomials with pp, € PT := Pe and 
(pn)°2, converges to f uniformly on [0, 1], then f is the restriction to [0, 1] 
of a function analytic in D := {z € C: |z| < 1} of the form 


CO 
i= Se An > 0. 
n=0 
Hint: Since (pp(1))°°, converges and each p, has nonnegative coefficients, 
there is a constant C' such that 
Now Montel’s theorem (see, for example, Ash [71]) implies that (pp), 


has a locally uniformly convergent subsequence on D. Deduce that this 
subsequence converges to an f with nonnegative coefficients. 


E.3  Nonnegative- Valued Polynomials and Sums of Squares. 


a] Suppose p € P2,, is nonnegative on R. Then there exist s, ¢ € P, such 
that 


p(x) = 8° (a) +# (a). 

Hint: If p € Pz and p is nonnegative, then for some real numbers @ and £6, 
p(x) = (a — a)? +B. 

Now use the identity 


(a? + b’)(e? +d’) = (ac + bd)? + (ad — be). 


b] Ifp € Pop is nonnegative for z > 0, then there exist s,t, u,v € Pn such 
that 
p(x) = 8? (a) +4#?(a) + cu? (a) + ev? (2). 


c] Suppose t € 7; is nonnegative on R. Show that there exists a q € Pf 
such that, 
t(0) = |q(e””)|?,, OER. 


Show also that if, in addition, t € J, is even, then there exists a g € Py 
such that the above holds. 
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d] If p € P, is nonnegative on [—1, 1], then there exist s, t € P, such that 
p(t) = s?(x) + (1 — 27)? (a). 

Hint: Write, by cl], 


p(cos@) = |s(cos@) + it(cos 6) sin 6? . 


The above exercise follows Pélya and Szegé [76]; see also E.1 of Section 
7.2 where this result is extended. 


The following two exercises discuss results proved in Erdélyi and 
Szabados [88], [89b], and Erdélyi [91c]. 


E.4 Lorentz Degree of Polynomials. Given a polynomial p € Pry, let 
d= d(p) be the minimal nonnegative integer for which the polynomial p is 
of the form 


d 
p(z) = +} aj(1—2)@ti)*4, a D0. 
j=0 


If there is no such d, then let d(p) := oo. We call d := d(p) the Lorentz 
degree of the polynomial p. 
a] Let p€ Py \ Pri be of the form 
Ls . . 
ple) = S2bj(1—a)i@+", ER. 
j=0 


For m > n, let the numbers bj.m, 7 =0,1,... ,m, be defined by 


(a) = (Sowa -avernr) (+) 
j=0 


=o bjm(1— 2) (e+ 1)"4, 


Show that if d(p) is finite, then it is the smallest value of m for which each 
bj,m is nonnegative or each bj, is nonpositive. 


b] Show that if p € P; \ Po has no zeros in (—1,1), then d(p) = 1. 
c] Show that if p € P2\P1 has no zeros in the open unit disk, then d(p) = 2. 
d] Show that if the zeros of a polynomial p € P2 \ P lie on the ellipse 


Be:={z=atiy: y=e(1-2’), r€(-1,1)} 


with € € (0, 1], then 
€ 2 <d(p) < 267 +1. 
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e] Let € € (0,1) be such that e~? is an integer. Let 


32-1 84 —5P +1 


Jo et 
p(x“) = 2 +273 ree 


Show that p; has its zeros on B, defined in d], and d(p,) = €~? 
f] Let € € (0,1) be such that 2e~? is an integer. Let 


(2) 5 2 — 3¢? —& —5e& + e4 — 87 +4 
= = LL ————— See 
BEE ENE) (-&)Q—-e? 


Show that po has its zeros on B, defined in part d], and d(p2) = 2e~?. 
g] Show that d(pq) < d(p) + d(q) for any two polynomials p and gq. 
h] Let € € (0,1]. Show that if p € P, has no zeros in 


D.:= {z=atiy:y’ <e(1—-2’), zé(-1,1), yeR}, 


then 
d(p) < 2ne +n < 38ne™. 


i] Let p be a polynomial. Show that d(p) < oo if and only if p = 0 or p has 
no zeros in (—1, 1). 


j| Show that 


p (y+ s/ SFE )| <2" ew a 


for every p € Bg(—1,1), 1 <n <d, and y € [0,1) (é is the imaginary unit). 
Hint: Modify the proof of Lemma A.5.4. 
k] Let 6 € [0,1]. Show that 


p'(b) < dp(b) 


for every p € Ba(—1,1), positive in (—1,1). 
Hint: If qj,a(z) := (1 —2)4 (a + 1)4-4, then 


dj,a(0) _ q;,a(b) (St = 4) < dqj,a(b) > JF 0, 1, neal jd 


for every b € [0,1]. 
I] Show that d(p) > 4:ne~? whenever 


p(x) = ((x — zo)(a@ — %))”, 2zEB, € € (0,1), 


where B, is defined in part d]. 
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Proof. Let zo = y + ie(1 —y?)'/?, y € (—1,1). Without loss of generality it 
may be assumed that 0 < y < 1. Distinguish two cases. 


Case 1: 1-26? < y < 1. By part ki, 


pd) ____n(~y) 
We) 2 oq) Ta ed) 
2n n 


OO -. 
(iy) +20 ty) ~ 22 


Case 2: 0 < y < 1—2e?. Applying part k] with 
bi=y+e(l—y?)'” € [0,1 
deduce that 


(2.4.3) Ay EO a OS a. n 


Use part j] to obtain 


(1 —y?)n 


(2.4.4) (1—y?)e? — 7A 


n n2 n 
i n —_ 2 2 
<2 (a ye +i 


where d := d(p) and n = 4 deg(p). If 


1—y?)n 
ae» Meyr 
(l-y)e > a 


then there is nothing to prove. Therefore assume that 


Oe ee Ce y?)n 
(2.4.5) (l-y)e < a 


Now (2.4.3) to (2.4.5) yield 
(1—y?)n\" n 2502 n?\" 
MS Vg S 
( Bd Swe + Tepe 


(1—y?)n 2) 2 n 
Ct Lee ey 
Ba ee ae ee 


Since, by (2.4.3), n2d7? < (1—y’)e?, the above inequality implies 


and so 


(1—y?)n 17 ORR 
————— < 2—(1- 
8d 6! ye 


and so d > fene~?. 
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m] Show that p € Pr \ Pn-1 and d(p) = n imply that the zeros 


21,22,-.-,2n Of p Satisfy |zyz9-+++Z,| > 1. 
n| Show that d(pq) < max{d(p), d(q)} can happen. 
Hint: Let 


p(t) = (1-2)? —2(1—27)+4(@+1)? and g(x) := (+1) +$(1-2). 


Show that d(p) = 4, d(q) = 1, and d(pq) = 3. 
o] Show that if p € Py \ P,—1 has no zeros in (—1,1), z € C, |z| > 1, and 
p(t) = ((e — 2)(«@ —Z))™q(x), 


then d(p) = deg(p) = k + 2m if m is sufficiently large. This shows that 
polynomials p with the property d(p) = deg(p) can have arbitrary many 
prescribed zeros in C \ (—1, 1). 


E.5 Lorentz Degree of Trigonometric Polynomials. Given w € (0,7] 
and a real trigonometric polynomial ¢ € Ty, let d = d,,(t) be the minimal 
nonnegative integer for which ¢ is of the form 


w wn Gg Ow 


= 
n 
2 a 


2d 
(0) =+)- ajsin’ a; > 0. 
j=0 


If there is no such d, then let d,,(¢) := oo. We call d = d,,(t) the Lorentz 
degree of t. 


a] Let t € Tn \ Tn-1 be of the form 


For m > n let the numbers bj, 7 =0,1,...,2m, be defined by 


2n 
-—9 -6 
t(0) = oS b; sin! sin?”~4 = 
j=0 
2 Ww _Ww-8. O+w . ,Atw\\™" 
—F sin +2 cosw sin sin + —— 
sin* w 2 
2m 
-w—6 ~O+w 
= S- bj,m sin’ sin?™—J . 
ro 2 2 


Show that if d,,(t) is finite, then it is the smallest value of m for which each 
bj,m is nonnegative or each bj, is nonpositive. 
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Hint: The second factor in the representation of ¢ is identically 1. 


We introduce the notation 
G:={z=at+iy:—-~™<a<7, yER} 
and 


Gu i= {z=x+iy:cosweoshy > cosxz, —-t<a<m, yER}. 


b] Let t € 7 \ 7. Show that d,,(¢) = 1 if and only if t has its zeros in G,,. 
c] Assume 0 <w < 7/2, ¢ € Ti, and ¢(z) = 0 for some 


z:=atiyeG\ (Gu VU(-w,w)). 
Show that 


Asin(w + x)(sinw cosh y = sin x) 
Pats hoe cabbie see Ja case 


d.,(t) < ma: —1 


o) 


cosw sinh? y 


where the maximum is to be taken over both sets of signs. 


d] Suppose 7/2 <w <a, andte€ 7%, t(z) =0 for some z € G\ G,,. Show 
that d,(t) = co. 


e] Show that d,(tit2) < d,(t1) + dw (t2) for any two trigonometric poly- 
nomials t, and fo. 


f] Let 0<w< 7/2 and 0 < € < o. Show that if ¢ € 7, has no zeros in 
Bye i= {2aatiyiy? <2? —2%), 2€(—w,w), y ER}, 


then 


4 
ai) <n et +2tanw +1) : 
COS W 


g] Let p be a trigonometric polynomial and 0 < w < 7/2. Show that 
d,,(t) < oo if and only if t = 0 or t has no zeros in (—w,w). (Note that part 
d] shows that this conclusion fails to hold when 7/2 < w < 7.) 


h] Show that there is an absolute constant c > 0 (independent of n, w and 
2) so that d,,(t) > cne~? whenever 


with 29 € OE,,,. \ {—w,w}, 0 < € < oo, where OE,,,. denotes the boundary 
of E.,,- defined in part f]. 


“lp rinte 


3 
Chebyshev and Descartes Systems 


Overview 


A Chebyshev space is a finite-dimensional subspace of C'(A) of dimension 
n+1 that has the property that any element that vanishes at n + 1 points 
vanishes identically. Such spaces, whose prototype is the space P,, of real 
algebraic polynomials of degree at most n, share with the polynomials 
many basic properties. The first section is an introduction to these Cheby- 
shev spaces. A basis for a Chebyshev space is called a Chebyshev system. 
Two special families of Chebyshev systems, namely, Markov systems and 
Descartes systems, are examined in the second section. The third section 
examines the Chebyshev “polynomials” associated with Chebyshev spaces. 
These associated Chebyshev polynomials, which equioscillate like the usual 
Chebyshev polynomials, are extremal for various problems in the supremum 
norm. The fourth section studies particular Descartes systems 


(ey edly ro <ALL <... 


on (0,00) in detail. These systems, which we call Mtintz systems, can be 
very explicitly orthonormalized on [0,1], and this orthogonalization is also 
examined. The final section constructs Chebyshev “polynomials” associated 
with the Chebyshev spaces 


1 1 


E01) P= ay 


span {1 i? Mem (E41) 


on [—1, 1] and explores their various properties. 


92 3. Chebyshev and Descartes Systems 


3.1 Chebyshev Systems 


From an approximation theoretic point of view an essential property that 
polynomials of degree at most n have is that they can uniquely interpolate 
at n+ 1 points. This is equivalent to the fact that a polynomial of degree 
at most n that vanishes at n + 1 points vanishes identically. Any (n + 1)- 
dimensional vector space of continuous functions with this property is called 
a Chebyshev space or sometimes a Haar space. Many basic approximation 
properties extend to these spaces. The precise definition is the following. 


Definition 3.1.1 (Chebyshev System). Let A be a Hausdorff space. The 


sequence (fo,---,Jfn) is called a real (or complex) Chebyshev system or 
Haar system of dimension n + 1 on A if fo,... , fn are real- (or complex-) 
valued continuous functions on A, span{fo,..., fn} over R (or C) is an 


(n+ 1)-dimensional subspace of C(A), and any element of span{fo,... , fn} 
that has n + 1 distinct zeros in A is identically zero. 


If (fo,--- 5 fn) is a Chebyshev system on A, then span{fo,... , fn} is 
called a Chebyshev space or Haar space on A. 


Chebyshev systems and spaces will be assumed to be real, unless we 
explicitly specify otherwise. If A C R, then the topology on A is always 
meant to be the usual metric topology. 


Implicit in the definition is that A contains at least n + 1 points. Being 
a Chebyshev system is a property of the space spanned by the elements of 
the system, so every basis of a Chebyshev space is a Chebyshev system. 


A point xo € (a,b) is called a double zero of an f € C[a,}] if f(a) = 0 
and f (zo —€)f (xo +¢€) > 0 for all sufficiently small € > 0 (in other words, if 
f vanishes without changing sign at xo). It is easy to see that if (fo,.-- , fn) 
is a Chebyshev system on [a,b] C R, then every 0 4 f € span{fo,... , fn} 
has at most n zeros even if each double zero is counted twice; see E.10. 
Chebyshev spaces are defined via zero counting, and many of the theorems 
in the theory of Chebyshev spaces are proved by zero counting arguments. 
So it is important to make the agreement that, unless it is stated explicitly 
otherwise, we count the zeros of an element f from a Chebyshev space on 
[a,b] so that each double zero of f is counted twice. 


The following simple equivalences hold: 


Proposition 3.1.2 (Equivalences). Let fo,..., fn be real- (or complez-) val- 
ued continuous functions on a Hausdorff space A (containing at leastn+1 
points). Then the following are equivalent: 


a] EveryO0 Ap € span{fo,...,fn} has at most n distinct zeros in A. 
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b] Uf xo,...,%p are distinct elements of A and yo,...,Yn are real (or 
complez) numbers, then there exists a unique p € span{fo,..., fn} such 
that 

p(xi) = yi, 4 S12 ote nis 


c] If xo,...,X%n are distinct points of A, then 


fo(zo) «+. fn(ao) 
D(ao,.-. ,@n) = She ; A0. 
folan) ---  fn(tn) 


Proof. These equivalences are all elementary facts in linear algebra. 


On an interval there is a sign regularity to the determinants in c]. 


Proposition 3.1.3. Suppose (fo,.-.,fn) is a (real) Chebyshev system on 
[a,b] CR. Then there exists a 6 := —1 or 6 :=1 such that 


fo(to) --.  fn(xo) 
ee ee ee ee |! 
fo(@n) ---  fn(tn) 
for anya<a% <a << ayn <b. 
Proof. This follows immediately from part c] of the previous proposi- 


tion and continuity considerations. That is, if D(xo,...,2%n) < 0 while 
D(yo,---;Yn) > 0, then for some 4 € (0,1) 


which is impossible. 


The intimate relationship between Chebyshev systems and best ap- 
proximation in the uniform norm is indicated by the next result. In order 
to state it we need to introduce the notion of an alternation sequence. 


Definition 3.1.4 (Alternation Sequence). Let A C R and let 
Lo << X <t++ SM Iy 


be n+ 1 points of A. Then (29,271,...,2%n) is said to be an alternation 
sequence of length n + 1 for a real valued f € C(A) if 


[f(vi)|=Ilflla,  #=0,1,...,n 


and 
sign(f(ai41)) = —sign(f(a,)) , b=05 1yscngn a1. 
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Definition 3.1.5 (Best Approximation). Suppose that U is a (finite- 
dimensional) subspace of a normed space (V,||- ||). If g € V and p € U 
satisfy 


— p|| = inf |lg-—h 
lig — ell = inf Nig — hl, 
then p is said to be a best approximation to g from U. 


As a result of the finite dimensionality of the subspace U, at least one 
best approximation to any g € V from U exists. This is straightforward 
since 

T = {p €U : |lpl| < lIgll + 1} 


is a compact subset of U, so any sequence (p;) of approximations to g from 
U satisfying 
—p;||<j7t+ inf |lg—h 
lo — vill < 71 + inf Ig — Al 


has a convergent subsequence with limit in U. This limit is then a best 
approximation to g from U. 


Theorem 3.1.6 (Alternation of Best Approximations). Suppose (fo,... , fn) 
is a Chebyshev system on [a,b] C R. Let A be a closed subset of [a,b] 
containing at least n+ 2 distinct points. Then p € Hy, := span{fo,... , fn} 
is a best approximation to g € C(A) from Hy, in the uniform norm on A if 
and only if there exists an alternation sequence of lengthn +2 for g—p on 


A. 


Proof. The proof of the only if part of the theorem is mostly an example 
of a standard type of perturbation argument that will recur later. 


The perturbation argument goes as follows. Suppose p is a best approx- 
imation of required type and suppose a alternation sequence of maximal 
length for g — p is 

(xo <%M,< 06: <n) 


where x; € A and where m is strictly less than n + 1. Suppose, without loss 
of generality, that 


g(xo) — p(xo) > 0 
(otherwise multiply by —1). Now let 
Y := {x € A: |g(x) — p(x)| = |lg — plla}. 
Note that Y is compact. Since (v9 < 21 < ... < %m) is an alternation 


sequence of maximal length, we can divide Y into m + 1 disjoint compact 
subsets Yo, Y1,.--, Ym with 


to € Yo, BY] yeseg Lm © Ym 
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so that 
sign(g(x) — p(z)) = —sign(g(y)-py)) #9, @eEYVi, ye Vin. 
Now choose a p* € span{fo,... , fn} satisfying 
signycy; (p*(a)) = (—1)', 1 2 Os leo gins 
This can be done by choosing points z; with 
max Yj-1 < 2; < minyY;, SH 1 Qe mM 
and then applying E.11. We now claim that, for 6 > 0 sufficiently small, 
(3.1.1) lla — (p+ dp" )\la < lg — lla, 


which contradicts the fact that pis a best approximation, and so there must 
exist an alternation set of length n +2 for g — p on A. To verify (3.1.1) we 
proceed as follows: 


For each i = 0,1,...,m choose an open set O; C [a, 6] (in the usual 
metric topology relative to [a,b]) containing Y; so that for every x € Oj, 
(3.1.2) sign(g(x) — p(x)) = sign(p* (x) 
and 
(3.1.3) \g(x) — p(x)| > Sllg — pla. 


Now pick a 6, > 0 such that for every z € B := A\ Uj", O; and 6 € (0,64), 


\g(x) — (p(w) + dp*(x))| < llg— lla, 
which can be done since B is compact and by construction 
lg — lle < ll —plla. 
Note that (3.1.2) and (3.1.3) allow us to pick a 62 > 0 such that for x € 
ee O; and 6 € (0, 62), 
|9(x) — (p(x) + dp*(a))| < |g(@) — p(w)]. 
This verifies (3.1.1) and finishes the direct half of the theorem. 


The proof of the converse is simple. Suppose there is an alternation 
sequence of length n + 2 for g—p on A, and suppose there exists a p* with 


lg —p'lla < Ilg — pla. 


Then p*—p has at least n+1 zeros on [a,b], one between any two consecutive 
alternation points for g — p on A, and hence it vanishes identically. This 
contradiction finishes the proof. 


In the setting of Theorem 3.1.6 the best approximation is unique; see 
E.5. 
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Comments, Exercises, and Examples. 


The terminology is not entirely standard in the literature with Chebyshev 
systems often referred to as Haar systems on intervals of R. There are vari- 
ous proofs of Theorem 3.1.6, of which ours is by no means the most elegant 
(see Cheney [66], for example). The point of this proof is that it easily mod- 
ifies to deal with characterizations of extremal functions for various other 
extremal problems. Many good books cover this standard material. See, for 
example, Cheney [66], Lorentz [86a], or Pinkus [89]; see also Appendix 3. 
An extensive treatment of Chebyshev systems is available in Karlin and 
Studden [66] or Niirnberger [89], where E.3 can be found. E.4 shows that 
real Chebyshev systems are intrinsically one-dimensional. 


E.1 Examples of Chebyshev systems. 

a] Suppose 0 = XA» < Ay < +++ < An. Show that 
(a ,a™1,... ,0°") 

is a Chebyshev system on [0, 00). 

b] Suppose Ay < Ay < +++ < An. Show that 
(2°, a™1,... ,0°") 

is a Chebyshev system on (0, oo). 

c] Suppose A» < Ay < +++ < An. Show that 


At An 


(2°, a loga, a, a™ loga,..., 4°", 2 logz) 
is a Chebyshev system on (0, 00). 


d] Suppose Ap < Ay < +++ < Ay. Show that 


1 1 1 
t—rA’ 2£-r? ' &£-—ry, 


is a Chebyshev system on (—00, 00) \ {Aog, Au,--- s An}. 
e] Suppose Ao < Ay < +++ < An. Show that 


(eAts eh8 se. ean) 
is a Chebyshev system on (—o0, 00). 
f] Show that 
(1, cos 6, sin @, cos 20, sin 26, ... , cosné, sinn@) 
is a Chebyshev system on [0, 27). 
g] Show that 
(1, cos@, cos 26, ... , cosné) 


is a Chebyshev system on [0,7). 
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E.2. More Examples. 


a] If (fo,--- fn) is a Chebyshev system on A, then it is also a Chebyshev 
system on any subset B of A containing at least n + 1 points. 


b] If (fo,---,fn) is a Chebyshev system on A and g € C(A) is strictly 
positive on A, then (gfo,---,gfn) is also a Chebyshev system on A. 


c] If (fo,-.-;fn) is a Chebyshev system on [0, 1], then 


(1. [ somat... fF tutta) 


is also a Chebyshev system on [0, 1]. 


See E.8 of Section 3.2, which treats the effect of differentiation on a 
Chebyshev system. 


E.3 Extended Complete Chebyshev Systems. Let (go,... , gn) be a se- 
quence of functions in C™[a, 6]. Define the Wronskian determinant 


2398 2 28 

o(t iG Ae 

Woes sgm)Qia] 
GO) gh. ae GD) 


We say that (go,--- gn) is an extended complete Chebyshev system (ECT 
system) on [a, b] if 


W(go,---,gm)(t) >0, m=0,1,...,n, t€[a,b]. 


a] Let span{go,... ,gn} be an (n + 1)-dimensional subspace of C”|a, }]. 
Show that the following statements are equivalent: 


(i) For every m = 0,1,...,n, 0 4 f € span{go,...,gm} has at most 
m zeros in [a,b] counting multiplicities (zo € [a,b] is a zero of f with 
multiplicity k if f(ao) = f'(vo) = «-: f*") (xo) = 0 and f) (ao) ¥ 0). 


(ii) For each i = 0,1,...,n, there exists a choice of 6; := 1 or 6; := —1 
such that, 


(5090; 0191, sey 6ngn) 


is an ECT system on [a, 6]. 


In particular, every ECT system on [a,b] is a Chebyshev system on 
la, b]. 


Proof. For details see Karlin and Studden [66]. 
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b] Characterization Theorem. The following statements are equivalent: 
(i) (go,---59n) is an ECT system on [a, 6). 


(ii) There exist w; € C”~ [a,b], i = 0,1,...,n, with w; strictly positive 
such that 


go(t) = wolt), 


on(t) = wolt) / ‘ait ali 


amin fom f walla) [unl din dei 


Proof. This is proved by induction on n. See Karlin and Studden [66]. 


c] Suppose A» < Ar < ++: < An. Show that (a*°,...,2%") is an ECT 
system on [a,b] provided a > 0. 


E.4 Railway Track Theorem. Real Chebyshev systems exist only on very 
special subsets of IR. Indeed, real Chebyshev systems intrinsically live on 
one-dimensional subsets. 


a] Suppose A C R™ contains three distinct arcs that join at a point xo. 
Then, for n > 2, there exists no real Chebyshev system (fo,... , fn) on A. 


Proof. Suppose there exists a real Chebyshev system (fo,.-. , fn) on such 
a set A. Let 
V(a2,y) := D(a, y, ©2,03,-..52n) 


(D is defined in Proposition 3.1.2) which is never zero for distinct points 
L,Y, £2,£3,--- , fn. Choose distinct points 2, 71,.-- , Zp on one of the three 
distinct arcs so that xo is adjacent to 7,. Pick the points z, 4 x and zz 4 Xo 
so that z1, z2, and x, are on different arcs. Now consider interchanging 
Z:= Xo and y := 21 by moving « from zo to 21, y from x to z2, x from 2 


to #1, and y from 22 to xo. Since x,y, %2,%3,--.. ,_, remain distinct, V (2, y) 
does not vanish in this process. This contradicts the fact that V(a, y) is 
continuous and V (a9, #1) = —V (41, 20). 


The following more general result of Mairhuber [56] also holds: 


b] Mairhuber’s Theorem. /f (fo,..., fn) is @ real Chebyshev space on A, 
then A is homeomorphic to a subset of the unit circle. 


E.5 Uniqueness of Best Approximations. Prove that a best approxima- 
tion from a Chebyshev space satisfying the conditions of Theorem 3.1.6 is 
unique. 
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Hint: Suppose f has two best approximations p; € Hy, and py € Hy. Then, 
by the alternation characterization, p; — pp € Hy has at least n + 1 zeros 
on [a,b] (we count each internal zero without sign change twice). Now E.10 
implies that py — po = 0. 


E.6 De la Vallée Poussin Theorem. Suppose Hy, is a Chebyshev space of 
dimension (n +1) on [a,b]. If p € Hy and there exist n + 2 points 


A<% <4 << an41 <b 
so that 
sign(f (zi) — p(ai)) = —sign(f(zi41) — p(aig1)), 71=0,1,...,n, 


then 
ping IF — plltas) 2, gin |flei) — p(ea)|. 


E.7 Haar’s Characterization of Chebyshev Spaces. The following pretty 
theorem is due to Haar (for a proof, see E.3 of Appendix 3): 


Theorem. Let fo,...,fn € C(A) where A is a compact Hausdorff space 
containing at least n + 1 points. Then (fo,---,fn) is a Chebyshev system 
on A if and only if every g € C(A) has a unique best approximation from 
span{ fo,..., fn} in the uniform norm on A. 


E.8 Best Approximation to x”. Reprove Theorem 2.1.1 by using the al- 
ternation characterization of best approximations. 


E.9 Best Rational Approximations. Let f € C[a,b]. Then p/q¢ € Rn m is 
a best approximation to f from Ry,m in C[a, 6] if and only if f — p/q has 
an alternation set of length at least 


2+max{n + deg(q),m + deg(p) } 


[a,b]. (Here we must assume p/gq is written in a reduced form.) 


The proof of this is a fairly complicated variant of the proof of Theorem 
3.1.6 (see, for example, Cheney [66]). 


E.10 Zeros of Functions in Chebyshev Spaces. As before, we call the 
point x9 € (a,b) a double zero of f € Cla, }] if f(zo) = 0 and 


f(to — €)f (xo + €) > 0 


for all sufficiently small € > 0 (in other words, if f vanishes without changing 
sign at xo). Let (fo,..-5fn) be a Chebyshev system on [a,b] C R. Show 
that every 0 4 f € span{fo,... , fn} has at most n zeros even if each double 
zero is counted twice. 


Hint: Use Proposition 3.1.2 b]. 
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E.11 Functions in a Chebyshev Space with Prescribed Sign Changes. Let 
(fo,--. fn) be a Chebyshev system on [a,b], and let 


Aa< zy <2. <+++< am <b, O0<m<n. 


Show that there is a function p* € span{fo,... , fn} such that 

(i) p*(x) =0 if and only if # = z; for some 7 = 1,2,... ,m, 

(ii) p*(x) changes sign at each z;, i =1,2,...,m. 

Hint: If m = n, then use Proposition 3.1.3 and a continuity argument to 


show that 
fo(z) fi(z) ... ie 


fola) fale)... fale 
Pt) = . . F 


Hee HEM oh. 


satisfies the requirements. 


If m <n, then use the already proved case, a limiting argument, and 
E.10 to show that there are p; € span{fo,..., fn}, j = 1,2, such that 


(1) p;(x) changes sign at x if and only if «= 2;, i= 1,2,...,m, 
(2) pi(a) £0 for every x € [a, 2m] \ {21, 22,..- 2m}; 
(3) po(a) £0 for every x € [21,6] \ {z1, 22,..- 2m}. 


Now show that either p* := p, + po or p* := p, — po satisfies the require- 
ments. 


E.12 The Dimension of a Chebyshev Space on a Circle. Let (fo,... , fn) 
be a Chebyshev system on a circle C’. Show that n must be even. Observe 
that such Chebyshev systems exist. 


Hint: Show that for every set of n distinct points 21, 2%2,...,2n on the 
circle there is a p € span{fo,..., fn} such that p(x) = 0 if and only if 
x € {%1,%2,...,¢,} and p(x) changes sign at each 2;. 


3.2 Descartes Systems 


Chebyshev systems capture some of the essential properties of polynomials. 
There are two additional types of systems that capture some additional 
properties. 


Definition 3.2.1 (Markov System). We say that (fo,..., fn) is a Markov 
system on a Hausdorff space A if each f; € C(A), and {fo,...,fm} isa 
Chebyshev system for each m = 0,1,... ,n. (We allow n to tend to +00, in 
which case we call the system an infinite Markov system on A.) 


3.2 Descartes Systems 101 


A Markov system is just a Chebyshev system with each initial segment 
also a Chebyshev system. Being a Chebyshev system is a property of the 
space not of the basis. However, the Markov system depends on the basis. 
For example, 


(a, ¢1,...), ro < AL << e 


is a Markov system on any A C (0,00) containing infinitely many points, 


but not every basis of span{a*°,x*!,...} is a Markov system on A (see 
E.1). 

Proposition 3.2.2. (fo,...,fn) 1s @ Markov system on an interval [a,b] if 
and only if for each i = 0,1,...,n, there exists a choice of 6; := 1 or 


6; := —1 such that with g; := 6;fi, 


9o(2o) Im(Xo) 
to @y «Lm . i f 
go(tm) +--+ GIm(Xm) 
for everya<a <4 <+++<am <b andm=0,1,...,n. 


Proof. This is an easy consequence of Proposition 3.1.3 by induction on 
n. 


A stronger property that a system on an interval can have is the fol- 
lowing: 


Definition 3.2.3 (Descartes System). The system (f,... , fn) is said to be 
a Descartes system (or order complete Chebyshev system) on an interval I 
if each f; € C(T) and 


for any 0 < ig <41 < +++ <im <n and a2 < a1 < +++ <2 from I. (Once 
again we allow n to tend to oo.) 


This again is a property of the basis. It implies that any finite- 


dimensional subspace generated by some basis elements is a Chebyshev 
space on I. The canonical example of a Descartes system on [a,b], a > 0, is 


(a*°,¢,...), No < AL << e 


(see E.2). A Descartes system on I is obviously a Descartes system on any 
subinterval of J. 
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The following version of Descartes’ rule of signs holds for Descartes 
systems. 


Theorem 3.2.4 (Descartes’ Rule of Signs). If (fo,...,fn) is a Descartes 
system on [a,b], then the number of distinct zeros of any 


OF FS. ate, a; eR 
i=0 


is not greater than the number of sign changes in (ao,... ,@n)- 


A sign change occurs between a; and aj,, exactly when ajaj+, <0 and 
Qit1 = Giga = +++ = Gi¢e—-1 = 0. 


Proof. Suppose (ao,...,@n) has p sign changes. Then we can partition 
{ao,... ,@,} into exactly p+ 1 blocks so that each block is of the form 


Qnm+1s Arm+2s+++ > Orm4is m=0,1,...,p 


(no := —1,np41 := n), where all of the coefficients in each of the blocks are 
of the same sign and not all the coefficients in a block vanish. Now let 


Nm+1 


Im s= Ss las| fi, m=0,1,...,p. 


t=Nmt1 


Then, for a < @ <4 < +++ < ay <b, 


ni Np+1 
= S- seed S- jail =, 1D ( Fe fix ite a0 
Xo L1 ate Lp 


to=nNotl tp =Np +1 


since each of the determinants in the sum is positive. Thus {go,... .gp} is 
a (p + 1)-dimensional Chebyshev system on [a, b], and hence 


has at most p zeros. This finishes the proof. 


A refined version of Descartes’ rule of signs for ordinary polynomials is 
presented in the exercises. The following comparison theorem due to Pinkus 
and, independently, Smith [78] will be of use later. 
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Theorem 3.2.5. Suppose (fo,..., fn) is a Descartes system on [a,b]. Sup- 
pose 


k k 
P=fat)> fy, and g=fat>_dify, 


i=l i=1 
where 0 < dry < Ag <0 SAR <n, OS NM <2 <0 HWS TN, 
0<y% <A <a, 4=1,2,...,m, 
and 
a<ri<cy<n, i=m+1,m+2,...,k 


with strict inequality for at least one index i=1,2,...,k. If 
p(ai) = g(a) = 0, [ee a 
where x; € [a,b] are distinct, then 


Ip(z)| < |a(a)| 
for all x € [a,b] with strict inequality for « 4 x;. 


The proof is left as a guided exercise (see E.4) with some interesting 
consequences presented in E.5. 
Comments, Exercises, and Examples. 


Theorem 3.2.4 characterizes Descartes systems; see Karlin and Studden [66, 
p. 25]. Some caution must be exercised since, as in the previous section, def- 
initions are not entirely standard. We will explore two particular Descartes 
systems in greater detail later; see E.2 and E.3. For further material, the 
reader is referred to Karlin and Studden [66], Karlin [68], and Niirnberger 
[89]. 

E.1 Distinctions. 


a] Given ¥» < Ay <.--- and A C (0,00) with infinitely many points, 
show that (#*°,a*1,...) is a Markov system on A, but there is a basis for 
span{2*°, a*1,...}, which is not a Markov system on A. 


b] Find a Markov system that is not a Descartes system. 


E.2 Examples of Descartes Systems. 
a] Suppose Xo < Ay <-:-+ . Show that the Miintz system 


(2°, ¢1,...) 


is a Descartes system on (0, 00). 
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Hint: For every 0 < ig < i, < +--+ < tm, the determinant 


aio anim 
ri ri ri 0 0 
PetOs BO ek Os 
( ) = 
XO Ly tase Lm oi Sh, 


is nonzero for any 0 < % < 41 < +++: < %m < oo by Proposition 3.1.2 and 
E.1 a] of Section 3.1. It only remains to prove that it is positive whenever 
O< 4% <4 <+++<2m < oo. Observe that the exponents ;, can be varied 
continuously (for fixed x;) without changing the sign of the determinant 
provided no two ever become equal. Now perturb (\j,,Ai,,--- ;Ai,,) into 
(0,1,...,m) and observe that the determinant becomes a Vandermonde 
determinant, as in part b], which in this case is positive. 


b] Vandermonde Determinant. Show that 


1 a ... 2° 
Lat Gate ey 
= J] G--). 
0<i<j<m 
Le ies: * Sera Sa 
Hint: The determinant is a polynomial in x9,21,...,2%m of degree m in 


each variable that vanishes whenever x; = 2;. 


c] Suppose A» < Ay <---. Show that the exponential system 
(ert ets.) 


is a Descartes system on (—o0, oo). 


Hint: Use part al. 


d] Suppose 0 < Ay < Ay <--++. Show that 
(sinh rot, sinh Ayt, para ) 


is a Descartes system on (0, 00). 


Outline. Let 0 <i9 < i, <-+-++ < im be fixed integers. First we show that 
(sinh \,,t, sinh \;,t, ... , sinh ;,,t) 
is a Chebyshev system on (0, co). Indeed, let 
O04 f €span{sinh \,,t, sinh A;,t,... , sinhrA;,,t}. 


Then 


0 # f E span{e Mot. e At re gent) 


and by E.1 e] of Section 3.1, f has at most 2m zeros in (—0oo, 00). Since f 
is odd, it has at most m zeros in (0, 00). 
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Since for every 0 < ip <i) < ++: <im, (sinhA;,t, ... , sinh A;,,t) is a 
Chebyshev system on (0,00), the determinant 
D sinh rio t sinh ri Ee aes sinh Nim t 
xo Uy Stes Lm 
sinh Xin LO sinh ix Xo rie sinh rim xo 
sinh Nin L1 sinh rin Ly ack sinh rim Ly 
sinhr;,%m sinhrA;,% ... sinhr;,, rm 


is nonzero for any 0 < rq < 41 << +++ < %m < co Proposition 3.1.2. So it only 
remains to prove that it is positive whenever 0 < 2% < 41 <+:-<@m < ©. 


Now let 
sinhA;,t sinhr;,f ... sinhr;, ¢ 
D(a) := D “a a is 
Axo AX cate) AXLm 
sinhr;,a% sinhrA;,a% ... sinhrA;,, ar 
sinhr;,a%, sinhrA;,av, ... sinhrA;,, ax, 
sinh r;,atm sinhrA;,atm ... sinhrA;,, atm 
and 
Poyet Dake t 1 de t 
serio® ser%1e .., Sein 
D*(a):=D | ? 7 2 
ALO AX uty AXLm 
FEri0 Wo LAr, a@0 aie Le rim a0 
1Lerip oe1 1 eri, 001 oe Lerimar1 
= 2 2 
Livin Qtm 1,ri,; Atm De Ai pe Eo 
zero sent ae Re 


where 0 < 2% < 21 < ++: <2%m < © are fixed. Since 


(sinh Niele sinh rit, prac sinh Kim t) 


and 
(eMoh EMI etn?) 


are Chebyshev systems on (0,00), D(a) and D*(qa) are continuous non- 
vanishing functions of a on (0,00). Now, observe that 


: a : - . D(a) _ 
Jim |D(@)1= Jim. IPr(@)|= 00 and im Dey 
By part cl, 


(erioF, erat, |. , edimt) 
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is a Descartes system on (—00o, 00), hence D*(a) > 0 for every a > 0. So 
the above limit relations imply that D(a) > 0 for every large enough a, 
hence for every a > 0. In particular, 


Lo Ly eo Lm 


D(1) =D Gea sinhA;,t ... a) >0, 


which finishes the proof. 


e] Suppose 0 < Xo < Ay <---. Show that 
(cosh Agt, cosh Ait, ...) 


is a Descartes system on (0, 00). 


Hint: Proceed as in the outline for part d]. 


E.3 Rational Systems. 
a] Cauchy Determinants. Show that 


1 1 
ait+B1 77°) atm I] (a; = ai) (8; — Bi) 
‘ . ; _ 1isi<j<m 
i ot Be Tl ere) 
Am+B1 ~** A@mtBm istjsm, 


Hint: Multiply both sides above by [J] (a; +(;) and observe that both 
1<i,jgm 

sides are polynomials of the same degree, m-—1, in each variable a;, 3;. Also 

both sides vanish exactly when a; = a; or 8; = 8;. So up to a constant 

both sides are the same. Now show that the constant is 1. 


b] Let a, > ag >--- > b. Show that 


1 1 
Q,—-2’a,—-2’ 


is a Descartes system on [a, }]. 


Let ay < ag < +++ <a. Show that 


1 1 
@—-a,’ @—-aQ’ 


is a Descartes system on [a, }] (see also E.6 e]). 


E.4 Proof of Theorem 3.2.5. Assume the notation of this Theorem 3.2.5. 


a] Let 0<00 <6. <+:+ <6, <nanda< a <a <--: <a, <b. Show 
that there exists a unique p = f5,, + er ai fs, such that 
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Show also that the above p has the following properties: 
(2) p(x) changes sign at each 2; , 


(3) p(x) AO0ifa ¢ {a1,20,..., ty}, 
(4) ajiaiga <0, 1=0,1,...,—-1, a,:=1, 
(5) p(w) >0, «# € (a,b). 
Hint: Since (f5,,--. 5 fs,,) and (fo.,--- , fé,,_,) are Chebyshev systems, E.11 
of Section 3.1 shows that there exists a p of the desired form satisfying (1). 
Since (f5,,--- , f5,_1) is a Chebyshev system, this p is unique. Now E.11 of 
Section 3.1 yields that p satisfies (2) and (3). By Theorem 3.2.4, p satisfies 
(4). The fact that (5) holds for p follows from expanding the determinant 

De fo, pate Sog8 i 

x 


vy v2 maeed Lu 


by Cramer’s rule. This determinant is just cp(x) with some c > 0 since it 
vanishes at each x;, and the coefficient of f5,, is positive; see Definition 3.2.3. 
Also, the above determinant is positive for all x € (2,,b]; see Definition 
3.2.3 again. 


b] Prove Theorem 3.2.5. 


Outline. For notational simplicity assume that a = n (hence m = k); the 
general case is analogous. Further, we may assume that there is an index 7 
such that 
yi <A; and y=A; whenever 143 
since the result follows from this by a finite number of pairwise comparisons. 
So we assume . 
p= fntajfr,+ > ahs, 
i=1 
ij 
and 
k 
a= fntbjfy,+ >. bfx 
i=1 
Ai 
where 0 < Ay < Ay << Ap <n and 0 < Aj-1 < Yj < A; for some 
1<j<k (of course, the inequality A;-1 < y,; holds only if A;~1 is defined, 
that is, only if 7 > 2). Then 


k 
P-4=a;fr,, — bj fy, + > (ai — ddA, 
i=1 
ij 
has exactly k zeros on [a, b] at 71, 22,... ,a% because p — q is in a (k + 1)- 
dimensional Chebyshev subspace. 
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By property (5) in part a] applied to p and gq, respectively, 
p(z) >0 and g(x) >0, x E (xp, 5]. 
Now by property (4) in part a] applied to c(p—q), where c is chosen so that 
the lead coefficient of c(p — q) is 1, and by the fact that p and p— q have 
the same coefficient for f,,, the lead coefficient of p — q (ag — bz provided 
Ax > rj) is negative. So property (5) in part a] implies that 
p(x) — q(x) <0, we (ax, 0). 
Hence 0 < p(x) < q(x), x € (ax, B]. 


Now use property (3) in part a] and the fact that all of p,q, and p—q 
change sign only at x; to finish the proof. 


The following extension of part a] will be used later: 


c] Suppose 
O0<d0 <br <+++< Op Sn, asa <a <<a, <b, 
@ < £2,%,-1 < 6, and x; < x42, 1 = 1,2,...,— 2. Show that there 


exists a unique p = fs, + ey aifs, (with a; € R) such that 
(1) p(w) =0, 1=1,2,... ,p, 

(2) p(x) changes sign at «2; if and only if a; ¢ {a,b, 7-1, vi41}. 
Show also that 

(3) p(x) AO0ifa ¢ {a1,20,..., ty}, 

(4) ai@inn <0, 1=0,1,...,~—-1, ay :=1, 

(5) plz) >0, 2 (a%,,6), 

(6) (-1)*p(x) >0, xe (a,x), 

(7) (-1)4"*p(a) > 0, « € (ai,7i41), 1=1,2,...,u—1. 


Hint: Use part a] and a limiting argument. The uniqueness follows from 
E.10 of Section 3.1. 


The next exercise provides a solution to a problem of Lorentz, which 
is settled in Borosh, Chui, and Smith [77]. 


E.5 A Problem of Lorentz on Best Approximation to z*. Suppose that 


[a,b] C [0,00), n € N, and p € (0, 00] are fixed. Let y be a finite Borel 
measure on |[a, b]. 


a] Suppose Aj, A2,...,An are arbitrary fixed real numbers if a > 0, or 
fixed real numbers greater than —1/p if a = 0. Let f € Lp(y) be fixed. 
Show that 


FOI oe) := min || f(e) — oa’ ‘|, 


aic€R 


Ly(u) 


exists and is finite. 
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Outline. Use a standard compactness argument. 


b] Suppose 1 < p < o, the support of contains at least n + 1 points, 
1, A2,--. An, are arbitrary fixed distinct real numbers if a > 0, or fixed 
real numbers greater than —1/p if a = 0. Show that if (@;)?_, C R satisfies 


Ey ps, 2, ers PD ere _ = ||2* - i ‘Tle. : 


then 
n 
- Sra 
i=l 


has exactly n sign changes on (a, b). 


Hint: Since (a*1,... , 2", 2) is a Chebyshev system, it is sufficient to prove 
that f has at least n sign changes on (a,b). Suppose f has at most n — 1 
sign changes on [a,b]. Then, since (a*1,... ,x*") is a Chebyshev system, 
by E.11 of Section 3.1 there exists an element 


h € span{2*!,... ,a°"} 
such that 


|f(2)|P* sign(f(z)) h(a) > 0 


on [a,b] with strict inequality at all but n points (at every point where f 
does not vanish). Using that the support of y contains at least n +1 distinct 
points, this implies 


b 
/ FP! sign(f)hdu > 0, 


which contradicts E.7 h] of Section 2.2. 


c] Suppose p = oo, supp(m) = [a,b], Ar, A2,... , An, A are arbitrary fixed 
distinct real numbers if a > 0, or fixed distinct nonnegative real numbers if 
a = 0. Show that if (a;)?_, C R satisfies 


n 

padi (lies ae 

Bed May Nien Ge )= |e -5 aya | 
1 


then 


has exactly n sign changes on (a, b). 
Hint: Use Theorem 3.1.6. 
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d] Best Approximation to x* from Certain Classes of Mintz Polynomials. 
Let 1 < p < o. Suppose the support of w contains at least n + 1 distinct 
points if 1 <p < oo or supp(y) = [a,b] if p= oo. Let A> yy > 2 >--: be 
arbitrary fixed real numbers if a > 0, or fixed nonnegative real numbers if 
a = 0. Suppose we wish to minimize 

Ey ps, A2,- = ane”) 


for all sets of n distinct real numbers Ay > Ag > ++: > Ay Satisfying 


{\1,A02,... »An} Cc {y1,92,---}- 


Show that the minimum occurs if and only if 


{rij dagen An} = {V5 Yar--- ea 


Aint: Let 
n 
Ex agaaes ee = jr - rae | ; 
i-l Ly(u) 
where {\1,A2,.-.,An} is a set of n distinct real numbers for which the 
minimum is taken; see part a]. By parts b] and c] 
n 
f(a) := 2 - yaa” 
i=] 
has exactly n sign changes 7, 12,... ,£p on (a,b). Let 
g € span{a™, a7 ,..., a7} 
interpolate 2 at the points 21, 22,... ,%,. Now use Theorem 3.2.5 to finish 


the proof. 


E.6 Strictly Totally Positive Kernels (Karlin [68]). A (continuous) func- 
tion K(s,t) is an STP kernel on [a,b] x [c,d] if 


K(s0, to) ands K (so, tn) 
: me : >0 
K(8n, to) eae K(8n, tn) 


for alla < 59 <+++ <8) <b, C<to <---< ty <d, and for all n > 0. 
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a] Observe that E.3 b] implies that 
1 
K(s,t) = —— _ is STP on [a,}] x [a,b], a>0O. 
st+t 
Observe also that E.2 b] implies that 
K(s,t) =e is STP on (—00, 0) x (—00, 00). 


b] Suppose K is STP on [a,b] x [c,d], and (fo,..., fn) is a Chebyshev 
system on [a,b]. Show that if 


b 
v(e) = | KEDIOH: CS tdawcn 


then (vo,... ,Un) is a Chebyshev system on |c, d]. 


c] Variation Diminishing Property. Suppose K is STP on |a,b] x [c,d] 
and suppose f € Cla, b]. Let 


b 
g(x) =a K(t, x) f(t) dt. 


Then g has no more sign changes on [c, d] than f has on [a, 6]. 
d] The Laplace transform of a function f € C[0, 00) N L1[0, oo) 


Lyte) = [ser at 
0 
has no more sign changes on [0,00) than f does. 


Proof. This follows from parts a] and c]. It may also be proved directly by 
induction as follows. Suppose f has exactly n sign changes on [0, 00), one 
at zo. Then g(x) := (ao — x) f(a) has exactly n — 1 sign changes on [0, oo). 
Now observe that 


ent (e021 (f)(2)) = L(g)(2), 


xe 


so L(f) has at most one more sign change on [0, 00) than L(g) does. 


e] Use part d] and E.2 a] to reprove that 


1 1 
( ‘ ol —acay<ag<ce: 
L+ta, Lt+a2 


satisfies Descartes’ rule of signs on [a, b]. 
Proof. Observe that 


foe) 


pene dt = : 
r+aQa; 
0 


for every x € (—a;, 00). 
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E.7 Descartes’ Rule of Signs for Polynomials. 


a] Prove by induction that )7;_9 a,2" € Pp has no more zeros in (0,00) 
(repeated zeros are counted according to their multiplicities) than the num- 


ber of sign changes in (ao, @1,-.- ,@n)- 

b] Let a > 0. Let p(x) = Op» aux* and q(x) := (t—a)p(zx) = Aa byx*. 
Show that if the number of sign changes in {ao,a1,... ,@n} is m, then the 
number of sign changes in {bo,b1,... ,bn41} is at least m+ 1. 


c] Give another proof of a] based on bj. 


d] In part a] the number of sign changes in (ao, a1,... ,@n,) exceeds the 
number of positive zeros by an even integer. 


Hint: See Pélya and Szegé [76]. 


Refinements of the above exercise are presented in E.6 of Appendix 1, 
where Cauchy indices are discussed. 


The first part of the following exercise is a version of a result from 
Zielke [79]: 


E.8 The Effect of Differentiation on Weak Markov Systems. The system 
(fo,.--,fn) is called a weak Chebyshev system on [a,b] if f; € Cla, 6] for 
each i and every f € span{fo,... , fn} has at most n sign changes on [a, }| 
(so the only difference between a Chebyshev system and a weak Chebyshev 
system is that in the definition of the latter, zeros without sign change are 
not counted). 


Analogously, the system (go,.-- ; gn) is called a weak Markov system 
on [a,}] if g; € Cla, b] for each i and (go,...,9m) is a weak Chebyshev 
system on [a,b] for every m = 0,1,... ,n (so the only difference between a 
Markov system and a weak Markov system is that in the definition of the 
latter, zeros without sign change are not counted). 


a] Suppose (1, fi,..., fn) is a weak Markov system of C1 functions on 
[a,b]. Show that (f{,... ,f/,) is a weak Markov system on |a, }]. 


Outline. Proceed by induction on n. If n = 0, then the statement is obvious. 
Suppose that the statement is true for n — 1. By the inductive hypothesis 
(fi,---,fn—1) is a weak Markov system on [a,b], hence Rolle’s theorem 
implies that (1, f1,... ,fn—1) is a Markov system on [a, }]. 


Suppose that g € span{f/,... , f,_,} is of the form 
n 
G32 ae a; ER 
j=1 


and g has at least n sign changes on [a,b]. Then there exist n + 2 distinct 
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points 


axa < do <6 << anya <b 


and ¢ = +1 such that 
n 
Fi=e)> aif; 
i=l 
satisfies 
(-1)'(F(#i41) — F(zi)) > 0, i ee ee eo 


Since (1, f1,... ,fn—-1) is a Markov system on [a,b], by Proposition 3.1.2, 
there exist. functions 


G5 & span{1, fi, atte tei} 
such that 
Gs(a,;) = F(a;) + 6(-1)', i=2,3,...,n4+1 


for every 6 > 0. Then by the inductive hypothesis, G'; has at most n — 2 
sign changes on [a, }]. It follows that if 6 > 0 is sufficiently small, then 


(—1)(G5(a2) — Gs(a1)) < 0 


and 
(—1)"*7(Gs(en+2) — Ga(@n41)) <0, 


otherwise G'; would have at least n sign changes on [a, b]. Now show that 
for sufficiently small 6 > 0 


F-G;5€ span{1, fi,... stat 


has at least n + 1 sign changes, which is a contradiction. 


b] Suppose that (1, fi,...,fn) is an ECT system on [a,b] and suppose 
that each f; € C”[a,b] (see E.3 of Section 3.1). Show that (f{,...,f/,) is 
also an ECT system on [a,6] with each f} € C"~'[a, 8]. 


Hint: Use the definition given in E.3 of Section 3.1. 


c] Suppose (1, fi,...,fn) is a weak Markov system on [a,b] with each 
fi € C"[a, b]. Show that (1, fi,... , fn) is a Markov system on [a, 0]. 


Hint: Use Rolle’s theorem and part al. 
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3.3 Chebyshev Polynomials in Chebyshev Spaces 


Suppose 
A, = span{ fo, fi, tae stn} 


is a Chebyshev space on [a,b], and A is a compact subset of [a,b] with at 
least n + 1 points. We can define the generalized Chebyshev polynomial 


Th = Trt fos fi, -- : dni A} 


for H, on A by the following three properties: 


(3.3.1) Te € spant fos fissceu dnt 


there exists an alternation sequence (19 < #1 <+++ <2) for T, on A, that 
is, 


(3.3.2) sign(Tp(wi41)) = —sign(Tn(#i)) = £[|Tnlla 
fori =0,1,...,n—1, and 


(3.3.3) \Tal|4 =1 with T,(max A) >0. 


Of course the existence and uniqueness of such a T;, has to be proved. 
Note that if together with span{fo,... , fn}, span{fo,...,fn—-1} is also a 
Chebyshev space, then Theorem 3.1.6 implies that 


n-1 
Tn = C€ ( Y > af] ) 


k=0 


where the numbers ao, a1,... ,@n—1 € R are chosen to minimize 


(3.3.4) 


n—-1 
fr- > an fel , ; 
k=0 


satisfies properties (3.3.1) and (3.3.2), and the normalization constant c € R 
can be chosen so that T,, satisfies property (3.3.3) as well. In E.1 we outline 
the proof of the existence and uniqueness of a T, satisfying properties 
(3.3.1) to (3.3.3) without assuming that span{ fo,... , fn—1} is a Chebyshev 
space. 


Note that if (fo,... , fn) is a Descartes system on [a,b], then the nor- 
malization constant (that is, the lead coefficient) c in T, is positive. This 
follows from E.4 of Section 3.2. 
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On intervals, with f;(x) := x, the definition (3.3.1) to (3.3.3) gives the 
usual Chebyshev polynomials; see E.7 of Section 2.1. 


The Chebyshev polynomials T,, for H, on A encode much of the in- 
formation of how the space H, behaves with respect to the uniform norm 
on A. Many extremal problems are solved by the Chebyshev polynomials. 


When (fo, f1,-.-) is a Markov system on [a,b] we can introduce the 
sequence (T;,)°.9 of associated Chebyshev polynomials 


Th = To fos 13 tee > dni [a, b]} 


for H, on [a,b]. Then (7o,71,...) is a Markov system on [a, b] again with 
the same span. (One reason for not always choosing this as a canonical basis 
is that it is never a Descartes system.) 


The denseness of Markov spaces in Cla, b] is intimately tied to the 
location of the zeros of the associated Chebyshev polynomials; see Section 
A.1. 


An example of an extremal problem solved by the Chebyshev polyno- 
mials is the following: 


Theorem 3.3.1. Suppose Hy, := span{fo,..., fn} is a Chebyshev space on 
[a,b] with associated Chebyshev polynomial 


Th = Tn{ fo, fi, SES w dni la, b}} 
and each f; is differentiable at b. Then 
max{|p'(b)|:p € An, |Iplltas) <1, p(b) = Tn(b)} 
is attained by Ty. 


Proof. Suppose p € Hn, ||pll[as) < 1, and p(b) = T,(b). We need to show 
that |p'(b)| < |T4(0)|. Let a << Go < G < +++ < G < b be the points of 
alternation for T,, that is, 


Note that 7, — p has at least n zeros in [¢o,¢,], one in each [¢j-1, Gi], 
i = 1,2,...,n (we count each internal zero without sign change twice, as 
in E.10 of Section 3.1). So if b # ¢,, then T, — p has n+ 1 zeros on [a,b] 
including the zero at b, hence p = T,, and the proof is finished. We may 
thus assume that T,,(b) = 1. Assume that |p'(6)| > |Z, (b)|. Since Ty, (b) > 0, 
without loss of generality we may assume that p'(b) > T/,(b), otherwise we 
study —p. Then T,, — p has two zeros on [¢,,,b], and hence has n+ 1 zeros in 
[a,b] (again, we count each internal zero without sign change twice). Thus 
by E.10 of Section 3.1 we have p = T;,, which contradicts the assumption 
pi(b) > Th(b). 


An extension of the above theorem to interior points is considered in 
E.3. 
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Theorem 3.3.2. Suppose (fo,---,fn—1,9) and (fo,---;fn—-1,h) are both 
Chebyshev systems on [a,b] with associated Chebyshev polynomials 


= Tak ford inci des (ap) 


and 


Sn — Tr{ fos fi; shed > fn—1,h; la, b}} 5 


respectively. Suppose (fo, fi,---,fn—1,9,h) is also a Chebyshev system. 
Then the zeros of Tn and Sy interlace (there is exactly one zero of Sy 
between any two consecutive zeros of T,). 


Proof. Since (fo,..- ,fn—1,g,h) is a Chebyshev system on [a,b], Tn + Sp 
has at most n+ 1 zeros. However, between any two consecutive alternation 
points of T,,, of which there are n +1, there is a zero of T, +S, (which may 
be at an internal alternation point of T,, only if it is a zero without sign 
change, which is then counted twice). Likewise, there is a zero of T, + Sy 
between any two consecutive alternation points of S,. Thus between any 
three successive alternation points of say T;, there can be at most three zeros 
of T,, + S,. However, if S, had two zeros between two consecutive zeros of 
Tn, then there would be three consecutive alternation points of either T;, 
or Sy with at least four zeros of either T, + S, or T, — Sp, between them, 
which is impossible. 


Theorem 3.3.3. Suppose (fo, fi,...) is a@ Markov system on [a,b] with as- 
sociated Chebyshev polynomials 


Tn = Tr{ fo, fis... 5 Fni la, b]}. 


Then the zeros of Ty, and T,_-1 strictly interlace (there is exactly one zero 
of Tn—1 strictly between any two consecutive zeros of Ty). 


Proof. The proof is analogous to that of Theorem 3.3.2. 


Theorem 3.3.4 (Lexicographic Property). Let (fo, fi,...) be a Descartes 
system on [a,b]. Suppose Ay < Ay < +++ < An and yo <1 < ++: <%n are 
nonnegative integers satisfying 


Let 
Tp i= TA Paget kee 3 > Frn ila, b]} 


and 


Sp i= La Psd ies tee ita [a, b]} 


denote the associated Chebyshev polynomials. 
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Let 
ay <ag<-++<Q, and Bi < Bo <-:+< Bn 


denote the zeros of T, and Sy, respectively. Then 
a < Bi, 7=1,2,...,n 


with strict inequality if 4; #7; for at least one index i. (In other words, the 
zeros of Ty lie to the left of the zeros of Sy.) 


Proof. It is clearly sufficient to prove the theorem in the case that A; = y; 
for each 1 # m, and Am < Ym < Am+i for a fixed index m, and then to 
proceed by a sequence of pairwise comparisons (if m = n, then Am4i is 
meant to be replaced by oo). So suppose 


Th = Trt frore-- dks Fr» [a, 5]} = Yo Gh: 


i=0 


and 


Sat Td Pomme edie ablk dma dae 
1=0 
zm 


with An < Ym < Am+i1- Then by Theorem 3.3.2 the zeros of S, and T), 
interlace and all that remains to prove is that the largest zero of S,, is larger 
than the largest zero of T,,. That is, we must show that ay < B,. For this 
we argue as follows. It follows from Theorem 3.2.5 that the lead coefficient 
of T;, is less than the lead coefficient of Sn (cy < dn provided m < n). Since 
both T,, and S,, have an alternation sequence of length n + 1 on [a,b], and 
since 
I|Znll[a,o] = I Srallfa,o] aly Tn(b) >0, Sp(b) >, 


it follows from E.1 b] that 


Sn —Thp € span{fy,, fr: Beis Rip ene 


has n+1 zeros 7 < % <+++ < 241 on [a,b]. Therefore, it follows from E.4 
c] of Section 3.2 that (S, —T,)(x) > 0 on (@p41,b) and (S,—Tp) (a) < 0 on 
(an, €n41). Hence the assumption B, < a, would imply that S,,—T), has at 
least n + 2 zeros on [a, b] (counting each internal zero without sign change 
twice), which is a contradiction. (Draw a picture and use the alternation 
characterization of the Chebyshev polynomials T;, and S,, to make the proof 
of the above statement transparent.) So 8, > apn, indeed, and the proof is 
finished. 
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Comments, Exercises, and Examples. 


If H, := span(fo,.-., fn) is a Chebyshev space on [a, 6], A is a compact 
subset of [a,b], and p € (0, 00), then 


n—-1 
Tp = Cc (1 ~ Ss oh] 
k=0 


with ao,a1,.-- ,@,—1 € R minimizing 
n—-1 
p 
| |m- Seen 
a k=0 


is called an L, Chebyshev polynomial for H, on A. When A = [a, 6] and 
p € (1, 00], the properties of the zeros of these L, Chebyshev polynomials 
are explored in Pinkus and Ziegler [79], where much of the material of this 
section may be found. For example, an L, analog of Theorem 3.3.2 still 
holds. 


E.1 Existence and Uniqueness of Chebyshev Polynomials. Let A C [a,}] 
be a compact set containing at least n + 1 points. Let (fo,...,fn) bea 
Chebyshev system on [a,b]. 


a] Existence of Chebyshev Polynomials. Show that there exists a T,, sat- 
isfying properties (3.3.1) to (3.3.3). 


Hint: If A contains exactly n + 1 points, then the existence of T,, is just 
the interpolation property of a Chebyshev space formulated in Proposition 
3.1.2 b]. So assume that A contains at least n +2 points. Then there is a 
6 >0 so that AN [a,c] contains at least n +1 points for every c € (b—0,b). 
Show that for every c € (b—6,b), there is a g. € span{fo,... , fn} for which 


sup { f(b) Lie span{ fo, fi, tee days IF llta.e] = 1} 


is attained. Use a variational method to show that g,. satisfies properties 
(3.3.1) to (3.3.3) with A replaced by AN [a,c]. 


Now let (cz) ?2., be a sequence of numbers from (b—6, b) that converges 
to b. Let go, € span{fo,... , fn} satisfy properties (3.3.1) to (3.3.3) with A 
replaced by AN [a,cy]. Show that there is a subsequence of (ge, )?2, that 
converges to a g € span{ fo,... , fn} uniformly on [a, 6]. Show that T, := g 
satisfies properties (3.3.1) to (3.3.3). 


b] A Lemma for Part c]. Suppose f,g € C[a, 6] with ||f||4 = |lg|la > 0 
and there are alternation sequences 


(a1 <@g<+++<2n41) and (y1 < yo <+++ < Ynti) 


for f and g, respectively, on A. 
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Suppose also that. 


sign(f(x1)) = sign(g(y1)). 
Show that f — g has at least n + 1 zeros on |[a, }]. 


c] Uniqueness of Chebyshev Polynomials. Show that the Chebyshev poly- 
nomials 


Tr{ fo, fi, pee sdinj A} 
satisfying properties (3.3.1) to (3.3.3) are unique. 


Hint: Use part a] and E.10 of Section 3.1. 


E.2 More on Chebyshev Polynomials. Let Hy, := span{fo,...,fn} bea 
Chebyshev space on [a,b] with associated Chebyshev polynomial denoted 
by Tn := Tr{fo,--- 5 fni[a,6]}. Show the following statements. 
a] If 1¢€ A,, then |T,(a)| = |T,(6)| = 1. 
b] If 1 € Ay, then T;, is monotone between two successive points of its 
alternation sequence. 

Note that the conclusions of parts a] and b] do not necessarily hold in 
general. 
ce] If 7, =: ee aifi, a; € R, then the coefficient sequence of T;/am 
solves 


n 
i + bi fi 
min | fm » Fila 
uniquely, provided that {fo,.-. fm—1,fm+i;---Jn} is also a Chebyshev sys- 
tem on [a,b]. (So this applies to ordinary polynomials on [0,1] but not on 


[=h 1) 


d] Suppose (fo,..., fn) is a Descartes system on [a,b] with associated 
Chebyshev polynomial T, := Tr{fo,--.,fni[a,0]} =: Vp afi, ai € R. 
Show that a, > 0 and aja;41 < 0 for each i =0,1,...,n—1. 


Hint: Use E.4 al] of Section 3.2. 


E.3 Extension of Theorem 3.3.1. Let H, :=span{fo,... , fn} be a Cheby- 
shev space on |a, b] with associated Chebyshev polynomial 


Th = Tal foe ds tee y dni [a, b]} 


and suppose each f; is differentiable at xo € [a,b]. 
al If T) (xo) > 0, then 


max{p'(to): Pp € Hn, |Iplltas] $1, p(to) = Tn(xo)} 


is attained only by Ty. 
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b] If T/ (ao) <0, then 
min{p'(%o):p€ An, |lplltas) <1, plo) = Tn(20)} 


is attained and only by Ty. 


Hint: Consider the number of zeros of T,, — p. 


E.4 More Lexicographic Properties of Miintz Spaces. Let [a,b] C [0, oo). 
Suppose 
Ng Sy ne She rand “gies Re ee 


are arbitrary real numbers if a > 0, or arbitrary nonnegative numbers if 
a = 0. Suppose A; < % for each i with strict inequality for at least one 
index i. Let 


Hy, := span{a**,a™,...,2°"} and Gy :=span{x”?,27,...,2}. 
Denote the associated Chebyshev polynomials for H, and G, on [a,b] by 
Tr. t= Tite eM eee aur [a, b]} 


and 

Try = Tn{#,2™,...,2™;[a,b]}, 
respectively. 
a] Show that A, > 0 implies T,,,, (6) = 1. 


Hint: Tn,,(b) # 1 would imply that Ty, , has at least n +1 distinct zeros in 
[a, 00) if Xp > 0 and at least n distinct zeros if A» = 0. 


b] Let 2 = a or x = b. If 4 = a = 0, then assume that A>) = 0 and 
A, = 1. Show that 


max{|p'(%o)|:p € Hn, |Ipll[a,o) < 


is attained uniquely by +T,,y. 
c] Let xo € [0, 00) \ [a,b]. If 29 = 0, then assume that Ap = 0. Show that 


max{|p(xo)| :pe Hy, IlPl\ia,0] < 1} 


is attained uniquely by +7), y. 


Hint for b] and cj: First prove that an extremal p* € H,, exists. Then show, 
by a variational method, that p* equioscillates n + 1 times between +1 on 
la, b. 

d] Let A, > 0, % > 0, and a > 0. Show that 


[Tina (O)1 < [Tiny (ODL - 
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Show also that if a > 0 and there exists an index k, 0 < k < n, such that 
Ap = Ye = 0, then 
ITn,a(@)| > |Tn,(@)I- 


e] Let An > 0, % > 0, and a > 0. Show that 
[Tn,a(ao)| < |Tn(#o)], 0 € (0b, 00). 
Show also that if Xo > 0,7 > 0, and a > 0, then 
[Tn,a(to)| > |Tn(#o)], 0 € [0, a) 


(when xo = 0, we need the assumption Ao = yo = 0). 


Hint for d] and e]: Suppose to the contrary that one of the inequalities 
of parts d] and e] fails. Assume, without loss of generality, that there is 
an index m such that A; = y whenever i 4 m, and Am < Ym. Note that 
by a], An > 0 and y, > 0 imply T,,,,(b) = Tn,y(b) = 1. Also, by E.1 al, 
Ak = Yr = 0 implies T,,,,(a@) = Ty,» (a) = (—1)". Now use Theorem 3.3.4 to 
show that 

Tn, — Tnrjy € span{2*?,2™,... ,a°%", 27} 


has at least n +2 zeros in (0,00) (in the cases when \,, > 0 and yp > 0 are 
assumed) or in [0, 00) (in the cases when \, = yz, = 0 is assumed). This 
contradiction finishes the proof. 


f] Let 0<a< b. Show that if A, > 0 and y, > 0, then 


U / 
max Lp) < max ld (6)| , 
pEHn ||pllfao) 92m |I4l|fa,0] 


Show also that if there exists an index k,0 <k <n, such that A, = yp = 0, 
then ; 

max e@l ()| > max la'(a)| : 

PEHn ||DI|[a,6] 9G |I4ll[0,0) 


Hint: Combine parts b] and d]. 
g] Let0<a<b. Let \, > 0 and y, > 0. Show that 


max Ip(zo)| < max la(%o)| : Xo € (b, 00). 
PEAn |lp||[ao)  9€Gn [IAI Ifa,0] 
Show also that 
max {pao} > max la(o)| 5 xo € [0,a) 
PEA» |lp||[ao)  9€Sn [Il Ifa,0] 


(when xo = 0, we need the assumption Ao = yo = 0). 
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Hint: Combine parts c] and e]. 


h] Extend the validity, with < and > replaced by < and >, respectively, of 
the inequalities of parts f] and g] to the case when the interval [a, 6] C (0, 00) 
is replaced by [0, 6]. 


i] Suppose there exists an index k, 0 <k <n, such that A, = y, = 0. Let 
xo € (0,a). Show that the second inequalities of parts e] and g] hold true. 


Hint: Modify the arguments given in the hints to parts d], e], f], and gl. 
Note that 1 € H, 9G, ensures, as in E.1 al, that 


Tn,(b) = Tn,(b) = 1 and Tn,(@) = Tn,y(a) = (-1)”. 


E.5 Lexicographic Properties of (sinh Aot, ... , sinh A,t). Let 
O< Ay < AL < se < An and 0<90< 9% <6: <n. 
Suppose A; < y; for each 7. Let 
Ay, := span{sinh Aot, sinh Ayt, ... , sinh A,t} 


and 
Gy, := span{sinh yot, sinh yt, ... , sinh yt}. 


Denote the associated Chebyshev polynomials for H, and G, on [0, 1] by 
Tn, = Tp{sinh Aot, sinh Ay¢, ... , sinh Apé; [0, 1]} 


and 
Tn, ‘= Tpf{sinh yot, sinh yt, ... , sinh y,¢;[0,1]}, 


respectively. 


a] Let 
ay<ag<...<a, and $i <fo<-:-< Bp 


denote the zeros of T;,,, and T),,,, respectively. Show that 
ass Bi; a= 1,2,...,n 


(in other words, the zeros of T;,,, lie to the left of the zeros of T,,,,). 


Outline. By E.2 d] of Section 3.2, (sinh Agt, ... , sinh Ant) is a Descartes 
system on (0,00). Hence, by Theorem 3.3.3, the zeros of 


Tn,r,6 = Tr{sinh Aot, sinh AXW¢, ... , sinh Apt; [d, 1]} 


on [6, 1] lie to the left of the zeros of 
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Tn,v,6 = Tp{sinh yot, sinh yt, ... , sinh ypt;[d, 1]} 
on [d, 1] for every 6 € (0,1). Show that 


li Tr. — TL; = li Dey = E; =-() 
lim || nr ae ||| lim || ny eer | ; 


hence the desired result follows by a continuity argument. 
b] Show that 


max{|p'(0)|:p € An, \lpllfoay < 
is attained uniquely by +T,,,y. 
c] Show that 
Tn,(1) = Try) = 1. 
Hint: Tn,,(1) 4 1 would imply that 
Ty, € span{cosh Aot, cosh Ait, ... , cosh Ant} 


has at least n + 1 distinct zeros in (0,00). This is impossible, since by E.2 
e] of Section 3.2, (cosh Agt, ... , cosh Ant) is a Descartes (hence Chebyshev) 
system on (0, 00). 


d] Show that 


[Tn,r(0)] 2 [Tn (0) 


Hint: Suppose to the contrary that the above inequality fails to hold. As- 
sume, without loss of generality, that there is an index m such that A; = 9; 
whenever 1 #4 m, and Am < Ym. Obviously 


Tn,.(0) = Tn,y(0) = 0. 


Part c] implies that T,,,(1) = Tn,~(1) = 1. Now use part a] and the above 
observation to show that 


Tn, — Tn, € span{sinh rot, sinh Ait, ... , sinh Apt, sinh yt} 


has at least n +2 zeros in (0, co). This contradicts E.2 d] of Section 3.2. 


e] Show that 
Ip’ ()| lq'(9)| 


max > max d 
0ApEHn ||DI|[0,1) — 9%9€Gn ||ql|[0,1) 


Hint: Combine parts b] and d]. 


The result of the following exercise has been observed independently by 
Lubinsky and Ziegler [90] and Kro6 and Szabados [94]. Various coefficient 
estimates for polynomials are discussed in Milovanovié, Mitrinovi¢é, and 
Rassias [94]. An estimate for the coefficients of polynomials having a given 
number of terms is obtained in Baishanski and Bojanic [80]. Approximation 
by such polynomials is studied in Baishanski [83]. 
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E.6 Coefficient Bounds for Polynomials in a Special Basis. Show that 


_,{ 2n 
jem 2°" (3 \lol-aays m= O.dys san 


for every polynomial p of the form 


n 


p(x) = S- Cm(1 — «)™(a +1)", Cm ER. 


m=0 


Outline. By E.5 a] and b] of Section 2.3 
Tn(x) = we dinjn(l — 2)" (a + 1)"~™, 
m=0 


where 


dimjn = (-1)™2- 


ene) pe i | 


Ce) 2m 
n 
If |em| > dm,n||pll[—1,1) for some index m, then the polynomial 


Fale) _ pz) 


dm,n Cm 


q(x) = 


has at least n distinct zeros in (—1, 1). However, 


= Boas =e ye G (=) ; 
Bs B 


(u®,u',...u ,u ,u sin 
is a Chebyshev system on (0,00) by E.1 a] of Section 3.1. 


E.7 On the Zeros of the Chebyshev Polynomials for Mintz Spaces. 
0 =: Ao < Ay < +++ < An, and let 


H,, := span{a*®,a™,...,2°"}. 
Denote the associated Chebyshev polynomials for H,, on [0,1] by 


LS Th Cote a erry. 


Let 
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a] Let € € (0,4). Suppose a < # are two consecutive zeros of T;, lying in 
le, 1 — €]. Show that 


—<p-a 
n 
Hint: It is clear that Qn(x) := «(1 — x)T,(x) has two consecutive zeros 
y <6 in [a, 1] such that 
b-y>F. 
n 
Show that if 
2 
B SOS Sy 


then 
Ry (x) := Ty(t) — Tn (72) € An 


has at least n + 1 zeros on [0,a/7], which is a contradiction. 


b] Denote the zeros of T,, in (0,1) by a1 < a < +++ < ay. Show that 


log %,41 — log x, < log a, — log rg_1 , k=2,3,...,n—1. 


Hint: Use a zero counting argument, as in the hint to part a]. 


3.4 Muntz-Legendre Polynomials 


We examine in some detail the system 
dod 
(arte t cces) 


on [0, 1] which we call a Miintz system. In particular, we explicitly construct 
orthogonal “polynomials” for this system. This allows us to derive various 
extremal properties of these systems and leads to a very simple proof of the 
classical Miintz-Szasz theorem in Section 4.2. 


We adopt the following definition for 2: 


(3.4.1) gr sete. ge (Ooo), ACC 


with value at 0 defined to be the limit of x* as 2 > 0 from (0,00) whenever 
the limit exists. 


Given a sequence A := (A;)?9 of complex numbers, an element of 
span{2*?,a1,... a} is called a Miintz polynomial or a A-polynomial. 
We denote the set of all such polynomials by M,,(A), that is, 


(3.4.2) M,(A) := span{2*’,2™,... ,a*"}, 
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where the linear span is over R or C according to context. Let 
CO 
(3.4.3) M(A):= (J Mp(A) = span{x°,2*!,...}. 


For the L£2[0, 1] theory of Mintz systems, we consider 
(3.4.4) A= (Ai) 20 3 Re();) = -1/2, and 4; # rj; , 4 zx d; 


where Re(A) denotes the real part of A. This ensures that the A-polynomials 


n 
= » apn , ap EC 
k=0 


are in L2[0, 1]. We can then define the orthogonal A-polynomials with re- 
spect to Lebesgue measure. We call these Mtintz-Legendre polynomials. Al- 
though we often assume (3.4.4), the following definition requires neither the 
distinctness of the numbers ; nor the assumption Re(\;) > —1/2. 


Definition 3.4.1 (Miintz-Legendre Polynomials). Let A := (\;)%2, be a se- 
quence of complex numbers. We define the nth Miintz-Legendre polynomial 
on (0, 00) by 


(3.4.5) Ln (x) := Ln{ro,--- ,An}(z) 
n-1 
t+rA,+1 2 dt 
=0,1,... 
=a f. orev a re = ee fe yl 


where the positively oriented, simple closed contour I” surrounds the zeros 
of the denominator in the integrand, and A, denotes the conjugate of Ax. 


The orthogonality of the above functions with respect to the Lebesgue 
measure is proved in Theorem 3.4.3. However, first we give a simple explicit 
representation of L,, in the case that the numbers 4, are distinct. This is 
deduced immediately from evaluating the above integral by the residue 
theorem. 


Proposition 3.4.2. Let A := (A;)%25 be a sequence of distinct complex num- 
bers. Then 


(3.4.6) Enf{ro,--. ,An}(2) = 2 Chon kt , x € (0,0) 


with : = 
TTjzo On +3 +0) 


in = —_—__— 5 
ITj- 0,j¢h (Ak — Aj i) 
where Ln{Xo,-.-,An}(a) is defined by (3.4.5). 
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So Ln{Xo,--. ,An} is indeed a A polynomial provided the numbers ); 
are distinct. Its value at « = 0 is defined if for all 7 either Re(A;) > 0 or 
Ay = 0. 

From either Definition 3.4.1 or the above proposition it is obvious that. 


the order of Ao, ... ,An—1 in En{Ao,... , An} does not make any difference, 
as long as X, is kept last. For example, 


L2{Xo, A1, A2} = L2{\1,o, A2} 


while both, in general, are different from L2{Xo, A2, A1 }. For a fixed sequence 
A, we let L,(A), or simply L,, denote the nth Miintz-Legendre polynomial 
En{Xo,---,An}, whenever there is no ambiguity. 


An analog of Proposition 3.4.2 can be established even if the numbers 
A; are not distinct, however, in the nondistinct case, L,(A) does not belong 
to the space M,,(A); see E.7 b]. In the very special case that all the indices 
are the same we recover the Laguerre polynomials; see E.1. 


The orthogonality of {LZ,}°2, is the content of the main theorem of 
this section. 


Theorem 3.4.3 (Orthogonality). Let A = (\;)%25 be a sequence of complex 
numbers with Re(A;) > —1/2 fori =0,1,.... The functions Ly, defined by 
(3.4.8) satisfy 


Al 
On.m 
3.4.7 Ln(t)Lm(2) de = —2 _ 
ve i, )iala)de Peeks, 


for all nonnegative integers n and m. (Here bn,m is the Kronecker symbol.) 


Proof. We may assume that the numbers 4; are distinct. Note that 


Enfro 1, Poe An} (2) 


is uniformly continuous in Xo,... , An for x in closed subintervals of (0, 1], 
and the nondistinct 4; case can be handled by a limiting argument. We may 
further suppose that m <n. Since Re(A;) > —1/2, we can pick a simple 
closed contour I’ such that I’ lies completely to the right of the vertical 
line Re(t) = —1/2 and I surrounds all zeros of the denominator of the 
integrand in (3.4.5). When t € I, we have Re(t + Am) > —1, and 


1 ax 1 
: gittm dy = ——_—_— 
0 t+rAm+1 


for every m = 0,1,.... Hence Fubini’s theorem yields 


[tala mf dt 
ore ~ Ori t—Ap (t—An)(t+Am+1)) 
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Notice that for m <n, the new factor, t + Am + 1, in the denominator 
can be cancelled, and for m = n the new pole —(A, + 1) is outside I 
since Re(—A, — 1) < —1/2. Changing the contour from I to |t| = R with 


R>max{ro|+1,... ,|An| + 1}, gives 
1 
ine Me t+1 dt 
yi Ly(a)x™ dz = mf_,U acces t= G=\G+ hal) 
0 ani |t|= R p=0 t— Xk (f— An)(t+ Am +1) 
= dm.n int Kn +x 
Det, ta 


On letting R — oo, we see that the integral on the right-hand side is actually 
0, which gives 


1 _ n-1 ays fs 
[ Ly(x)a*" dx = nm ec oe ; 
0 Xn + An +1 oe Ant An +1 


Therefore Proposition 3.4.2 and m < n yield 


1 1 m 
[ Ln(2) Lim Jae = f Lp(a) > ma® dx 
0 0 iar 
. x 6 
= ae L, (x) dx = ——2* _ ., 
0 An tn $17 


and the proof is finished. 


An alternative proof of orthogonality is suggested in E.3. If we let 
(3.4.8) jee (ee Oe UD ba 


then we get an orthonormal system, that is, 


1 
[ L* («)L*, (x) dt =Omn; m,n=0,1,.... 
0 


We call these L* the orthonormal Mtintz-Legendre polynomials. 


There is also a Rodrigues-type formula for the Miintz-Legendre poly- 
nomials (see E.2). Let 


n ge 


Pn(x) = d Mann One) = a) : 


Then 
Lp({x) = (Dy .Dd,. +++ Da,-1)(Pn) (2) 5 


where the differential operators D) are defined by 


D(f)(a) = 2S (al f(2)). 


The following is a differential recurrence formula for (Ly) 9: 
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Theorem 3.4.4. For a fited sequence A := (A;)%5 of complex numbers, let 
Ly be defined by (8.4.5). The identity 


(3.4.9) tL},(t) — eLh_1 (2) = AnLn(x) + (1 + An—1) Ln—1(2) 
holds for every x € (0,00) andn = 1,2,.... 
Proof. From (3.4.5) we get 


f Teale + iat) 0 (t+ Az +1) 


=r 
"En( 
m i Tico (t= Ae) 


(t+ Xn—1 + Dat >) dt. 


On multiplying both sides by 2" +4»-1+1, we obtain 
sea (x))! 


1 a = 
af Tso =o G - Tea Mazo An 49) + Ani + att dé, 
k 


~ Ont 
and again by the definition of ee 
gon tan-it (a> Ly(2))! = (x41, 1 (x))! 


We finish the proof by simplifying by the product rule and dividing both 
sides by x*”-1. 


Corollary 3.4.5. For a fixed sequence A := (\;)%9 of complex numbers, let 
Ly, and L* be defined by (3.4.5) and (8.4.8), respectively. Then for every 
x € (0,00) and for everyn =0,1,..., 

n-1 


al eLi,(x) = AnLn(x) + D> An + An + DLe(2), 


n-1 
bl] eLt!(x) = AnLA(z) + An tAn +1 >_ Au $A + 1 L}(a) 
k=0 


and 
ec] tL} (z) = (An — DL (2) + S (ag + An + IE, (2). 
k=0 


Proof. The first identity follows from Theorem 3.4.4 on expressing 
aL,,(x) — xLo(x) 
as a telescoping sum. From this and the relation 


EA Op Pes 1) rhs 


we get part b]. Differentiating the identity of part a] gives part c]. 


The values and derivative values of the Miintz-Legendre polynomials 
at 1 can now all be calculated. 
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Corollary 3.4.6. For a fired sequence A := (\;)%9 of complex numbers, let 
Ly be defined by (8.4.5). Then 


a] L,(1)=1, 

b).-DCly= Ae +O + Ax +1), 

and 4 

ec] LR) = On - 1L,(1) + >» (Ax + Ag + 1)L,(1) - 


Proof. It suffices to show that L,(1) = 1; the rest follows from Corollary 
3.4.5. Notice that 


t+rA+1 dt 
En( 0-9 fT $a pea 


Now, since I’ surrounds all zeros of the denominator, and the degree of the 
denominator is one higher than that of the numerator, we can evaluate the 
integral on circles of radius R > oo to get the result. 


Comments, Exercises, and Examples. 


Miintz polynomials are just exponential polynomials S7 age~**! under 


the change of variables 2 = e~* and have received considerable scrutiny 
(Schwartz [59] is a monograph on this topic). The orthogonalizations of 
Miintz systems exist in the Russian literature (see, for example, Badalyan 
[55] and Taslakyan [84]; it has been further explored in McCarthy, Sayre, 
and Shawyer [93]). Borwein, Erdélyi, and Zhang [94b] contains most of the 
content of this section. 


Various properties of the Miintz-Legendre polynomials are examined 
in the exercises. Note that if Xj < A1 < Ap <---, then the Miintz system 
(2*°,a*1,...) is a Descartes system on [a,b], a > 0, and so we can apply 
Theorem 3.3.4 to the associated Chebyshev polynomials on [a, b] to deduce 
how the zeros shift when the exponents are varied lexicographically. Similar 
results are given for the Miintz-Legendre polynomials in E.7. 


E.1 Laguerre Polynomials. 
a] Let Ln{Xo,.-. ,An}(x) be defined by (3.4.5). If Ay = ++: = An = A, then 


Ln{do,A1,--» An} (2) = 2*Ly(—(1 + A+) logz), 
where £L,, is the nth Laguerre polynomial orthonormal with respect to the 


weight e~* on [0,00) with £,,(0) = 1 (see E.7 of Section 2.3, where Ly, is 
denoted by Ly, as is standard). 
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Proof. Since Ax = A, (3.4.5) yields 
1 z'(t+A+1)" 
Enf{ro,A1,--. 5% =. | ——____ di 
n{ordteo Ana) = ae f SET a, 
where the contour I’ can be taken to be any circle centered at ’. By the 
residue theorem, 


Ln (or Atyes Ana) = = [FEM + T+ "| z 
leon : 
~ nl ao 3) a* (log x)*[n(n —1)--- (kK + 1)])(A+X+ 1)* 
“.1/n = 
=D Gla + rt Dost, 


See also part bl]. 
b] Let 


ota) = a (") (2h 


k=0 


Then (£,)°2, is an orthonormal sequence of polynomials on [0,00o) with 
respect to the inner product 


[o-<) 
(f,9) =[ f(z)g(z)e~ dz. 
Deduce the orthonormality from a] and Theorem 3.4.3 by substituting 
y= —(1+A+A)logz. 


E.2 Rodrigues-Type Formula. Let A = (\;)%2, be a sequence of distinct 
complex numbers. Let Ly, be defined by (3.4.5). 


a] Let - 
ae 
a (e) = » 0s) On =k)’ 
Show that 
ak xt dt 
pate) = 5 f Ten 
where J’ is any contour surrounding Xo, A1,.-- , An. Use this to show that 


p®)()=0, k=0,1,...,n—1. 
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b] Show that 
Dn(#) = (DroDar*** Days) (Pn)(2) » 


where 


Dy(f)(2) = 2 7*(a! f(a). 
ce] If0=Ag9 < Ay <---, then 


pn(0) = (—1)" [] a5" 


and (—1)"p», is strictly decreasing on [0, 1]. 


E.3 Another Proof of Orthogonality. Deduce the orthogonality of the 
sequence (L,)°2, on [0,1] from Theorem 3.4.4 by using integration by 
parts and induction. 


E.4 Integral Recursion. For a given sequence A := (A;)%, of complex 
numbers satisfying (3.4.4), let L, be defined by (3.4.5). Show that 


1 
Lp(a) = Ln-1(2) “a (An + Xn-1 a Lar / fA pd) dt , LE (0, 1). 


Hint: Use Theorem 3.4.4. 


E.5 On the Maximum of L,, on [0,1]. If A = (Aj) is a sequence of 
nonnegative numbers satisfying 


n-1 
(3.4.10) Awe SPN) “WET, 2s 
k=0 


and L», is defined by (3.4.5), then 
[En(z)|}<EIn(l)=1, 2E€[0,1), n=2,3,.... 


Hint: Use Theorem 3.4.4. 
If \, = p*, then (3.4.10) holds if and only if p > 24+ V3. 


E.6 The Reproducing Kernel. Let A = ();)22o be as in (3.4.4), and let 
L,, and L* be defined by (3.4.5) and (3.4.8), respectively. Then for every 
p € M,(A), we have 


p(w) = f Kn(e, t)p(t) dt, 
where 


Kod) =) Lor 
k=0 


is the nth reproducing kernel (see also E.5 of Section 2.2). 
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E.7 On the Zeros of Miintz-Legendre Polynomials. Assume that 


Nes Aline: a) Cc (—4, 00) : 


a] For a function f € C(0,1) let S~(f) and Z(f) denote the number of 
sign changes and the number of zeros, respectively, of f in (0,1) (we count 
each zero without sign change twice). Let & and W € C(0,1). Show that if 


n< S (ab + BW) < Z(ah+ Bb) <n+1 


for every real a and 8 with a? + 6? > 0, then the zeros of & and ¥W strictly 
interlace. 


Proof: This result is due to Pinkus and Ziegler [79]. 
b] Assume that 


{Xo,A1,--- »An} = Na higeas une 


where the numbers we ae ea are distinct, and let m;, 7 =0,1,...,m, 
be the number of indices 7 = 0,1,...,n for which A; = ;. Show that 
En{Xo,.-. An} is in the space 


A, a= span{a™ (log 2)? 7 = 0, 1,10. mm, ¢=0,1,2..,my = 1, 


which is a Chebyshev space on (0, 00). 


Hint: Use the definition and the residue theorem. 


c] Show that {Lz {Ao,.-. ,Ax}}R-o is a basis for the Chebyshev space Hy 
defined in part bl]. 


Hint: Use Theorem 3.4.3 (orthogonality). 


d] Show that L, := In{Xo,...,An} has exactly n distinct zeros in (0,1) 
and L,, changes sign at each of these zeros. 


Hint: Assume to the contrary that the number of sign changes of L,, is less 
than n. Use part c] to find a function p € span{L,} p29 that changes sign 
exactly at those points in (0,1) where L,, changes sign. Then Hs Lnp # 0, 
which contradicts Theorem 3.4.3. 


e] Suppose A, < A3,. Show that the zeros of 
@ = Enf{ro; M1, sae »An—1; An} 


and 
V = Enfro,1; see »An—1; Ay } 


in (0,1) strictly interlace. 
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Hint: Note that Theorem 3.4.3 (orthogonality) implies 


[ (ab + BD)p = 


for every p € Hy-1, where H,_1 is defined by part b] with respect to the 
sequence (Xo, A1,.-. ,An—-1). Use the hint given to part d] to show that 
af + BW has at least n sign changes in (0,1) whenever a and f are real 
with a? + 6? > 0. Use part b] to obtain that a& + BW cannot have more 
than n +1 zeros in (0,1) whenever a and £ are real with a? + 8? > 0. 
Finish the proof by part a]. 


f] Let Xo,... , Ax—1, An41,--- > An be fixed distinct numbers. Suppose 
(Ak,ii2a C (-1/2, 00) 


is a sequence with lim A,; = oo. Show that the largest zero of 
ICO 


Link, = Enf{ro; aoe sia »AR=1; Aki Ak41) Pe »An} 


n (0,1) tends to 1. 


Outline. Assume, without loss, that Ax; is greater than each of the numbers 
Xj; j3=0,1,... yn, jJH#k. Let 


gilt) = Api(Ln,ni(e) — ch, ao), 
where = 
i TT j=0,5¢4 Axi — rj) 


is the coefficients of 2**' in Ln,4,;. Use (3.4.6) to show that the functions 
g; converge uniformly on [4,1], 6 € (0,1), to a function 


O49 e By = spent eo, ae a Fe 


Use Lnx,i(1) see Corollary 3.4.6) and the explicit formula for a to 


=1( 
show that g(1) < 0 and that the functions 


Ln ki(£) = (Ln nila) — ee gti) A ol) gre 


yn 


converge to g(x), as i > oo, for every x € (0,1). 

Now assume that the statement of part f] is false. Then there is an 
e € (0,1) and a subsequence (Ag,i; 721 of (An,@)?21 such that the Miintz- 
Legendre polynomials Ly,,4,;; have no zeros in [1—e, 1]. Deduce from this and 
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Lk; (1) > 0, An,i; > 0 (see Corollary 3.4.6 a]), that gj, is nondecreasing 
on [1 —¢,1] whenever Xj, > 0. 

Therefore g is nondecreasing on [1 — €,1], which, together with 0 4 

g € Hy-1 and g(1) < 0, implies that g(1 — «) < 0. Hence Ly, 4,;(1 — €) < 0 

if 7 is large enough. Since Ly, 4,;(1) = 1 (see Corollary 3.4.6), each Ly,4,; 

has a zero in (1 — €,1), provided i is large enough, which contradicts our 

assumption. 


g] Let @ and W be as in part e]. Let 


By <Q <0 << ay and az] <a << ar 
be the zeros of @ and W, respectively, in (0,1). Show that ,, < A* implies 
that 
eae p= 15 25 he 


Hint: Combine parts e] and f]. 
h] Let A, 4 An. Show that the zeros of 


GP := En{ro, ee »Ag—1; Ak, AR41 ie: pat 
and 

a En{ro, 448 »Ak—1;An; Ak+1 td ,An=1; Ar} 
in (0,1) strictly interlace. 


Hint: Use part a] and arguments similar to those given in the hints to part 
e]. Note that 


@(1)=0(1)=1 and W'(1)—#'(1) =r, —y, FO 


(see Corollary 3.4.6 a]) imply that a® + GW is not identically 0 whenever a 
and 6 are real with a? + 6? > 0. 


i] Let @ and W be as in part hj. Let 


Ly <a << ay and ap <ap<-:-<ar 


be the zeros of & and WY, respectively, in (0,1). Show that A, < An implies 
that 
Li <2; , P= V2 ol 


Hint: By part h] it is sufficient to prove that x, < x*. Let H, be the 
Chebyshev space defined in part b]. Corollary 3.4.6 implies that 


®(1)=W(1)=1 and W(1)—-W(1I)=d\, -\, > 0. 


Deduce from this and part i] that 7* < x, would imply that 0 4 ¥—@e€ H), 
has at least n + 1 distinct zeros in (0, 1], which is a contradiction. 
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j| Lexicographic Property. Suppose 


max A; < min jp; 
0<i<n 0<j<n 


and A; < 4; for some indices 7 and j. Let 

Hy <a <e+ <a, and ap <ap<-+-<ae 
be the zeros of 

Enf{ro,A1,---;An} and Lyf{pio,p,--. bn}, 


respectively, in (0,1). Show that 


Ta ee a ey ees 


Hint: Repeated applications of parts g] and i] give the desired result. 
k] Let Ap < An. Let 


* 


Ly <Xg<-++ <a, and wi <ap<-++ <x 
be the zeros of 
Lgl Oagece GAEL ald La ha Drcsigheen | Ap hs 
respectively, in (0,1). Show that (x;)?_, and (a7)?_, strictly interlace and 


Li <2; , gS 12s eogns 


Hint: Use parts h] and i] and the comment given after Proposition 3.4.2. 


I| Show that the zeros of 


@ = En-1{ro,--- »An-1} and W:= En{o,--- »An} 


in (0,1) strictly interlace. 


Hint: Use part a] and arguments similar to those given in the hints for part 
e]. 


E.8 A Global Estimate for the Zeros. Let (A;)?_, C (—1/2,00). Assume 
that 4 < a2 <+++< ap are the zeros of Ly{Xo,... , An} in (0,1). Then 


exp _ Ant? <a, << %Q < +++ << ay < exp es 
TO (1+ 2d*)(4n +2) ) ’ 
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where A, := min{Ag,... , An}, A* = max{Ao,... , An} and J) > 37/4 is the 
smallest positive zero of the Bessel function 


Proof. Let £, be the nth Laguerre polynomial with respect to the weight 
e—* on [0,00), and let the zeros of Ly, be 21 < 22 < +++ < Zn. Then by 
[Szeg6 [75], pp. 127-131]) 

di 
4n +2 


<2 <2 S++ Sey < An 2, 


where the upper estimate is asymptotically sharp, and the lower estimate 
is sharp up to a multiplicative constant (not exceeding 44/(977)). Now use 
E.1 and E.7 jj]. 


E.9 The Order of the Zero at 1 of Certain Polynomials. This exercise, due 
in part to Kés, gives precise estimates on the maximum order of the zero at 
1 of a polynomial whose coefficients are bounded in modulus by the leading 
coefficient. 


a] Suppose ao, a1,... ,@,—1 are complex numbers with modulus at most 
1, and suppose a, = 1. Then the multiplicity of the zero of 


p(x) =ajp tax + ax sea eaieg ag 
at 1 is at most 5/n. 


Proof. If p has a zero at 1 of multiplicity m, then for every polynomial f 
of degree less than m, we have 


(3.4.11) ao f(0)+aif(1) +-+-+anf(n) =0. 


We construct a polynomial f of degree at most 5./n, for which 


f(n) > |F(O)| + IFA) +--+ [fm — VI. 


Equality (3.4.11) cannot hold with this f, so the multiplicity of the zero of 
p at 1 is at most the degree of f. 


Let T,, be the vth Chebyshev polynomial defined by (2.1.1). Let k € N, 
and let 
g:=To + T+---+Th © Py. 


Note that g(1) =k+1. Also, forO<y <7, 


138 3. Chebyshev and Descartes Systems 


sin(k + + sin 
g(cosy) = 1+ cosy + cos2y +++» + cosky = aul 0 cea 
2sin ty 


Hence, for -l <a <1, 


joe) < SR. 
Let f(x) := g4(=# — 1). Then f(n) = g*(1) = (k +1)4 and 
Jf] + FQ) +---+]fm-Di< VO 


2 
j= (3) j=l 


If k := |(1?/6)/4./n|, then 
f(r) > |FO)| + |FQ)| +--- +] f(r —- DI. 
In this case the degree of f is 4k < 5./n. 


The result of part a] is essentially sharp. 
b] For every n €N, there exists a polynomial 


2 
Pn() = ag + aye + +++ + dgn227" 
such that a,2 = 1, lao, |ai|,.-- , |@2n2—1| are real numbers with modulus 
at most 1, and py, has a zero at 1 with multiplicity at least n. 


Proof. Define 
x! dt 
eee wi rT, G-)’ n=0,1,..., 

where the simple closed contour I’ surrounds the zeros of the denominator 
of the integrand. Then L,, is a polynomial of degree n? with a zero of mul- 
tiplicity at least n at 1. (This can easily be seen by repeated differentiation 
and then evaluation of the above contour integral by expanding the contour 
to infinity.) 


Also, by the residue theorem, 


n 
x)=1+ ys Chna® 
k=1 


ee a) Ae et SD 
 Tjeoje0(k? -— 9?) (a — k)Kn +B) 
It follows that 


where 


lCkn| <2, k=1,2,...,n 
Hence, 
Ln(x) + En(2*) 
2 
is a polynomial of degree 2n? with a zero of order n at 1. Also Py, has 
constant coefficient 1 and each of its other coefficients is a real number of 
modulus less than 1. Now let pp(x) := x2” Py (1/2). 


P= 
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c] For every n €N, there exists a polynomial 
Dn(x) = a9 tae t-+++anx” 


such that an, = 1, ao,a1,... ,@,—1 are real numbers of modulus less than 
1, and p has a zero at 1 with multiplicity at least [|,/n/2]. 


3.5 Chebyshev Polynomials in Rational Spaces 


There are very few situations where Chebyshev polynomials can be explic- 
itly computed. Indeed, only the classical case of Section 2.1 is well known. 


However, the explicit formulas for the Chebyshev polynomials for the 
trigonometric rational system 


1tsin@ 1lasin@ 1ltsin@ 
3.5.1 1, ———_ , ——__...., ————_]._ 6 € [0,2 
( ) ( cos@—a, cosé— az | Da) 
and therefore also for the rational system 
1 1 1 
(3.5.2) (1... ee iF x €[-1,1] 
LZ-ay L-a2 xr — Aan 


with distinct real poles outside [—1, 1] are implicitly contained in Achiezer 
[56]. 

The case (3.5.1) does not perfectly fit our discussion of Section 3.3 
because of the periodicity or because [0,27) is not a compact subset of 
R. This leads to nonuniqueness of the Chebyshev polynomials. Note that 
ordinary polynomials arise as a limiting case of the span of system (3.5.2) 
on letting all the poles tend to +o0. 


We are primarily interested in the linear span of (3.5.2) and its trigono- 
metric counterpart obtained with the substitution x = cos@. Let 


(3.5.3) Pn(ai,d2,.--. ,An) = {ot ver! 
Teas It - ae! 
and 
_ t(9) 
(3.5.4) Tn (a1, 02,--- ,An) = pecal ieagane: te T} : 


where (az)7_, C C\[—1, 1] is a fixed sequence of poles. 
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When the poles a1, a2,... ,@,, are distinct and real, (3.5.3) and (3.5.4) 
are simply the real spans of the systems 


1 1 1 
(3.5.5) (1, ; xe ) on [-1, 1] 
LZ-a XL—a2 L— An 
and 
1l+sin@ 1l+sin@ 1l+sin@ 
3.5.6 3, ry 0,2 
( ) 0 ap) ens[0, 2m): 
respectively. 


We can construct Chebyshev polynomials of the first and second 
kinds, which are analogous to T;,, and U,, of Section 2.1, for the spaces 
Pn(ai,d2,.-.,@n) and Ty(a1,02,-..,@n) as follows. Given a sequence 
(ax) R_, C C\[-1, 1], we define the sequence (c,)?_, by 


(3.5.7) ap = $ (Ck + Ge) ; len] <1, 


that is, 


(3.5.8) Ch =a, — faz —1, len] <1. 
Note that, 
(a + 4/az - i) (a — 4/a;, -1) =1. 


In what follows, \/aj, —1 is always defined by (3.5.8) (this specifies the 
choice of root). Let D := {z € C: |z| < 1}, let 


is 1/2 
(3.5.9) M,(2) = (It — Cp )(z — 2) : 


k=] 


where the square root is defined so that M*(z) := z”M,,(z7') is an analytic 
function in a neighborhood of the closed unit disk D, and let 


Note that f? is actually a finite Blaschke product (see E.12 of Section 4.2). 
Also, fn(27!) = fn(z)~! whenever |z| = 1. 
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The Chebyshev polynomials of the first kind for the spaces 
Pn(ai,d2,---,4n) and T,(a1,d2,-.-,4n) 
are now defined by 
(3.5.11) Tp(x) = $(fn(2) + fn(z)~1), where w:= $(z+27'), |2)=1 
and 
(3.5.12) T,(0) :=Tr(cos), OER, 
respectively. 


The Chebyshev polynomials of the second kind for these two spaces are 
defined by 


fn(2) = fn(z)™* 


(3.5.13) Un(x) := ares , where c:=3(z+27'), |z|=1 
and 

(3.5.14) Un(0) :=U,(cos0)sind, O9€ER, 

respectively. 


As we will see, these Chebyshev polynomials preserve many of the ele- 
mentary properties of the classical trigonometric and algebraic Chebyshev 
polynomials. This is the content of the next three results. 


Theorem 3.5.1 (Chebyshev Polynomials of the First and Second Kinds in 
Trigonometric Rational Spaces). Given (a,)?_, C C\[-1,1], let Tn and 
Un be defined by (3.6.12) and (8.5.14), respectively. Then the following 
statements hold: 


al TC Teh Owes GOs) and Un € Ty(a1,2,-.. Qn). 
b] [Tulle = 1 and ||Unllk = 1. 
c] There exist 0 = 09 <0) <+-- <6, =7 such that 
T,,(0;) =T,(—-0;) =(-1)7, 7 =0,1,...,n. 
d] There exist 0< 11 <1 <+++ << 7 such that 
n(t;) = —Un(—1;) = (-1)97!, § =1,2,...,n. 
e] For every 0 € R, 7 7 
T,, (6) + U2 (0) =1. 


Proof. Observe that there are polynomials p, € Py, and py € Pn—1 such 
that 


e—”9 M?(e*) + ere Mate *) 
2M,,(e#”) M,(e—*”) 
pi (cos 6) 
[p= cos 4 — ae| 


(3.5.15) T,(0) = T,(cos 9) 


142 3. Chebyshev and Descartes Systems 


and 
ei? M2 (eM) oe ei? 42 (e-**) 
n n 
21M, (e”) M, (e—**) 
p2(cos 8) sin é 
Tpa1 |cos@ — ax] 


(3.5.16)  U,(@) =U, (cos9) sind = 


Thus al] is proved. 


Since |cz| < 1 and f? is a finite Blaschke product, we have 
(3.5.17) |fn(z)| =1 whenever |z|=1. 


Now b] follows immediately from (3.5.10) to (3.5.14). 


Note that T,,(0) is the real part, and U,() is the imaginary part of 
fn(e”), that is, 


fr(e®) =T,(0) +iUn(0), 9 ER, 
which together with (3.5.17) implies e]. 


To prove parts c] and dj, we note that T,,(@) = +1 if and only if 
fr(e™) = +1, and U,,(0) = £1 if and only if f,(e#) = +i. Since |cy| < 1 
for k = 1,2,...,n, f? has exactly 2n zeros in the open unit disk D. Since 
f? is analytic in a region containing the closed unit disk D, c] and d] follow 
by the argument principle (see, for example, Ash [71]). 


With the transformation x = cos@ = $(z+27') and z = e””, Theorem 
3.5.1 can be reformulated as follows: 


Theorem 3.5.2 (Chebyshev Polynomials in Algebraic Rational Spaces). 
Given (az )R_, C C\[-1, 1], let Tn and U, be defined by (3.5.11) and 
(3.5.18), respectively. Then 


a] Ty € Pr(ai,d2,..-,@n) and Un € Py(ai,a2,... , An). 
b] ||Zallf—1,2] = 1 and || V1 - 2? Un(2) I-11) = 1- 


c] There exist l= ap > 41 >+++ > &, = —1 such that 


LG) =a j =0,1,2,...,n. 
d] There exist 1 > y. > yo > +++ > Yn > —1 such that 


1-9? Un(ys) =(-D9*, f= 1,2,... nm. 


e] For every x € [-1,1], 


(Tn())? + (V1 — 2? Un(a))? = 1. 
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Parts c] and d] of Theorems 3.5.1 and 3.5.2 establish the equioscilla- 
tion property of the Chebyshev polynomials, which also extends to certain 
linear combinations of Chebyshev polynomials. In the trigonometric poly- 
nomial case this is the fact that cosa cosn6+sina sinn@ = cos(né—a) equi- 
oscillates 2n times on the unit circle [0,27]. Our next theorem characterizes 
the Chebyshev polynomials for T;,(a1,@2,.-. ,@n) and records a monotonic- 
ity property that we require later. 


Theorem 3.5.3 (Chebyshev Polynomials in Trigonometric Rational Spaces). 
Let (ax )p_, C C\[-1, 1]. Then (i) and (ii) below are equivalent: 
(i) There is an a € R such that 


V = (cosa) Ty + (sina) Un, 


where Tn and Uy are defined by (3.5.12) and (8.5.14). 


(it) V € Tn(a1,@2,.-.,@n) has uniform norm 1 on R, and it equioscillates 
2n times on R (mod 27). That is, there exist 


0< A <A < +++ < Oon_1 < 27 


so that 
V(6;) =+(-1)?, j=0,1,...,2n—-1. 


Furthermore, if V is of the form in (i) (or characterized by (ii)), then 
V' = (cosa) T! + (sina) U, 


does not vanish between any two consecutive alternation points of V (that 
as, between 0;-1 and 0; for j = 1,2,...,2n —1 and between O2n_1 and 
27+ 9). 


Proof. (i) = (ii). By Theorem 3.5.1 e] and Cauchy’s inequality, we have 
(3.5.18) — |(cosa) T, + (sina) Un |? < (cos? a + sin? a)(T? + U2) =1 


on the real line. From Theorem 3.5.1 c], dj, and e], we obtain that T,/Un 
oscillates between +oo and —oo exactly 2n times on R (mod 27), and 
hence it takes the value cot a exactly 2n times. At each such point, (3.5.18) 
becomes an equality, namely, (cos a) T+ (sin a) Un, = +1 with different 
signs for every two consecutive such points. 

(ii) => (i). Let V be as specified in part (ii) of the theorem. Let 69 be 
a point where V achieves its maximum on R, so V(@9) = 1. We want to 
show that V is equal to p := Tn(00)Tn + Un(80)Un. Since V (09) = p(@o) = 1 
and V'(0) = p'(00) = 0, V — p has a zero at 09 with multiplicity at least 
2. There are at least 2n — 1 more zeros (we count multiplicities) of V — p 
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in R (mod 27), with one between any two consecutive alternation points of 
p if the first zero of p to the right of 0) is greater than the first zero of V 
to the right of 00. If the first zero of V to the right of 4 is greater than or 
equal to the first zero of p to the right of 69, then there is one zero of p—V 
between any two consecutive alternation points of V. In any case V — p has 
at least 2n + 1 zeros in R (mod 27). Hence V — p is identically 0. 


To prove the final part of the theorem let V € Tn (a1,a2,.-. ,@n) be 
such that ||V||z = 1 and V equioscillates 2n times on R (mod 27) between 
+1. Assume there is a 4 € [0,27) such that |V(6)| < 1 and V'(@)) = 0. 
Then V (69) 4 0; otherwise the numerator of V would have at least 2n + 1 
zeros in R (mod 27), which is a contradiction. Observe that there is a 
trigonometric polynomial t € 72, such that 


t(9) 


v"@) —V"(60) = []p-1 (cos — ax) (cos 6 — Ti) ’ 


This t has at least 4n + 1 zeros in R (mod 27), which is a contradiction 
again. Therefore V'(@) 4 0 if |V(6)| < 1, which means that V is strictly 
monotone between any two of its consecutive alternation points. 


Under some assumptions on (az)7_, it is easy to write down the explicit 
partial fraction decompositions for T, and Un. 


Theorem 3.5.4. Let (ax)?_, C C\[-1, 1] be a sequence of distinct numbers 
such that its nonreal elements are paired by complex conjugation. Let T,, 
and U,, be the Chebyshev polynomials of the first and second kinds defined 
by (3.5.11) and (3.5.13), respectively. Then 


A A 
(3.5.19) Tr(a) = Aon + cee LEO Cae PRL 
t— ai L— An 
and 
B B 
(3.5.20) Un(2) = in 2,n nn 
T—-a, &—aQ L— An 
where 2 
A (—1) -1-1 
in (cy cy Cy +102 °**Cn), 
eT 1 
— CRe 
Ann = (# k ) I kCj RAS ie 
2 ae eer 
j=l 
J#k 
and 
Ck ee de 1—cpe 
Brn — k I] ‘D: k = 1, Di: n 
2 ja Ch G 
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Proof. It follows from Theorems 3.5.1 a] and 3.5.2 a] that T,, and U, can be 
written as the partial fraction forms above. Now it is quite easy to calculate 
the coefficients Aj, and By». For example, 


Aon = fin Tole) = tn (Seaton + any) 


230 2 
Cy tie 2 
= 2 (eq 


+n) +€1€2+**€n) 
and for k = 1,2,...,n, 


Agn = lim (x — ag)T, (2) 


; Tak 

agail -1,-1 (_Ma(@)__, 2"Mu(27?) 
im ols — festa Ng PLY, (i a NE 
Jim a ce)(1 — G2 recy : M,(z) 


Cc Pade 1 — cge; 
= = I] ——. ea ee eee 7 
2 jar OG 


jfk 


The coefficients B;,, can be calculated in the same fashion. 


Comments, Exercises, and Examples. 


The explicit formulas of this section are tremendously useful. They al- 
low, for example, derivation of sharp Bernstein-type inequalities for ra- 
tional functions; see Section 7.1. Various further properties of these Cheby- 
shev polynomials for rational function spaces are explored in the exercises, 
which follow, Borwein, Erdélyi, and Zhang [94b]. In particular, the orthog- 
onalization of such rational systems on [—1,1] with respect to the weight 
w(a) = (1—?)~!/? can be made explicit in terms of the Chebyshev poly- 
nomials. Various other aspects of these orthogonalizations may be found in 
Achiezer [56], Bultheel et al. [91], and Van Assche and Vanherwegen [92]. 


E.1 Further Properties of T,, and 7T;,. Given (ap )R_, C C \ [-1,]], let 
(ch )~—1 be defined by 


Ch = ay — fat —1, len] <1, 


as before. We introduce the Bernstein factors 


and 
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where the choice of \/az — 1 is determined by the restriction |cy| < 1. Note 
that for x € [-1,1], we have 


a (4) ss (= =) ,, (= Jou P)(1 = Joe)? 


ap — =z $C, —2z |1 = 2cp2\? 


>0. 


The following result generalizes the trigonometric identities 
(cos nt)’ = —nsinnt, (sinnt)’ =ncosnt, 


and 

((cosnt)')? + ((sinnt)')? = n?, 
which are limiting cases (if n € N and t € R are fixed, then lim B,(t) =n 
as all ay, — +00). 


a] Show that, on the real line, 


and 


Hint: For example, 


es , ! el? ; 

TG) 5 (s4(e" - ra | ie”? 
= —e’? fi (e%?) fale) = Rie) __ Dp rT 
=e oe B,,(0)U (0) - 


b] If V := (cosa) T,, + (sina) Up, for some a € R, then 
(v'y? + Bev? = B? 


holds on the real line. 
c] The Derivative of T,, at +1. Let T,, be defined by (3.5.11). Then 


and 
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d] Contour Integral for T,,. Show that 


1/2 
n 


(t — c;)(t —G;) t-—2 
T eer rt 
n(2) =a Ny (1 — ¢;t)(1 - Gt) t? — 2tx +1 


for every x € [—1, 1], where 7¥ is a circle centered at the origin with radius 
l<r< min{|c; "| :1<j <n}, and the square root in the integrand is an 
analytic function of t in a neighborhood of ¥. 


Hint: Cauchy’s integral formula and the map « = 4(z + 271) give 
2 


1 My (z) 2° Mylz-") 
TW) = 5 (sae + TA® ) 
1 


) 
- eR Taras 1) (= +) S 
) 


= — | M(t t-—2 
— Qni J, t°M,(t-!) ? — Qta +1 


where M,, is defined by (3.5.9). 
E.2 Orthogonality. Given (a,)?2., C R\[—1, 1], let (cx), be defined by 
an = 4(ce +c"), Ch = an — Vaz —1, ce € (-1,1) 

and let (T,)?°.9 be defined by (3.5.11). 


a] Show that 


: dz T 
Ty (@) Tn (2) ———— = =(-1)?1™(1 4c? +--+ emir: en 
i (x) °F at ) ( 1 a +1 


for all integers 0 < m <n. (The empty product is understood to be 1.) 
b] Given a € R \ [—1, 1], let ¢ € (—1,1) be defined by 


a=s(c+c}), e=a-—Var—1; e¢€ (—1,1). 


Show that 
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c] Show that 


1 
i ae) ee (-1)"me109 +++ Cp 


27 Vv 1- ge? 7 
and : 
1 dx 
T.,(2)——_————— =0, k=1,2,...,n. 
a n( sa V1— x? 
Given a sequence (a,)?2., C R\[-1, 1], we define 
Ro :=1, Rn i= Tp + CnTn-1 
and 
1 2 
Ro := == R* := 4 (Tn t+ CnTn-1)- 


Vn’ ms m(1— 2) 
The following part of this exercise indicates that these simple linear com- 
binations of T;, and T,_1 give the orthogonalization of the rational system 


1 1 
w&— ay, w&— ag 


whenever (a, )?2., C R \[-1, 1] is a sequence of distinct real numbers. 


d] Show that, for all nonnegative integers n and m, 


1 
dx 
R* (2) R* SS 0 pp is 
[ ROR @ Zs = im, 


where dm,n is the Kronecker symbol. 


Proof. Let m <n. By part cl, 
1 
1 dx 
iG 7 
i. nl ar ery 
holds for k = 1,2,...,n —1. Also 


dx a da 
R, (2) ——= = Tp (@) + CnTp—1 (2)) ——= 
[OFS = [oe WN rag 
= (-1)"(eq¢2 +++ en) + eg (—1)"1 (er €2 ++ en_1) = 0. 
This implies that 


1 
dx 
Ry(x2)Rm(c) —— = 0, m=0,1,...,n—1. 
fe aT pr 


Finally, it follows from part a] that 


1 
dz 
Rie = 1, 
i. sar 


e] Assume (a,)?2, C R\[-1, 1]. Then 7, and R, have exactly n zeros in 
[—1, 1], and the zeros of T,, and T,, strictly interlace. 
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E.3 Extension of Theorems 3.5.1 and 3.5.3. Given (a,)7@, C C\ R, let 


ee) ni . 
Tit Isin((@ — ax)/2)| 


Without loss of generality we may assume that 


Trl0i Gay: 4.5 0in) = 


Im(az) > 0, head 28 ws 2. 


a] Show that there is a polynomial qn € PS, of the form 


2n 
gon(z) = 7] (z@-e), leg] <1, yEC 
k=1 
such that 
lg2n(e””) = Toe — ax) /2)|, OER. 


Hint: Use the fact that |z — c| = |1 — @z| whenever |z| = 1 and ce C. 


Associated with gan € PS, defined in part al, let 


Mn (2) = Vden(2) 


Qn 1/2 
k=1 


where the square roots are defined so that M;> is analytic in a neighbor- 
hood of the closed unit disk, and M,, is analytic in a neighborhood of the 
complement of the open unit disk. Let. 


For 6 € R, we define 


ef * (et? 
Fy(0) = Rolle) = 5 (Foe + Fe | 


_1 (Mile*) — Mae) 
2 Caco 7 me) , 


Using the new (extended) definitions, show the following: 
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b] TE. € Tn(a1,02,---, an) and Uy © Fy (Gi, oyars edn). 
ec] |lTalle = 1 and ||Un|lp = 1. 
d] There are numbers 0; < 62 < +++ < 42, in [—7,7) such that 


T(0;)=+(-1), ae 


e] There are numbers 7 < 72 < +++ < 72, in [—7,7) such that 


U(r;) = +(-1), 9 Slt 2s 


f] T(0)? +U(6)? =1 for every OER. 


g] Both T, and U,, have exactly 2n simple zeros in the period [—7,7), and 
the zeros of T, and U, strictly interlace. 


h] The statements of Theorem 3.5.3 remain valid. 

E.4 Extension of the Bernstein Factor Bn: Let 
(agra GYR; Im(a,) > 0. 

With the notation of the previous exercise we define 


ei? file!) 


B,(0) := 


a] Show that for every 6 € R, 


A=|e? _ 1 =e? 
pe Ich — et? |? = 2. jeiar —B |ei@n — ei? |? 7 


and 


c] Show that 
(VISE BAVA = Be 


holds on the real line for every V of the form 


V = (cosa) Ty + (sina) Un, aeéR. 
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E.5 Chebyshev Polynomials for P,,(a1,@2,...,@,) on R. Let 
(ap )p-1 CC\R with Im(az) > 0, k=1,2,...,n. 
Let 
a 1/2 
M, (2) := (I - «)) 
k=1 

and 


1/2 
M,, (2) *= (ice ; 
k=1 


where the square roots are defined so that M> is analytic in a neighborhood 
of the closed upper half-plane, and M,, is analytic in a neighborhood of the 
closed lower half-plane. Let 


Ty(a) += Re(fa(0)) = 5 ( TA + At) 
sae 1 /(M M* 
Un(e) = Im Fula) = 5 (Ga - At) 
Show the following: 
a] Tn € Pn(a1,da2,... ,@n) and Un € Pn(ai,a2,... Gn). 


b] [|7n|lz = 1 and ||Un|le = 1. 


c] There are real numbers 21 > 2 > +++ > &p—1 such that 


Tn(a;)=(-1)), lim T,(z)=1, and lim T(x) =(-1)”. 


xL—->0O L—>— CO 


d] There are real numbers y; > y2 >-+-: > Yn—1 such that 


Un(yj) =(-1)*? and lim _U,(2) =0. 


e] Tp(x)? + Un(x)? = 1 for every x € R. 


f] Both T;, and U,, have exactly n simple zeros on R, and the zeros of T, 
and U,, strictly interlace. 
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g] The following statements are equivalent: 


(i) There exists an a € R such that 


V = (cosa) Tp, + (sina) Uy. 


(ii) V € Pp(ai, a2,+++ ,@n) has uniform norm 1 on R, and it equioscillates 
n times on the extended real line. That is, there are extended real numbers 
OO > 21 > 22 > +++ > Zn > —00 such that 


V(z;) =+(-1)', j=1,2,...,n, 
where 
V(oco) := lim V(a). 


xL->0O 


h] With the notation of part g], V is strictly monotone on each of the 
intervals 
(z1, 00), (z2, 21), eee (Zn; Zn-1), (—00, Zn) ‘ 


E.6 Bernstein Factor on R. Let (a,)?_, C C\ R with 
Im(az) > 0, k=1,2,...,n 


With the notation of E.5 let 


frlx 
a] Show that 
2Im( (ax) 
R. 
ee |x — a,|? ’ On 


b] Show that, on the real line, 
Ty, = —B,U,, Un, =B,T,, 


and 
(Ty)? + (U1)? = BR. 


c] Show that 
(V')? + BLV? = Be 


holds on the real line for every V of the form 


V = (cosa) T, + (sina) Uy. 
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E.7 Coefficient Bounds in Nondense Rational Function Spaces. Suppose 
(an )%2, C R \ [-1,1] is a sequence of distinct numbers satisfying 


[oe 
So f/1- la;|~? < ow. 


j=l 


Show that there are numbers K; > 0 such that 


IDin| < K5llplltayay, j=9,1,...,n, neN 
for every p € Pn(a1,@2,.-. ,@n) of the form 
D D 
p(t) = Dont —* +++ —** Dyn ER. 
r-ay, L— Ay 


Hint: Use E.2 c] of Section 3.3 and Theorem 3.5.4. 


“Tp rinte 


4 


Denseness Questions 


Overview 


We give an extended treatment of when various Markov spaces are dense. 
In particular, we show that denseness, in many situations, is equivalent to 
denseness of the zeros of the associated Chebyshev polynomials. This is 
the principal theorem of the first section. Various versions of Weierstrass’ 
classical approximation theorem are then considered. The most impor- 
tant is in Section 4.2 where Miintz’s theorem concerning the denseness of 
span{1,a*1,2*2,...} is analyzed in detail. The third section concerns the 
equivalence of denseness of Markov spaces and the existence of unbounded 
Bernstein inequalities. In the final section we consider when rational func- 
tions derived from Markov systems are dense. Included is the surprising 
result that rational functions from a fixed infinite Miintz system are always 
dense. 


4.1 Variations on the Weierstrass Theorem 


Much of the utility of polynomials stems from the fact that all continuous 
functions on a finite closed interval are uniform limits of them. This is the 
well-known Weierstrass approximation theorem. There are numerous proofs 
of this; several are presented in the exercises. Another proof follows from 
the main theorem of this section. 
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Associated with a Markov system M := (fo, f1,-.-) on [a,b] we define, 
as in Section 3.3, the Chebyshev polynomials 


Tn = Tr{ fo, fis--- 5 Fni la, b]}. 


Denote the zeros of T, by (a <)a1 < #2 < +++ <an(< 0). Let ap c= a 
and %n41 := b. The mesh of T;, is defined by 


(4.1.1) My := My(Tn : [a, b]) = ie |a; — xj-1]. 


This is a measure of the maximal gap between two consecutive zeros of T), 
with respect to the interval [a, b]. 


For a sequence (T;,)°2. of Chebyshev polynomials associated with a 
fixed Markov system on [a, b], we have 


lim M, =0 if and only if liminf M, =0. 
noo 


NCO 


This follows from the fact that ifm <n, then 7,, cannot have more than 
one zero between any two consecutive zeros of Ty. 


Our main result shows the strong connection between the denseness of 


the real span of an infinite Markov system M of C! functions on [a,b] in 
Ca, b] and the density of the zeros of the associated Chebyshev polynomials. 


Theorem 4.1.1. Suppose M := (1, fi, fo,-.-) is an infinite Markov system 
on [a,b] with each f; € C*[a,b]. Then span M is dense in Cla,b] if and 
only if 

lim M, =0, 

noo 


where M,, is the mesh of the associated Chebyshev polynomials. 


Proof. The only if part of this result is the easier part and we offer the 

following proof. Suppose span M is dense in Ca, b], while liminf M,, > 0. 
NCO 

Then there exists an interval [c,d] C [a,b] that contains no zero of T,, for 

infinitely many n, say, for ny < ne < +++. Consider the piecewise linear 

function F defined as follows. Let c < yi < yo < y3 < ya < d, and let 


0, w€ {a,c,d,b} 
F(a):=¢ 2, 2 € {y1,ys} 
—2, © {y2, ys} 


and be linear elsewhere. Since span M is dense in Ca, }], there exists a 
k € Nanda p€ span{l, fi,..., fn, } with 


(4.1.2) lp — F|lta.o} <1. 
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Now p— Ty, has at least nz — 2 zeros on [a,c] U [d, 6] because 7), has at 
least n, extrema on these intervals. The four extrema of F on (c, d) together 
with (4.1.2) guarantee at least three more zeros of p — Ty, on (c,d). Hence 
p—Tn, has at least ng, + 1 zeros and vanishes identically. This contradicts 
(4.1.2). 


The #f part of the theorem follows from the next theorem and E.8 al of 
Section 3.2. This exercise shows that (f{, f3,...) is a weak Markov system 
on [a, b]. 


The phenomenon formulated in Theorem 4.1.1 is quite general, and we 
prove a rather more general result than is needed for the preceding theorem. 
The modulus of continuity wr of a function f : [a,b] + R is defined by 


(4.1.3) we(d):= sup |f(x) — fly)|. 
|~—y|<6 
z,yE[a,b] 


Theorem 4.1.2. Suppose that 


Ay, := span{1, 91, 92,--- , gn} 


is a Chebyshev space on [a,b] with associated Chebyshev polynomial Ty. 
Suppose each g; € C'[a,b] and (gi,...,9),) is a weak Chebyshev system 
on [a,b] (weak Chebyshev systems are defined in E.8 of Section 3.2). Let 
H} := span{g},...,9),}. If f € Cla,b], then there exists an h, € Hy such 


that 
I|hn ca Fllfa,o) < Cus (Von ) ; 


where 
On = My (Ty : [a, }}) . 


Here C is a constant depending only on a and b. 


Proof. Suppose a <c<d<_ band S, € Hy is the best uniform approxi- 
mation from H,, to F on [a,c] U [d,], where 


soln eeen itt 
We claim the following: 
(4.1.4) S, is monotone on |e, d] 
and 
(4.1.5) Sn — Fllcutan <2 


(d—c)° 


Ww 
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Let 7 :=n+1 be the dimension of the Chebyshev space Hy. Since S, 
is a best approximation to F on [a, c]U[d, b], there exist 7+ 1 points in this 
set where the maximum error 


(4.1.6) én = ||F — Snllta,chuta,o) 


occurs with alternating sign (see Theorem 3.1.6). Suppose m + 1 of these 
points yo < ++: < Ym lie in [a,c], and 7 —™m of these points ymi1 <+++ < Yn 
lie in [d,b]. Then Sj, has at least m — 1 sign changes in (a,c) (one at 
each alternation point in [a,c] except possibly at the endpoints a and c). 
Likewise, S/, has at least 7 — m — 2 sign changes in (d,b). So S!, has at 
least 7 — 3 sign changes in (a,c) U (d,b). Note that this count excludes ym 
and Yym41. Thus S}, has at most one more sign change in (a,b) unless S/, 
vanishes identically (which is not possible for 7 > 2). Now suppose S!, has 
a sign change on (c,d). Then, since there is at most one sign change of Si}, 
in (c,d), it cannot be the case that both ym = c and Ym4i = d and Si, 
changes sign at neither c nor d, otherwise 


sign(Sp(c) — f(c)) = sign(Sn(d) — f(d)) 


as a consideration of the two cases shows. But if ym 4 ¢ or Ym4i 4 d or 
Si, changes sign at either c or d, then we have accounted for all the sign 
changes of S!, by accounting for the (possible) one additional sign change 
(either S}, vanishes with sign change at c or d or one of ym or Ym4i is an 
interior alternation point of S;, where S}, vanishes). Thus S), has no zeros 
with sign change in (c,d) and (4.1.4) is proved. 


To prove (4.1.5) we proceed as follows. With €, defined by (4.1.6), 
Dy 2= En Ty — Sn 
has at least m zeros on [a,c] and 
Df = Da t1=14 &Tn—Sn 


has at least 7 — m— 1 zeros on [d,b] (counting each internal zero without 
sign change twice). Thus D}, has at least 1 — 3 sign changes on [a, c] U [d, }]. 
Suppose T;, has at least four alternation points on an interval |y, 6] C (c,d), 
and suppose that 

Sn(d) — Sly) < 2en- 


Then, because of (4.1.4) and the oscillation of T,, on [y, 6], 


Dy + SalD + S0l8) _ 7 _ |g, — Sul) + Sal) 


2 2 


has at least three zeros on [7,6] and hence 
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Dp = (pp + SoD +S) 


has at least two sign changes on [7, 6]. This, however, gives that D/, € H}, 
has a total of at least 7 — 1 = n sign changes, which is impossible. In 
particular, 

Sn(5) — Sn(7) = 2€n 


on any interval [7,6] C (c,d) where T, has at least 4 alternation points. 

Thus, 

(d—c) 
5dbn 

However, since S, is a best approximation to F on [a,c] U [d, b], 


SG = 5.0) < 140s 


and we can deduce (4.1.5) on comparing these last two inequalities and 
noting that en < 4. 


Sn(d) — S;,(c) > 


2€n - 


The proof is now a routine argument, which for simplicity, is presented 
on the interval [a, 6] := [0,1]. Let 


m—-1 
V(z) = f00)+ D> F (E) - F(A) Sa), 
i=0 
where, fori =0,1,...,m—1, Sp; € Hy is the best uniform approximation 
to ; 
= w= {ft x € [0, 4+) 
SR e tN , Nae G) 
on [0,4] U [4+,1]. Let 
m—-1 
F(a) = FO + >> (F (HB) - (4) ha) 
1=0 


Then repeated applications of (4.1.5) with the intervals [a,c] := [0,4] and 
[d, b] := [4*,1] yield for every x € [0,1] that 


[V@) — F@)|<|V@) - fF) + lF@) — F@)| 
< DL (F(R) — f(z) (Snal@) — Frila)) +s (Fe) 
i=0 


< (m= 1(55nm) ws (Fe) + 27 (Ge) +E (Ge) - 


Hence, with m := loaf? 


IV — flljo.1] < Cws (Won )- 


An immediate corollary to Theorem 4.1.1 is the Weierstrass theorem. 
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Corollary 4.1.3. The polynomials are dense in C[-1, 1]. 


Proof. M = (1,2,2?,...) is an infinite Markov system of C! functions on 
[—1, 1]. The associated Chebyshev polynomials are just the usual Chebyshev 
polynomials T,, (see Section 2.1) and 


Mee TBs, 
nm 


is obvious from E.1 of Section 2.1. 


Also from the last part of the proof of Theorem 4.1.2 we have the 
following corollary. 


Corollary 4.1.4. Suppose M := (1, fi, fo,.-.) is an infinite Markov system 
on [a,b] with each f; € C*[a,b]. Then for each n EN, there exists a 


Pn €& span{l, f1, fo,. oe es 


such that 
ll>n — fllja,o] < CCL + m?M,,) wy (4) 


for everym €N, where C is a constant depending only on a and b. 


Comments, Exercises, and Examples. 


The Weierstrass approximation theorem of 1885 (see Weierstrass [15]) is one 
of the very basic theorems of approximation theory. It, of course, requires 
that clear distinctions be made about the nature of convergence (pointwise 
versus uniform) and the region of convergence (intervals versus complex 
domains). Weierstrass, the preeminent analyst of the last third of the nine- 
teenth century, was principal in insisting that such distinctions be clearly 
made. His famous and profoundly surprising example of a nowhere differ- 
entiable continuous function dates from 1872. A number of proofs of his 
approximation theorem and its many generalizations are explored in the 
exercises. Theorem 4.1.1 was proved by Borwein [90]. The only if part of 
this theorem can be found in Kroé and Peherstorfer [92]. 


Applications of the methods and results of this section can be found in 
Borwein [91b], Borwein and Saff [92], and Lorentz, Golitschek, and Makovoz 
[92]. The last two papers give an application to weighted incomplete poly- 
nomials, where the zeros of the Chebyshev polynomials are often dense in 
a subinterval (see also Mhaskar and Saff [85]). 


E.1 The Weierstrass Approximation Theorem. Every real-valued contin- 
uous function on a finite closed interval |a, b] can be uniformly approximated 
by polynomials with real coefficients. 


Every complex-valued continuous function on a finite closed interval 
[a,b] can be uniformly approximated by polynomials with complex coeffi- 
cients. 
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More precisely, in the real case, let 
Fy s= E :[a,6]) := inf — : 
n= En(f :[a,b]) = inf If — pllta,s) 
The Weierstrass approximation theorem asserts that 


jim En(f + [a,6]) = 0, f € C{a, 6). 


The following steps outline an elementary proof basically due to 
Lebesgue [1898]. Parts a] to d] deal with the real version (first statement) of 
the theorem. The complex version (second statement) of the theorem can 
easily be reduced to the real version; see part e]. 


a] Every continuous function on [a,b] can be uniformly approximated by 
piecewise linear functions. 


Hint: Consider the piecewise linear function that interpolates f at n equally 
spaced points and use the uniform continuity of f. 


b] It suffices to prove that |z| can be uniformly approximated by polyno- 
mials on [—1, 1]. 


Hint: Use part al. 


c] Approximation to |x|. Show that 
lim E,({z| :[—1,1]) =0. 
NOOO 


Hint: The Taylor series expansion of f(z) := /1— 2 yields 
1 at 1-3 
Vi-z=1-=2+—2- 
ic g° Gua = 0-456 


and the convergence is uniform for 0 < z < 1. (By Abel’s theorem, a power 
series converges uniformly on every closed subinterval of the set of points 
in R where it converges; see, for example, Stromberg [81]). Thus, 


|| = Va? = ./1-(1—2*) 


1 1 1-3 
ee oe ees een, eee 
Page ag?) 5 a6 


and the convergence is uniform for —1 < ax < 1. 
d] An Alternative to c]. Let 


ge... 


(l1—@?)? +... 


Qole)=1 and Qnga(z) = 5(1—2? + Qa). 
Show that 
0 < Qn4i(z) < Qn(x) <1, n=0,1,..., ee [=1)1] 


and Q,,(x) > 1— |x| uniformly on [—1, 1] as n > oo. 
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Hint: First show the pointwise convergence and then use Dini’s theorem 
(see, for example, Royden [88]). 


e] Complex Version of the Weierstrass Approximation Theorem. Every 
complex-valued continuous function on a finite closed interval [a,b] can be 
uniformly approximated by polynomials with complex coefficients. 


It can be shown that 
Cc 
En((el:[-L 1) ~<, 


where 0.280168 < c < 0.280174. Bernstein [13] established the above 
asymptotic with weaker bounds on c, namely, 0.278 < c < 0.286, and 
observed that $7—1/? = 0.282 is roughly the average of these bounds. The 
stronger bounds on c, due to Varga and Carpenter, show that ¢ 4 $171”, 
but it is open whether or not c is some familiar constant; see Varga [90]. 


E.2 The Stone-Weierstrass Theorem. If X is a compact Hausdorff space, 
then a subalgebra A of C(X), which contains f = 1 and separates points, 
is dense in C(X). 

A subalgebra A of C(X) is a vector space of functions that is closed 
under multiplication (here, addition and multiplication are pointwise). Sep- 
arating points means that for any two distinct z, y € X, there exists an 


f € Asuch that f(x) # f(y). 


a] Observe that the set P := U®%.9P, of all polynomials with real coeffi- 
cients is a subalgebra of Cla, b] that separates points, and hence the Stone- 
Weierstrass theorem implies the Weierstrass approximation theorem. 

b] Observe that the real polynomials in x? form a subalgebra of C[—1, 1] 
that does not separate points. 


We outline a standard proof of the Stone-Weierstrass theorem. Let A 
denote the closure of a subalgebra A C C(X) in the uniform norm. 


c] If f EA, then |f)/ eA 


Proof. If f € A, then p(f) € A for any polynomial p. Now choose py such 
that pp(x) + |a| on the interval [—||f|, || f]l]- 


d] Let 


(f V g)(a) = max{f(x),g(a)} and (f Ag)(x) = min{ f(z), 9(@)}- 


Show that if f, g € A, then so are f Vg and f Ag. 
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Aint: 


fvg=s(Ftotlf—g), and frg=5f+9-IF-s). 


e] If p,q € X are distinct and A, € R, then there exists f € A with 
f(p)=A and f(q) =h. 
Hint: Let g € A be such that g(p) 4 g(q) and consider 


A=-H_, wg(p) — Ag) | 
gp) — 9(9) 


f] Completion of Proof. Let f € C(X). For each p,q € X, let fg be an 
element of A with fpg(p) = f(p) and fg(q) = f(g). Fix € > 0 and define 
open sets 

Vog = {2 © X: fog (x) < f(z) +}. 


Now {Vpq : p € X} is an open cover of the compact Hausdorff space X, so 
for each g € X we can pick a finite subcover 


{Vera> Vpoa hfe ti »Vonat 


of X. We let 
ta a min{fpsq: fosas tee sFpnat . 


Observe that f, € A by part e], and 


fala) < f(a) +e, cEXx. 


g] Continued. Let 


Vy := {we X: fala) > f(x) - 6}, 


where f, is defined in part f] for every q € X. Then {V, : ¢ € X} is an open 
cover of the compact Hausdorff space X, so we can extract a finite subcover 


1 Vans Via sees s Vasc 


of X. Now let 
g:= max{ fg,, fao.--- Fags 


Note that g € A by part e], and 


f(x) =e< g(x) < f(a) +e, rEX, 


which finishes the proof. 
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The next exercise presents pretty theorems due to Bohman [52] and 
Korovkin [53] on the convergence of sequences of positive linear operators. 
The exercise after that gives some applications that include different proofs 
of the Weierstrass theorem via convergence of special polynomials, such as 
the Bernstein polynomials. 


An operator E on C(X) is called monotone if 
f<g implies L(f) < L(y) 
(here f < g means f(x) < g(x) for all x € X). 


E.3 Monotone Operator Theorems. 


Korovkin’s First Theorem. Let (L,,)°, be a sequence of monotone linear 
operators on C(K) (the set of continuous, 27 periodic, real-valued functions 
on R). Let 


fox) :=1, fila) :=sina, fo(x) = cosa. 


Then 
Jim ||Ln(F) ~ fle =0 


for all f € C(K) if and only if 


lim ||En(fi) — fillk =0, i=0,1,2. 
noo 


Korovkin’s Second Theorem. Let (L,)°°., be a sequence of monotone lin- 
ear operators on Cla, b]. Let 


feral, fileHa2, pees 


Then 
dim [lEn(f) — Filta.) = 9 


for all f € Cla,b] if and only if 


lim ||Ln(fi) — fillfas) = 9, i=0,1,2. 
N+ Oo 


Korovkin’s theorem in a more general setting can be found in Lorentz 
[86a]. 
a] Proof of Korovkin’s Second Theorem. The only if part of the theorem 
is trivial. For the if part, observe that the pointwise convergence of (Ly,)°2, 
can be easily proved since, for any preassigned € > 0 at any fixed xg, one can 
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find parabolas y = pi(z) := ay2? +b, 2+ and y = po(x) := agx? +bor+c9 
such that 
pila) < f(x) < po(x), x € [a, b} 
with 
|f(zo) —pi(to)|<e€ and | f (ao) — pa(xo)| < €.- 


Now use the continuity of f and the compactness of [a, b] to make the 
above argument uniform on the interval [a, }]. 


b] Proof of Korovkin’s First Theorem. 


Hint: Modify the proof of Korovkin’s second theorem. 


E.4 Bernstein Polynomials. The nth Bernstein polynomial for a function 
f € C[0, 1] is defined by 


-> (7) (eta, n=1,2,.... 


fol) :=1, fi(z@):=2, fol(z):=2 


a] Let 


Show that 


Ba(fo)= fo, Br(fi)=fi, Bn(fe) = "*ht+sh 


for every n = 0,1,2, 


b] Use Korovkin’s second theorem and part a] to show that 
im ||Bu(f) ~ filoay = 0 
for every f € C(O, 1]. 
For more on Bernstein polynomials, see Lorentz [86b]. 
E.5 The Fourier and Fejér Operators. For f € C(K), let 


Sn(f)(@) = = 2 f(t+2) (Se) dt, n=0,1,... 


i 
2 sin xt 


PN) = ef" ete) (& at a ad oe 


The operator S,, is called the Fourier operator, while the operator F), is 
called the Fejér operator. 
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a] Show that S,(f) is the nth partial sum of the Fourier series of f, that 
is, 


n 


Sn(f)(x) = > + > (a, cos kx + by sin kar), 


k=1 
where 
1 T 
ap = — f(t) cos kt dt 
Tv — Tt, 
and 
1 Tv 
by, = - | f(t) sin kt dt. 
Tv TT 
Hint: : ‘, 
sin(n+s5)t 1 
eta) ==+ ys cos kt 
2sin xt 2 rar 
and 


1 Tw 1 n 
Sr(f\(e)=— | flt+s) (5 + i) dt. 
ae is 2 Da 


b] F,(f) is the Cesaro mean of So, 51,...Sn—1, that is, 


So(f) + Si(f) +++ + Sn-1(f) 


Fy (f) = ii 
Hint: . 
s sin (k + 4) t _ (sin nt 
=. Sn st ~ \ sin st : 


c] Fejér’s Theorem. For every f € C(K), Fix(f) > f uniformly on R. 


Hint: Each F,, is obviously a monotone operator on C'(K), so it suffices to 
prove the uniform convergence of (F;,)°, on R only for f;, i = 0,1,2, as 
defined in Korovkin’s first theorem. However, this is obvious, since 


Fn(fo) = fo, Fr(fi)=2fh, Fr(fe) = "Sh 


for every n = 1,2,.... 


d] The set 7 := UP 97m of all real trigonometric polynomials is dense in 
C(K), the set of all continuous, 27 periodic, real-valued functions. The set 
T° := UP 67, of all complex trigonometric polynomials is dense in C(K), 
the set of all continuous, 27 periodic, complex-valued functions. 
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Hint: This follows from Fejér’s theorem. This is also a corollary of the Stone- 
Weierstrass theorem (see E.2). 


The remaining parts of the exercise follow Lorentz [86a]. Suppose that 
Ly: C(K) © Ty is a linear operator. We say that L,, preserves the elements 
of T, if Ly (t) = t for every t € T,. A canonical example for such a linear 
operator L,, is the Fourier operator S,,. The purpose of the remaining part 
of the exercise is to show that the Fourier operator S,, is extremal among 
linear operators preserving the elements of 7, in the sense that it has the 
smallest norm. This leads to the result of Faber, Nikolaev, and Lozinskii 
(see part g]) that for arbitrary linear operators L, preserving the elements 
of Tn, n = 1,2,..., the sequence (Lp(f))°°, cannot converge for every 
feck). 
e] Berman’s Generalization of a Formula of Faber and Marcinkiewicz. 
Let f, denote the a-translation of a function f € C(K), that is, fa(a) := 
f(x +a). Suppose Ly, is a linear operator preserving 7;,. Show that 


1 TT 
27 Jz 


Dn(ft)(@ — t) dt = Sp(f)(x) 


for every f € C(K) anda e€ K. 


Hint: Let Lyf 
= 5 | PalfOle Hat. 


Show that A,(f) = Sn(f) for every f € Tn. Prove that A,(f) = S,(f) for 
every f of the form f(x) = cosma or f(x) = sin mz, where m is an integer 
greater than n. Conclude that A,(f) = S,(f) for every f € T := U2 oTn. 
Note that 7 is dense in C(K). This means that to complete the proof, 
it is sufficient to show that A, : C(K) > Tn and S, : C(K) > Tp are 
continuous. Observe that ||Ay|| < ||Zn|| and ||.Sn|| << clogn for some c > 0; 
see also part f]. 


f] The Norm of the Fourier Operator S,,. Show that 


[Sul = sup { Eotle rectn)} = 1 "4 


An(2): 


sin (n + 4) t 


eal dt. 
2 sin xt 


ll Flac ee ae 


Use this to prove that there exist two constants c; > 0 and cz > 0 indepen- 
dent of n such that 


ci logn < ||Sy|| < ce logn, Ti — 2 Os thera 
Actually, it can be proved that 
4 
I|Snll = = logn + O(), TH 2 Bich 


See, for example, Lorentz [86a]. 
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g] The Norm of Operators that Preserve Trigonometric Polynomials. Let 
Ly : C(K) > Ty be a linear operator preserving the elements of 7,. Show 
that 


I[Znll 2 Sn] 2 er logn, 


where c; > 0 is a constant independent of n. 


Hint: Use parts e] and f]. 


E.6 Polynomials in x”. Given n € N and X, € R, let 


Pr(vn) = {pn(a™ ) : Pn © Pn}. 


Suppose 6 € (0,1) and ’,, > 1 for alln € N. Then US) Pp(An) is dense in 
C|6, 1] if and only if 


: lo 
lim sup > 
No n 2 


To prove the above statement, proceed as follows (see also Borwein 
[91b]). Denote the Chebyshev polynomial for Pp(An) on [6,1] by Ty,5. De- 
note the zeros of T;,,5 in [d, 1] by 


owe < ce Qt Bhs 


Let a) := 6 and Chee := 1. Let 


= (5) _ (5) 
M,(6) := ess (2! xs ) : 


a] Show that 


_ 2 45. 146% 
Tn,6(2) = T; (ee - =) ; LE [d, 1], 


where T;, is the Chebyshev polynomial of degree n as defined by (2.1.1). 


1,n° 


b] Let 5 :=liminf 2°). Show that if 
noo 


ef (0) _ ,,(0) ) % 
ated (209, (2m 21.)) a 


then lim inf M,,(6) = 0. 
noo 


Hint: Count the zeros of Tr,s — Tn,o € Pn(An) in [6, 1]. 
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ce] Let d:= lim inf 9), as in part b]. Show that 
nN—-+0o , 


logn 


! 1] : li 
— log = = limsu 
2 5 6 aoe n 
whenever the right-hand side is finite. 
Hint: Use the explicit formula for T,,,9 given in part al. 


d] Let 6 be defined by 


1 1 logn 
—log = = limsu : 
2 5 “) pees n 


Suppose 6 > 0. Show that 
(0) (0) ) -~0 
2, a 


liminf (x3, — 21. 


noo 


Hint: Use parts a] and c]. 


e] Let d:= lim inf 2) asin parts b] and c]. Suppose 6 > 0. Show that 
noo , 


1,n? 
0 0 2/ (0 0 
a) _ cane < 6 (xf) c= a{) ) 
for every sufficiently large n € N and for every i = 2,3,...,n+1. 


Hint: Count the zeros of 
Tn,o(&) = Tn,0(Qi,n®) € Prni(An) ; 


where ©) 
on, ta iSkin 2 
Bn 0 
m3 
for every sufficiently large n € N and for every i = 2,3,...,n+1. 


f] Let 6 be defined by 

logn 
Xn 

Suppose 6 > 0. Show that U??_, Pn(An) is dense in C[S, 1]. 


Hint: By parts a] to e], liminf M,,(6) = 0. Now apply Theorem 4.1.2. 
noo 


a ae 
-—-1log-=l1ms 
9s ore 


g] Let 0 < y < 6, where 6 is as in part f]. Show that U%_,P,(An) is not 
dense in Cy, 1]. 
Hint: Show that there exists a constant c depending only on 6 (and not on 
n or y) such that 

IP) < ellpllys,1] 
for every p € UP) Pn(An) and y € [0,46]. Now use E.4 c] of Section 3.3 and 
part al. 
E.10 of Section 6.2 extends part g] of the above exercise. Namely, if 
0< ee 6, where 6 is the same as in part f] and A C [0,1] is a set of 
Lebesgue measure at least 1 — 6, then Urey Prn(An) is not dense in C'(A). 
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E.7 The Weierstrass Theorem in L,. Let [a,b] be a finite interval and 
€ (0,00). Show that both Cla, b]N L,[a, b] and the set P := UP of all 

real algebraic polynomials are dense in L,|a, }]. 

Hint: The proof of the first statement is a routine measure theoretic argu- 


ment; see Rudin [87]. The second statement follows from the first and the 
Weierstrass approximation theorem; see E.1. 


E.8 Density of Polynomials with Integer Coefficients. 


a] Suppose f € C[0,1] and f(0) and f(1) are integers. Show that for every 
€ > 0 there is a polynomial p with integer coefficients such that 


Il f — pllfo.a) < €- 
Outline. By E.4, there is an integer n > 2/e so that 


If — Bu(Allio.y < 5: 


Let 


Show that if a € [0,1], then 
n—-1 
0 < Ba(f)(2) — Ba(f)(z) < Do a*(1- 2)" 
k=1 


e lo(n kg nok 1 we 

- x"(l-2 =—<cn. 
~n—~\k n 2 

Note that By(f) is a polynomial with integer coefficients, and 


If — Bn(Allto.y < lf — Br(F)lltor) + Bn(f) — BCA) to.1 


Bene 
a fama 


b] Suppose the interval [a,b] does not contain an integer. Show that poly- 
nomials with integer coefficients form a dense set in Ca, }]. 


Proof 1. This is an immediate consequence of part al. 


Proof 2. Assume, without loss of generality, that [a,b] C (0,1). By the 
Weierstrass approximation theorem, it is sufficient to prove that for every 
€ > 0 there is a polynomial p with integer coefficients such that 
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1 
Ils — Plltas) <& 

since then all real numbers, and hence all p € P,, can be approximated by 

polynomials with integer coefficients. 


The existence of such a polynomial p follows from the identity 


foe) 


Pisa aden) ee 


k=0 


m 

a 
| 

8 


where the infinite sum converges uniformly on [a, b] C (0,1). 


E.9 Weierstrass Theorem on Arcs. Let 0D denote the unit circle of the 
complex plane. 


a] Show that the set P° := UP24P. of all polynomials with complex coef- 
ficients is not dense in C(OD). 


Hint: Use the orthonormality of the system ((27)~!/?e'"®)% _.. on [-7,7] 
to show that if & is a positive integer and p € P*, then 


2n||z—* — p(z)locap) = lle~*? — ple) || naf—-n,n] = 2m- 
So none of the functions z~!,z~?,... is in the uniform closure of P° on 
OD. 


b] Let A C OD be an arc of length less than 27. Then the set P° of all 
polynomials with complex coefficients is dense in C(A). 


This is a special case of Mergelyan’s theorem (see, for example, Rudin [87]). 


Proof. Without loss of generality, we may assume that A is symmetric with 
respect to the real line. By E.5 d], it is sufficient to prove that f(z) := 271 
is in the uniform closure P¢ of P° on OD (this already implies that each 
zk, k € Z,is in P¢). By E.11 j] of Section 2.1, cap(A) < 1. By E.11 g] of 
Section 2.1, w(A) = cap(A), where (A) denotes the Chebyshev constant 
of A. Hence 

0<p(A)<a<l 


with some a. Recalling the definition of (A), we can deduce that there are 
monic polynomials p, € P¢ such that 


lPnlla <a”, HTD. ens 
For n = 1,2,..., let 
Qn(z) := 2 1p, (1/2) = 271 + rp_1(z), 
where rn—1 € Pé_,. Since A is symmetric with respect to the real line, 


Iz" + rn (2A = IIdnlla = lipalla <a” —> 0. 
NCO 


Hence f(z) = 271 is in P¢, which finishes the proof. 
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4.2 Muntz’s Theorem 


A very attractive variant of the Weierstrass theorem characterizes exactly 
when the linear span of a system of monomials 


Mia (ee 2) 
is dense in C[0, 1] or L.[0, 1]. 


Theorem 4.2.1 (Full Miintz Theorem in C[0,1]). Suppose (\;)%2, és @ se- 
quence of distinct positive numbers. Then 


span{1,2*!,a*?,...} 


is dense in C[0,1] if and only if 


Note that when inf; A; > 0, 


ee a 
»» z= =oo if and only if eae 


i=l “* 


~- 
aw) 

oe 

1 


Miintz studied only this case, and his theorem is usually given in terms of 
the second condition. 

When A; > 1 for each i = 1,2,..., the above theorem follows by 
a simple trick from the Lz version of Miintz’s theorem. The proof of the 
general case is left as a guided exercise. The difficult case to deal with is 
the one where 0 and oo are both cluster points of the sequence (A;)%2,; see 
E.18. 


Theorem 4.2.2 (Full Mintz Theorem in L»[0,1]). Suppose (A;)%o is a 
sequence of distinct real numbers greater than —1/2. Then 


span{2**, 2*1,...} 
is dense in L2[0,1] if and only if 


2\; +1 


Gupte 


i=0 


The proof of the following full L; version of Miintz’s theorem is pre- 
sented as E.19. 
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Theorem 4.2.3 (Full Mintz Theorem in £;[0,1]). Suppose (A;)%o is a 
sequence of distinct real numbers greater than —1. Then 


span{a*?,a*!,...} 


is dense in L,[0,1] if and only if 


A +1 


oer 


1M: 


Now we formulate a general Miintz-type theorem in L,[0, 1], that contains 
the above C[0, 1], L2[0, 1], and L,[0, 1] results as special cases. The proof 
of this theorem is outlined in E.20. 


Theorem 4.2.4 (Full Mintz Theorem in L,[0,1]). Let p € [1,00). Suppose 
(Ai) is a sequence of distinct real numbers greater than —1/p. Then 


span{2**, 2*1,...} 
is dense in L,[0,1] if and only if 
oe A+ : 


=0 (att) 41 


=O. 


The full version of Miintz’s theorem for arbitrary distinct real exponents 
on an interval [a,b], 0 < a < b, is given in E.7 and E.9. 


Proof of Theorem 4.2.1 assuming Theorem 4.2.2 and each \; > 1. We need 
the following two inequalities: 


n n 
(4.2.1) Ja™ — eS f a -Saren') dt 
i=0 i= 
< | |mt™7} - Dane dt 
1/2 
< i mt”) De Abin! dt 
0 
for every x € [0,1] and m =1,2,..., and 
(4.2.2) — S- a;t® < |ja™ — > aya 
1=0 1=0 [0,1] 
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for every m = 0,1,2,.... The assumption that A; > 1 for each 7 implies 
that 
CO 
Ni 94.21) 
= oo ifand only if =F 
da = Be (2(\; -1) +1)? +1 
and 
CO CO 
Aj é s 2\; +1 
= if and only if ——_.— = 0. 
area Se ea » +i ei oe 


Tf og Ai/A? +1) = ow, then (4.2.1), together with Theorem 4.2.2 
and the Weierstrass approximation theorem (see E.1 of Section 4.1), shows 
that 

span{1,a™",a>?,...} 


is dense in C’'[0, 1]. 


If the above span is dense in C[0, 1], then (4.2.2), together with E.7 
of Section 4.1, shows that it is also dense in L»[0, 1]. Hence Theorem 4.2.2 
implies S772, Ai/(A? + 1) = 00 


Proof of Theorem 4.2.2. We consider the approximation to z™ by elements 
of span{a*°,... ,2*-1} in L»[0,1], and we assume m > —4 and m F# i; 
for any 7. In the notation of Section 3.4 we define 


A:= (Yo, A1;--- »An—-1,™) 


and study L*, the nth orthonormal Miintz-Legendre polynomial associated 
with A. By ip 4.8) and (3.4.6) we have (with \, :=m) 


a 
L* (#) = Gnv™ + S- ajx™ , 


where 


n—-1 
= J1+2 sae a 
|an| mI aoe ¥ | 


It follows from ||L}||z210,1] = 1 and orthogonality that Lj/an is the on 
term in the best L2[0,1] approximation to 2” from span{x*°,... ,a*r-1} 
(why?). Therefore 


Ae - Fa 


1 1 =a ae Ne | 
min —— 


lan| Ie ore oe 


L2[0,1] 
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So, for a nonnegative integer m different from any of the exponents ,, 
(4.2.3) a™ € Span{2?,2,...} 


(where Span denotes the L[0, 1] closure of the span) if and only if 


n-1 


. m— Aj 
1 ey 
fees Il mt+rA;+1 | 
That is, (4.2.3) holds if and only if 
n—-1 n-1 
. 2m+1 2A; +1 
1 = _ 
n=b90 I aes Il | aes 
di>m -1/2<di<m 
Hence (4.2.3) holds if and only if either 
[oe 1 [oe 
yy ee mea or yy (24, +1) =o, 
i=0 i=0 
A>m —1/2<dr\i<m 


which is the case if and only if 


a 24; +1 
i as 
= (2A; +1)? +1 


a 


and the proof can be finished by the Weierstrass approximation theorem 
(see E.1 of Section 4.1). 


Comments, Exercises, and Examples. 


Theorem 4.2.1 (in the case when inf{\; : i € N} > 0) and Theorem 4.2.2 
were proved independently by Miintz [14] and Szasz [16]. Szdsz [16] proved 
the full version of Theorem 4.2.2. Theorem 4.2.1 is to be found in Borwein 
and Erdélyi [to appear 5]. Much of Theorem 4.2.4 is stated in Schwartz 
[59] without proof and may be deduced by his methods. Indeed, Schwartz’s 
method appears to give Theorem 4.2.4 for p € [1,2]. Johnson (private com- 
munication) and Operstein [to appear] show how to derive the full Theorem 
4.2.4 from Theorem 4.2.1 as does E.20; see also E.7 of the next section. 


Less complete versions of the results presented in this section are often 
called the Miintz-Szdsz Theorems. A 1912 version due to Bernstein can be 
found in his collected works. 


A variant on our proof of Miintz’s theorem is presented in E.2. A 
distinct proof based on possible zero sets of analytic functions may be 
found in Feinerman and Newman [76]; see also E.10, where this method 
is explored for denseness questions for {cos \;,6}. 
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Extensions of Miintz’s theorem abound. For example, generalizations 
to complex exponents are considered in Luxemburg and Korevaar [71], to 
angular regions in Anderson [72] and with an exponential weight on [0, 00) 
in Fuchs [46]. It is a nontrivial problem to establish a Miintz-type theorem 
on an interval [a,b], a > 0, in which case the elements of the sequence 
A = (Ay) fo are allowed to be arbitrary distinct real numbers. This is the 
content of E.7; it is due to Clarkson and Erdés [43] (in the case when 
each \; is a nonnegative integer) and Schwartz [59] (in the general case). 
It is shown in Section 6.2 that if A = (A;)%» is an increasing sequence 
of nonnegative real numbers, then the interval [0,1] in Miintz’s theorem 
(Theorem 4.2.1) can be replaced by an arbitrary compact set A C [0,0o) 
of positive Lebesgue measure. 


The exercises also explore in detail the closure of Miintz spaces in 
the nondense cases. This study was initiated by Clarkson and Erdés [43], 
who treated the case when the exponents are nonnegative integers. The 
considerably harder general case is due to Schwartz [59]. 


Denseness questions about quotients and products of Mintz polyno- 
mials from a given Miintz space are discussed in Sections 4.4 and 6.2, re- 
spectively. 


Some of the literature on the multivariate versions of Miintz’s theo- 
rem can be found in Ogawa and Kitahara [87], Bloom [90], and Kro6é and 
Szabados [94]. 

E.1 Another Proof of Some Cases of Miintz’s Theorem. 


a] Golitsckek’s Proof of Miintz’s Theorem when aa 1/A; = oo. Sup- 
pose that (\;)%, is a sequence of distinct, positive real numbers satisfying 
21 1/Ai = 00. Golitschek [83] gives the following simple argument to 
show that span{1,2*",a*2,...} is dense in C[0, 1]. 


Proof. Assume that m # Ax, k = 0,1,..., and define the functions Q,» 
inductively: Qo(#) := 2™ and 


1 
Qn(x) = (An — m)a™ / Opie dk, gate EP Lan 


Show, by induction on n, that each Q,, is of the form 


n 
Qn(x) =2™ - S- An «x : Anji ER. 
i=0 
Show also that 
m 
olor =1 and (alloy < h = =| seen: 


sO 
n 


Only < I 


i=0 


1-Z] 0 as n> oO. 
ri 
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b] Another Proof of Miintz’s Theorem when A; > c > 0. Suppose that 
(Ai)&2, is a sequence of distinct positive real numbers that converges to 
c > 0. Show, without using the arguments given in the proof of Miintz’s 
theorem, that span{1,2*!,2*?,...} is dense in C[a, 6], a > 0. 


Hint: Let k be a nonnegative integer. Use divided differences to approxi- 
mate «° log* x uniformly on [a, 6]. Finish the proof by using the Weierstrass 
approximation theorem (see E.1 of Section 4.1). 


E.2 Another Proof of Mintz’s Theorem in [,[0, 1]. 


a] Gram’s Lemma. Let (V,(-,-)) be an inner product space, and let g € V. 
Suppose {fi,...,fn} ts a basis for an n-dimensional subspace P of V. Then 
the distance d, from g to P is given by 


ele ere a 


sasaki. Saas 2 Ua 2 
dy, := inf {(g — p,g — p) peP} (Se 


where G is the Gram determinant 


(fi, fi) ce Fist, 
G(fis fase afm) =|: ‘. 
(fms f1) tee fmistm) 


Proof. As in Theorem 2.2.3, the best approximation to g from P is given 
by 


n 


=) eh, 


i=1 


where the c; are uniquely determined by the orthogonality conditions 


(f* — 9, fx) =0, kee 1923.2. 


Since 
CaGgaso= 7) % 
we are led to a system of n + 1 equations 


n 


So cil fis fr) = (9, Fe) 5 k=1,2,...,n 


i=1 


and 
n 


do eitfirg) + dn = (959). 


i=1 


Solving this system by using Cramer’s rule, we get the desired result. 


4.2 Miintz’s Theorem 177 


b] As in E.3 of Section 3.2, 


1 1 


aithi ""*  aitBn Ply. (Cage (B 80) 
os S| 1séci<m 
eel I] (ai + Bi) 
Ont+B1 "** On+Bn TSUGS" 


for arbitrary complex numbers a; and 8; with a; + 6; 4 0. 
c] Let y,A0,.-- An be distinct real numbers greater than —1/2. Then the 


L»[0, 1] distance d, from x7 to span{z*’,... ,a*”} is given by 
1 — 
| I] a ies an 
Jaye i tty tri +1 
Hint: In L[0, 1], 
1 
ata) = [ Pe re a,b € (—1/2, 00). 
0 a+ b + 1 


Now apply parts a] and bj. 
d] Complete the proof of Miintz’s theorem in L»[0, 1). 


E.3. More on Miuntz’s Theorem in the Nondense Case. We assume 
throughout this exercise that (A;)2o is a sequence of nonnegative real num- 


bers satisfying 
YE : 
awe 


and the gap condition 
inf{r; —N-1:1€ N} >0 


holds. Some of the results of this exercise hold even if the above gap con- 
dition is removed (see the later exercises). 


a] Show that 


ri + Am 
0< I] VS [= exp(m dn), 
i=0 
xm 


where Ym 7 0 as m > oo. 


Hint: First show that the above infinite product exists. Write the above 
product as 


coal (6 vee om vam es SRAM See “eee 
Hn ietse| OM Se] 0 eee 
ee ee MED) ree 


and estimate the three factors above separately. 
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b] Deduce that if \; 4 Am for each 7, then 


| — Pell gon > GSP? 
tal] = 7BXm 1 th | O48) + Om +5) 
= exp(—Ym(Am)) 
for every p € span{a™,... ,2°"}, where Ym > 0 as m > oo. 


c] Show that for every « > 0 there is a constant c, depending only on ¢€ 
and (A;)%5 (but not on the number of terms in p) such that 


la;| <¢.(1 + e)* 


P\|z2[0,1] 
for every p € span{a*°,2!,...} of the form p(x) = Oj, aja’. 
Hint: Use part bj. 


d] Bounded Bernstein-Type Inequality. Let Ao = 0 and A, > 1. Show 
that for every « € (0,1) there is a constant c. depending only on € and 
(A;)229 (but not on the number of terms in p) such that 


IIP'Ilto,1—q S ellpllef0,1] 


and hence 
IIp'llfo,1—q < Cellpllto,1] 


for every p € span{a*®®, x*!,...}. 


Hint: Use part c]. 
The result of the next part is due to Clarkson and Erdés [43]. 


e] The Closure of a Nondense Miintz Space. Suppose f € C[0,1] and 
there exist py € span{a*®, x*!,...} of the form 


kn 
PhO. Git din €R, n=1,2,... 
i=0 


such that lim ||pn — f|\jo,1) = 0. Show that f is of the form 
noo 


oo 
f(x) = S- aja : Gin ER, LE [0, Ly’ 
i=0 


Show also that f can be extended analytically throughout the region 
{z € C\(—0, 0] : |z| < 1} 


and 
lim ain = a, 40 ees g 
noo 


If (Ai)&9 is a sequence of distinct nonnegative integers, then f can be 
extended analytically throughout the open unit disk. 


Hint: Use part c]. 
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If (Ai)%o is lacunary (that is, inf{A;41/A; : 7 € N} > 1), then the 
uniform closure of span{x*°, 2*1,...} on [0,1] is exactly 


{! € C[0,1]: f(x) = yoo” - aE oa} ; 
i=0 


If (Aj) is not lacunary, then this fails, namely, there exists a function f 
of the form 
CO 
= ses ; x € [0,1) 


in the uniform closure of eee, x™,...} on [0,1] such that the right- 
hand side does not converge at the fee 1; see Clarkson and Erdés 
[43]. 

f] Bounded Chebyshev-Type Inequality. Show that for every € € (0,1) 
there exists a constant c, depending only on € and (\;)%2, (but not on the 
number of terms in p) such that 


llpllfo,1) < ¢ellellp—eay 


for every p € span{a®°, 2*‘,...}. 
Outline. Using the scaling « > «!/*1, without loss of generality we may 


assume that A; = 1. Suppose there exists a sequence 
(pude4 Cspantat a. ve5/hs m=1,2,... 


such that 
0< Ay, = I|Prmll{o,1] > co 


while 

lPmllu—eay = 1, MS 12) 2 s 
Let dm *= Pm/Am- Note that ||dmlljo,1] = 1 for each m, and ||qm|[1—e,1] 0 
as m — oo. Then, by part dl, 


Ilinll[0,1-6] < 65 


for every 6 € (0,1). Hence (qm)°°_9 is a sequence of uniformly bounded 
and equicontinuous functions on closed subintervals of [0,1), and by the 
Arzela-Ascoli theorem (see, for example, Rudin [87]) we may extract a 
uniformly convergent subsequence on [0, 1—«€/2]. This subsequence, by part 
e], converges uniformly to a function F’ analytic on (0,1 — €/2), but since 
l@ml[1-e,1] + 0, F must be identically zero. This is a contradiction since 
lm ll[o,1) = 1 and |l¢m|lfoa-—g = poles 1] for every sufficiently large m. 


g] Suppose (qm)°_, C span{x,a*!,...} and ||qmlljao) < 1 for each 
m, where 0 < a < b. Show that there is a subsequence of (qm)°°_, that 
converges uniformly on every closed subinterval of [0, b). 


Hint: Use parts f] and d] and the Arzela-Ascoli theorem. 


180 4. Denseness Questions 


E.4 Miintz’s Theorem with Real Exponents on [a,b], a > 0. Suppose 
(Ai)2_.. is a set of distinct real numbers satisfying 


y W<* 
t=—0o [Ai 
ri FO 


with ; < 0 fori <0 and \; > 0 for i > 0. Suppose that the gap condition 
inf {r; —-1:74€ Z+ >0 


holds. Associated with 


let 


Let 0<a<b. 


a] Show that there exists a constant c depending only on a, 6, and (A;)?2_,, 
(but not on the number of terms in p) such that 


oT fa,6) <ellplltaey = amd [IP II fa,6) < ellllpaoy 
for every p € span{a*!}%_... 
Outline. It is sufficient to prove only the first inequality; the second inequal- 
ity follows from the first by the substitution y = 2~!. If the first inequality 


fails to hold, then there exists a sequence (py )92, C span{x* }%2_., such 
that 


foe) 


OF Ifa,6] <4 1, n= 12s es , and im |lPnllfa.0} =0. 


Since p = pt + p—, the above relations imply that 
Palliat Se Oe, ND icat 


By E.3 g] and E.3 e], there exists a subsequence (n;)%, such that (p7,)%2y 
converges uniformly on every closed subinterval of [0,b) to a function f 
analytic on 

Dy := {z € C\(—00, 0] : |z| < b} 


of the form 


CO 
f= ae, z€Ds, 
i=0 
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while (p;,,)72, converges uniformly on every closed subinterval of (a, 00) to 
a function g analytic on 


Ey := {z € C \ (—00, 0] : |2| > a} 


of the form 
-1 
g(z) = se ajyz™ ; z€k,, Jim, g(x) =0. 
1=—00 «ER 


Now lim ||pn;|lfa,o) = 0 and pn; = pf, + pp, imply that f + g = 0 on (a,). 
100 


Show that 


_ f fle), Rez < logb 
eS { —g(e*), Rez > loga 


is a well-defined bounded entire function, and hence h = 0 on C by Liou- 
ville’s theorem. From this, deduce that 


f =0 on (0,5) and g =0 on (a,oo). 
Hence, for every y € (a,b), 
jim llpz. | [a,y] — 0 


and 


. + _ 4. - = 
jim lp llty.o) = Jim, lpn — Pri lly.) = 9- 


Therefore 


lim ||p* = 
Jim |Ip¥, las = 0. 


which contradicts ||p7||fa) = 1, n= 1,2,.... 
b] The Closure of Mintz Polynomials. Let f € C[0, 1], and suppose there 


exist Miintz polynomials p, € span{x*}%_., of the form 


kn 
pea tee Sn ST 


i=—kn 


such that lim ||pn — f\\[a,o] = 0. Show that f is of the form 
noo 


f(x) = \ ayx™ , x € (a,b), 


t=—0O 


where 
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CO 
f(x) := yan ; x € [0,6), 
i=l 


-1 
- ao pri ] = = 
f (x)= DU au , x E (a,0o), jim f (x) =0, 
1=—0O 
f can be extended analytically throughout the region 
{z €C\(-7,0]: a < |z| < b}, 


and 


lim ain =a, tEZ. 
, 
Noo 


Hint: Use part a] and E.3 e]. 


E.5 Removing the Gap Conditions. Assume throughout this exercise that 
0< Ao < Ay <--+ and Yt Ar oe. 


a] Bounded Chebyshev-Type Inequality. Show that for every € € (0,1) 
there is a constant c, depending only on ¢€ and (\;)%2, (but not on the 
number of terms in p) such that 


lPllfo,1y < Cellpllfa—eyay 


for every p € span{a®,x*,...}. (This is the inequality of E.3 f] without 
the gap condition inf{A; — Ay-1 : 7 € N} > 0.) 


Hint: Assume, without loss of generality, that Aj = 0. Observe that 
lim A;/i = oo. Choose m € N such that ; > 21 whenever i > m. De- 


1-00 


fine I := (yi)721 by 
eneeae 47=0,1,...,m 
Y= 


sri +i, i=mt+1,m+2,.... 
Then 
1 
0O=yw<N <:::, Dia ee <A, ea Oe eee 
i=1 '* 


and inf{y; — y-1 : 7 € N} > 0. Now use E.3 g] of Section 3.3 with [a,b] = 
[1 — €,1] and E.3 f] of this section. 


b] Bounded Bernstein-Type Inequality. Suppose Ao = 0 and y > 1. 
Prove that for every € € (0,1) there is a constant c. depending only on ¢€ 
and (A;)%5 (but not on the number of terms in p) such that 


IlP'Iltoa—e < Cellpllo.ay 
for every p € span{z*°,x*!,...}. (This is the second inequality of E.3 d] 
without the gap condition inf {A; — \y~-1 : i € N} > 0.) 


Hint: Define the sequence I as in the hint given to part a]. Now use E.3 f] 
of Section 3.3 with [a,b], a € (0,1 —], E.3 g] of this section, and part al 
of this exercise. 
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c] Let 0 <a<b. Show that span{2*’,a*1,...} is not dense in C[a, }]. 
Hint: Use part a] and Theorem 4.2.1 (full Miintz’s theorem in C/O, 1]). 
d] Let 


A2R-1 T= k?, roK = ke 42-8 | bea 
ke? ke 
A2p-1 = 2” , 24 = —2" , KH 1 2a 
Show that the function f(x) := S772, (a2i-12*2-? + agi?) is a well- 


defined continuous function on [0, 1]. Show also that 79°, aja** does not 
converge for any x € (0,00) (hence the conclusions of E.3 e] are not valid 
without a gap condition). 


E.6 A Comparison Theorem. Let 0 <k <n be fixed integers. Assume 


ho Ap < oS Dp <0 <p < Ags Se SO, 
oS ae He ee OS ee oye So ees 


and 
lvl < lAdl, (i Ve eee 


with strict inequality for at least one index 1. Let 
H,, := span{a*®,a™,...,2°"} and Gy, :=span{z®,2™,...,27} 
and letO<a<b. Then 


in |j1 — < min |/1 — . 
min [1 — pllta.o < min [ll — pllpa,o 


Hint: Let q* € Hy be the best approximation to 2° = 1 on [a,b]. Let 


n 
r(x) = (—1)a° + yoo € span{2”,... ,2%,2°,2%+1,... a7} 
i=0 
interpolate 
q* —1€span{a*’,... ,2°*, 2°, a%*+1,... , 2%} 
at the n+1 distinct zeros, 71, %2,... ,&n41, of g* —1 on [a, 6] (see Theorem 


3.1.6). Use Theorem 3.2.5 to show that 
Ir(z)| <|a(@)|, -e € [a, 8] 
with strict inequality for « 4 x;. Finally show that if p* := r +1, then 


main [11 — pllta.] SL — Pitas) < 11 — a" Iltaa] = main II — pilta.s)- 
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E.7 Full Miintz Theorem on [a,b], a > 0. Let (\;)%29 be a sequence of 
distinct real numbers, and let 0 < a < b. Show that span{2*°,2*1,...} is 
dense in C[a, b] if and only if 


Hint: Distinguish the following cases. 


Case 1: The sequence (\;)%o has a cluster point 0 #4 A € R. Use Theorem 
4.2.1 to show that span{x*®, 2*!,...} is dense in C[a, }]. 


Case 2: The point 0 is a cluster point of (\;)%2,. Use Case 1 to show first 
that span{a*ot!, 21+! ...1 is dense in Cla, b], and recall that a > 0. 


Case 3: The sequence (A;)%, does not have any (finite) cluster points, and 
either 


Use Theorem 4.2.1 to show that span{x*°, 2*!,...} is dense in C[a, b]. 
Case 4: 


Y w<~ 

iy (Vl 

dO 
Without loss of generality we may assume that 0 ¢ {A;}29 (why?). By a 
change of scaling, we may also assume that [a, b] = [1 — , 1]. Let 


{rhe = {rj}, where aera er Sieg 2 Salas es 


t=—0O 


Show that there is a sequence (7;)%_.., satisfying 


mS K-11 <0 < <M <:, 
x a | 

lvl < al, 1eZ, Do aa 
v 


1=—0o 


< oO, 


and the gap condition 
inf{y; —y-1:1€ Z}>0. 
Use E.4 a], E.5 aj, and E.2 c] to show that 
1 ¢ Span{a” JE _ oo, 


where Span{x%}%_.. denotes the uniform closure of the span on [a, b]. 
Finally use E.6 to show that 


1 ¢ span{a™ }2_.. = span{a™ }Xo. 
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E.8 Further Results for Nonnegative Sequences with No Gap Condition. 
Assume throughout this exercise that 0 < Ag < Ay <---, ran 1/A; < «0, 
and0<a<ob. 


a] Show that for every €« € (0,6) there is a constant c, depending only on 
€,a,b, and (A;)%» (but not on the number of terms in p) such that 


b 
allow q Se f [pale 
a 
for every p € span{a*®°, x*!,...}. 


Hint: Assume that b = 1; the general case can be reduced to this by scaling. 
Use parts a] and b] of E.5 with 


x 
D(x) := . p(t) dt € span{a%°t! gt}, 
0 


b] Assume 
(Pn)pa C span{a*?,a™,...} 


converges to an f € Cla, b] uniformly on [a,b]. Show that f can be extended 
analytically throughout the region 


Dy := {z € C\ (—00, 0] : 0 < |z| < b} 


and the convergence is uniform on every closed subset of Dp. 


Hint: This part of the exercise is difficult. A proof of a more general state- 
ment can be found in Schwartz [59, pp. 38-48]. 


c] Suppose (p,)%, C span{a*?,2*!,...} and ||ppllia, < 1 for each n. 
Show that there is a subsequence of (p,)°2, that converges uniformly on 
every closed subinterval of [0,b). (So the conclusion of E.3 g] holds without 
the gap condition inf{A; — Ay-1 : 7 € N} > 0.) 


Hint: Use parts a] and b] of E.5 and the Arzela-Ascoli theorem. 


d] Let & be aclosed subset of Dy defined in part b]. Show that there is a 
constant cx depending only on K,a,b, and (A;)%25 (but not on the number 
of terms in p) such that 


llpllac < cx llpllta,s} 


for every p € span{a*°, x*!,...}. 


Hint: Use parts c] and bj. (If the gap condition inf{A\; — Ay-1 : 7 € N} > 0 
holds, then the simpler result of E.3 e] can be used instead of part b] of this 
exercise. ) 
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E.9 Full Mintz Theorem on [a,bj,a > 0, in Ly, Norm. Schwartz [59] 
gives the following results: Suppose (\;)%2_.,. is a sequence of distinct real 
numbers. For a finite set I" of integers and 


p(z) = yous” , a; ER, 


ier 
let 
p (a) := o> aya and p' (x) := Se aya . 
ieL ier 
ri <0 rA>0 


Let 0O<a<bandl<q<o. 


Theorem 4.2.5. Suppose 


Then there exists a constant c depending only on a,b,q, and (\;)2_ 5, (but 
not on the number of terms in p) such that 


l>* Ilg{0,6) < ellpllz[a,0) and I>" [Iz4[a,0) < llpllz,[a,8] 


for every p € span{a*}%_... 


Theorem 4.2.6. Suppose that 0 <a<b. Thenspan{z*°,a*1,...} is dense 
in L,|a, 6] if and only if 


(4.2.4) ys oa =o. 


a] Prove the two above results under the gap condition 
inf {r; —N-1:7€ Z} >0. 

Hint to Theorem 4.2.5: When q = oo see E.4 aj. If 1 < ¢ < oo, then modify 

the proof suggested in the hints to E.4 a], by using E.8 al. 


Hint to Theorem 4.2.6: If (4.2.4) holds, then the fact that span{x*®, 2*!,...} 
is dense in L,[a, b] follows from E.7 and the obvious inequality 


lll z4a,5) < (6 — )*/4|Ipl|pa,oy - 


Now suppose (4.2.4) does not hold. Use Theorem 4.2.5 and E.8 a] to 
show that for every € € (0,4(b — a)) there exists a constant c, depending 


only on a,6,q, and (A;)%2_,, (but not on the number of terms in p) such 
that 

Ilpll[a+eo—] < Cellplln,fa,5] 
for every p € span{a* o_o: Now show that the above inequality implies 


1 
2 


that span{x*°,2*1,...} is not dense in L,[a, }]. 
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E.10 Denseness of span{cos \,9} and span{z**}. Throughout this exer- 
cise the span is assumed to be over C. Let 


Daa= {ze Cs |2| <R} and Cr:={ze€C: |z|= RB}. 


a] Show that (cosn6)°°, is a complete orthogonal system in L2[0,7]. So 
no term, cosn@, can be removed if we wish to preserve denseness of the 
span in L[0, 7]. 


b] Let A := {e : 6 € [0,d]}. Suppose (Aj,)%2o is a sequence of distinct 
complex numbers satisfying 


elke "sy. “RSS. 2 


If 5 € [1,27], then span{z*°, z*1,...} is dense in Lo(A). 
The proof of part b] is outlined in parts c], d], and el]. 


c] Jensen’s Formula. Suppose h is a nonnegative integer and 
Co 
faye", ch £0 
k=h 


is analytic on a disk of radius greater than R, and suppose that the zeros 
of f in Dp \ {0} are a1, a2,... ,a@n, where each zero is listed as many times 
as its multiplicity. Then 


“ ee Oe a ; 
log en] + hlog R-+ log = = | log | f(Re")| do. 
a laz| 27 Jo 


Proof. This is a simple consequence of Poisson’s formula (see, for example, 
Ahlfors [53]), which states that 


1 Qn : 
log |F(0)| = 5 i log |F(Re®)| d6 


whenever the function F' is analytic and zero-free in an open region con- 
taining the closed disk Dr. Now, in the above notation, if we let 


F(z) := f(z) 2) 1 Ws 


and apply Poisson’s formula to F, we get the required result by noting that 
|F(z)| = |f(z)| whenever |z| = R. (The case where f has zeros on the 
boundary of D requires an additional limiting argument.) 
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d] Let —co < a < 6b < ov. Suppose (f;,)?29 is a sequence in Lo(a, 6) 
and span{ fo, fi,...} is not dense in L2(a,b). Then there exists a nonzero 
g € L2(a,b) such that 


b 
| fe(2)gle) ae = 0. k=0,1,.... 


This is an immediate consequence of the Riesz representation theorem (see 
E.7 g] of Section 2.2) and the Hahn-Banach theorem. The second theorem 
says that if span{ fo, fi,... } is not dense in a Banach space, then there exists 
a nonzero continuous linear functional vanishing on { fo, f1,...}. The first 
theorem gives the form of the functional; see Rudin [73]. 

e] Prove b] as follows: Suppose span{z*°, z*1,...} is not dense in L(A). 
Then by d] there exists a g € L2[0, 6] such that 


6 
One } exp(i(z + 1)8)9(6) dé 


vanishes at z = Ax, k = 0,1,... . Also observe that f is an entire function, 
and there is an absolute constant a > 0 such that 


If (z)| < @ exp(d|z)). 


Use E.8 a] of Section 2.2 to show that f #0. Let R > |Ao| be an integer. 
Applying c] on Dr and exponentiating, we obtain 


RRt+1 R 
len| exp((6 — 1)R) —— < |en|R” [] — < cexp(6r), 
R! Fal 
An 


where cy, is the first nonvanishing coefficient of the Taylor series expansion 
of f around 0. However, 


RRt+1 


lim ——> = co 
Roc R!le® , 


which is a contradiction and finishes the proof. 


f] Let A := [0,6]. Suppose (Ax )?29 is a sequence of distinct complex num- 
bers satisfying 

[Nel het? RST, Be 
Show that if 6 € [1,7], then span{cos Ao§, cos A190, ... } is dense in D2(A). 
Hint: Proceed as in the proof of part b]. 
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g] Suppose (Az)? is a sequence of distinct real numbers satisfying 
O<rs <k, k=O; Lua 


Then span{cos \oO, cos X19, ... } is dense in L2[0,7 — €] for any € > 0. 


Proof. This is harder; see Boas [54, p. 235]. 


h] Suppose (A, )729 is a sequence of distinct complex numbers satisfying 
0 < |Ax| < &. Suppose f is an entire function such that ||f||p, < ae” for 
all R > 0 with an absolute constant a > 0, and span{f($z) : 8 € C} is 
dense in [2(C,). Then span{f(\oz), f(A1z),... } is dense in L2(C1). 


E.11 On the Hardy Space H,,. We denote by H. the class of functions 
that are analytic and bounded on D := {z € C: |z| < 1}. We let 


Ilfllu.. = Ilfllo = sup |f(w)] - 
uED 
a] If f € Ho, then 


CO 
=) Anz”, zéD, 
n=0 


where 
lan| < [Iflloe. - 


Hint: By Cauchy’s integral formula 


f@) 


tnti 


dt] < Ro" "Flaw. 


1 1 
— f(r) ik 
jal = IPOS oe 


holds for every R € (0,1). 
b] If f € Hoo, then 


reals (5 =a) flees. ees 


n+l 
FO) <n ( ) IIflluo> lel <1. 


1 
1—|2| 


c] Ha is a Banach algebra. 
Hint: See Rudin [73]. 
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E.12 Blaschke Products. A product of the form 


B(z) =“ T1(23) ka a; € C\ {0} 


l-ajz/) a; 


with k € Z is called a Blaschke product. Let D := {z € C: |z| < 1}. 
a] Let 


a-zZ 
Ya(z) aa ae aeéC. 
Show that |y(z)| = 1 whenever |z| = 1 and 
! lal? Sil 
Po(2Z) 7 (1 = az)? 


b] Show that if a] < 1, then ya(z) maps the closed unit disk D one-to-one 
onto itself. 


c] A Minimization Property. Let (1, 82,... ,8n be fixed complex numbers 
with |6;| > 1, i=1,...n. Show that 


n 


aj 
is UP: 


n 
=| 14" 
D i=1 


and that the minimum is attained by the normalized finite Blaschke product 


n n 1 », aol 
a ; B; -2 
Esta (Ma) Wes), 


i=l i=l 


Hint: Suppose that the statement is false. Then there are some a; € C such 


that = 
n n az 
<(Ilvi) =} Sees 


i=1 


n 


a essr 


i=1 


for all z € C with |z| = 1. Now Rouché’s theorem implies that 


z— B; 


i=1 


has n zeros in the disk D, which is a contradiction. 


d] Suppose (f,,)°2, is a sequence in D satisfying 


Pr=Bo=--=Be=0, Bn #0, n=k+1,k+2,... 
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and 
yoda — |Bn|) < 00 
n=1 

Then 


none Hl (52) 


defines a bounded analytic function on D (that is, B € H..), which vanishes 
at z if and only if z = 8; for some j = 1,2,... , in which case the multiplicity 
of zo in B(z) is the same as the multiplicity of 6; in (B,)°2,. 


e] Suppose (8,)°2, is a sequence in D satisfying 


> = [Brl) = 00. 


n= 


RB 


Denote the multiplicity of 6; in (8n)°, by m;. Suppose f € Ha has a 
zero at each §; with multiplicity m;. Then f = 0. 


Hint: Suppose ||f||p > 0. Without loss of generality we may assume that 
f(0) #0. By Jensen’s formula (see E.10 c]), 


CO R 1 Qn : 
ie = fice FOS [ log |f (Re®|d < log || fll 
|Bn|<R 


for every R € (0,1). Letting R tend to 1, we obtain 


CO 

1 
} | log = < log || fll — log |f(0)| < co. 
n=1 [Pn| 


Hence 
[o-<) 


> 5 (1 = |Bnl) < 00, 


n=1 


which contradicts the assumption. 


Note that the conclusion of part e] holds for the larger Nevanlinna 
class N, which is defined as the set of those analytic functions f on D for 
which 


Oe . 
sup =| logt | f(Re”’)|d0 < 00, 
Re(0,1) 2n Jo 


where logt a := max{log x, 0}. 
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f] Let 
n 
a, — 2 \ |as| 
B(z) := 2* - : ,;EC\ {0 
@=AT (fas) Ge wec\ to) 
be a finite Blaschke product. Show that 
Jovi? 
ie =k e aie 


Hint: Consider B'/B, where |B(z)| = 1 whenever |z| = 1. 


g] Suppose 
CO 
S> (1 = lail) < 00, a; € (0,1) 
i=1 
and 
ry ( au—2z\ jasl 
B = 
o Il (5) Qj 
Show that 


II(1 — 2)? B(z))'Ilb < (14230 (1 — a; ») |Bllp- 


i=1 


Hint: Use f]. 


E.13 Yet Another Proof of Miintz’s Theorem when inf{,; : i € N} > 0. 
As in E.10, this proof requires a consequence of the Hahn-Banach theorem 
and the Riesz representation theorem which we state in a]. For details, 
the reader is referred to Feinerman and Newman [76] and Rudin [87]. We 
assume throughout the exercise that Ap := 0 and that (Az), is a sequence 
of distinct positive numbers satisfying inf{A, : k € N} > 0. 


a] span{1,2™1,a°2,...} is not dense if and only if there exists a nonzero 


finite Borel measure jz on [0,1] with 
1 
[ * du(t) =0, RS UG es 
0 


b] Show that 77°, 1/Ax = co implies that span{1,2*!,«>?,...} is dense 
in C[0, 1]. 


Outline. Suppose there is a nonzero finite Borel measure jz on [0, 1] such 
that 


1 
i Pea S0,.- KSU cose 
0 
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Let ; 

fla) = [ Fault), — Re(z) > 0 

0 
Show that i 
+2 
ote) = § (#*) € Hs 
and 
Ap —1 : Ap —1 
= h 1 aaa ey rare 
o (P=) oe eS < ? 3 aa 


Note that S772, 1/A, = co and inf{A,, : k € N} > 0 imply 
At -1]\ _ a 
Ap +1 = 


Hence E.12 e] yields that g = 0 on the open unit disk. Therefore f(z) = 
whenever Re(z) > 0, so 


foe) 


> (- 


kad 


gin) = fe duce) =0, ee ee 


Note that 


[ ea =0 
0 


also holds because of the choice of u. Now the Weierstrass approximation 


theorem yields that 
1 
[ saute) = 
0 


for every f € C[0, 1], which contradicts the fact that the Borel measure pu 
is nonzero. So part a] implies that span{1,a*1, 2*2,...} is dense in C[0, 1]. 


c] Show that 772, 1/Ax < oo implies that span{1,2*!,2*2...} is not 
dense in C0, 1]. 


Outline. Show under the above assumption that 


fe= is t? inf. f(-1 + is)e~tet ash dt , Re(z) > —-1 


if f is defined by 


La) ap sees ree 
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Show that i fe 
du(t) = ix / f(-1 + is)er*#" ds} dt 


defines a nonzero finite Borel measure, jz, on [0, 1] such that 


1 
[ te du(t)=0, k=0,1,2,... 
0 


as is required by part a]. For the above, show that 


f(z) = = ae LSD as, Re(z) > —1 


and use that 


4 1 
af er des 
1+z-is 0 


E.14 Another Proof of Denseness of Mtintz Spaces when \; > 0. Suppose 
A := (A;)%, is a sequence of distinct positive numbers with lim A; = 0. 
ICO 

Show that 

M(A) := span{1,a™",a?,...} 
is dense in C[0, 1] if and only if )77°, A; = 00. 
Hint: If °°, A; = co, then lim 4; = 0 implies that 

ICO 


So the outline of the proof of E.13 b] yields that M/(A) is dense in C[0, 1]. 
If 7 = SO, Ai < 00, then, by Theorem 6.1.1, the inequality 
Ilzp'(z)||[0,4) < 97 Ilpllto,1 


holds for every p € M(A). Use this inequality to show that M(A) fails to 
be dense in C(O, 1]. 


E.15 Denseness of Mimtz Spaces with Complex Exponents. Suppose 
A := (\;)%&, is a sequence of complex numbers satisfying 


Re(\;) > 0, 1 Te Don. 8 
Show that if 


E (0 


n=1 


then span{1,2*!,2*?,...} is dense in C[0,1]. (In this exercise the span is 
taken over C, and C0, 1] denotes the set of all complex-valued continuous 
functions on [0, 1].) 
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E.16 Christoffel Functions for Nondense Mintz Spaces. Let A = (\;)%o 
be a sequence of distinct complex numbers with Re(A;) > -$ for each i. As 
in Section 3.4, let Ly := Li {Ao,.-. , Ax} denote the associated orthonormal 
Miintz-Legendre polynomials on [0, 1]. 


a] Let Ky, be defined by 


1 
— := int [ |p(t)|? dt: p€ span{a**,a™,...,2°"}, ply) = i} } 
Knly) 0) 


Show that 


Kn(y) = [LRP - 
k=0 


The function 1/K,, is called the nth Christoffel function associated with A. 
Hint: Proceed as in the hint to E.13 of Section 2.3. 


In the rest of the exercise we assume that (A;)%2_ is a sequence of non- 
negative integers. We use this assumption for treating (higher) derivatives, 
although some weaker assumptions would lead to the same conclusions. 


b] Suppose 373°, 1/A; < co. Show that for every « € (0,1) and me N, 
there exists a constant Ce, depending only on A,¢, and m such that 


I|po™ IIfo,1—¢] < Ce,mllp||z2[0,1] 


for every p € span{a™, x*!,...}. 

Hint: Use E.3 c]. 

c] Show that the following statements are equivalent: 
(1) span{2*°,a*1,...} is not dense in C[0, 1]. 

Qy Yo I pex so. 

(3) 

(4) There exists an x € [0,1) so that 77°, (Li. (x))? <c. 


Outline. The equivalence of (1) and (2) is the content of Miintz’s theorem 
(Theorem 4.2.1). To see that (2) implies (3), first observe that 


Seg (Li)” converges uniformly on [0,1 —] for all € € (0,1). 


Yen” wy 
k=0 
as (m) 2. AO AL = 
= sup {|p (y)|” : p€ spanfa*?,2™",...}, Ilpllzajo.y = 1} , 


which can be proved similarly to part a]. Hence by part b], for every € € 
(0,1), there exists a constant c. depending only on € such that 


196 4. Denseness Questions 


foe) foe) 


S (Lia)? Se and = ST (L'(a))? Se, =e E [0,1 -d. 


k=0 k-0 


Since ()\p-0 (Lay) = 207 Li. Lz on [0,0o), applying the Cauchy- 
Schwarz inequality, we obtain that 


| (Spo (L4)?)'(@)| <2, w E [0,1 -e). 


Therefore the functions }°;_» nae n=1,2,..., are uniformly bounded 
and equicontinuous on [0,1 — €], which implies the uniform convergence 
of the functions K,, on [0,1 — ] by the Arzela-Ascoli theorem. Since (3) 
obviously implies (4), what remains to be proven is that (4) implies (1). 
This can be easily done by part a]. 
d] Let € € (0,1) and m € N be fixed. Show that if >7°5 1/A; < oo, then 
reg (Li) )? converges uniformly on [0, 1 — €]. 


Hint: Modify the argument given in the hints to part cl]. 
e] Show that if 77°, 1/Ai < ov, then 


dim [EP lloa—g = 0 
00 
for every « € (0,1) andmeN 


E.17. Chebyshev-Type Inequality with Explicit Bound via the Paley- 
Wiener Theorem. The method outlined in this exercise was suggested 
by Haldsz. A function f is called entire if it is analytic on the complex 
plane. An entire function f is called a function of exponential type 6 if there 
exists a constant c depending only on f such that 


If(2)| <eexp(|z|), 2 EC. 


The collection of all such entire functions of exponential type 6 is denoted 
be E°. The Paley-Wiener theorem characterizes the functions F that can 
be written as the Fourier transform of some function f € L2[—6, 4]. 


Theorem (Paley-Wiener). Let 6 € (0,00). Then F € E®° L2(R) if and 
only if there exists an F € L2[—6,6] such that 


6 
RE [ feat, 


For a proof see, for example, Rudin [87]. 


In the rest of the exercise let A = (Ax)?2.9 be an increasing sequence 
with Xo = 0 and S7P2, 1/AR < 00. 
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E.5 says that 


llPllt0,1 


Cie, A) := su 
io) Tae 


: pe span{a™,2™,...)} < 00 


holds for every € € (0,1). In this exercise we establish an explicit bound for 
C(e, A). 


a] Show that 


|p(0)| 


C(e, A) = sup ¢ ———— 
4) » irs 


: pe span{a™,2™,...}} 


for every € € (0,1). 


Hint: Use Xo = 0, E.4 c] of Section 3.3, and the monotonicity of the 
Chebyshev polynomial 


Re Eau: sc emer cee | eee ae 


on [0,1 — €]. 
b] Assume that 
(1) Fe ESN L2(R); 
(2) F(t\,) =0, k=1,2,... (iis the imaginary unit); and 
(3) F(0) =1. 
Show that 
|P(co)| < ||Fllzacay || Pll zo[—4,5] 
for every P € span{e~*°t,e“™#,... }. 
Outline. By the Paley-Wiener theorem 


5 
Oe / f(t)ei? dt 
-5 
for some f € L2[—6, 6]. Now if 
P(t) = ao + y ape >** , 
k=1 


then 


—6 


6 6 n 6 
—a a et 
/ f(t)P(t) dt = ao [ RicLap> , ie fle at 


= agF (0) + S- apF (iAp) = ao = P(co). 
k=1 
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Hence by the Cauchy-Schwarz inequality and the L. inversion theorem of 
Fourier transforms, we obtain that 


|P(co)| < |lfllzof—s,6] IlPllzof—o,9) < WF lize Il Pllzo[—6,9) - 


Given 6 € (0,1), let N € N be chosen so that 


Sigs 
ar 38 
k=N+ 
Let 5 
ORs AXk with As= 3N A 
Let 
_ sin(dz/3) 
BNA es fa 


<li(¢-&) 8) fi, (2) 
as irk Onz/Ak aint sini 
where 7 is the imaginary unit. 


c] Show that F € F°. 
d] Observe that F(0)=1, F(iA,) =0, & =1,2,..., and 


N 
|F(t)| < te Il (2+ x), teR. 


ket 


e] Show that 
ene a 
< SJ] (2+=) Pisa 
k=1 
for every P € span{e~**’,e~™"",...} with c := ||t~' sin¢||z,(R)- 
Hint: Use parts b], c], and d]. 


f] Let Ay := k*, a > 1. Show that there exists a constant c, depending 
only on @ such that 


IIPllto.ay < exp (cae/O~) [lI pe. 


for every p € span{a*®°, x*!,...} and for every € € (0, 1/2]. 
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Proof. Let 
(4.2.5) b:= = log(1 —). 


Observe that N in part e] can be chosen so that 


(4.2.6) N:= (een +1. 


Also, o, in part d] is of the form o, = 5k*(3N)~!. Let M+1 be the smallest 
value of k € N for which 
1 


— <1, that is, —< 
Ok kop — 


--(@"| 


1. 


Note that 


If0 <M <N, then 


k=1 k=1 
M N M —aM 
9N 9N M ee 
< Isr) ( II 2) <(F) (J) 3 
k=1 k=M-+1 
M 


-(=) M-°M3N-M 
-—aM 
5)" (3 (#)"") 3M 
6 2 oO 


< (3(2e)*)%3-™ < (3(2e)*)%, 


and the theorem follows by (4.2.5), (4.2.6), and part e]. 
If N < M, then 


k=1 
GG 


< ee G2) < (3e%(a—1))” , 


and the theorem follows by (4.2.5), (4.2.6), and part e]. 
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If M =0, then 


Le ee 


and the theorem follows by (4.2.5), (4.2.6), and part e]. 


The next part of the exercise shows that the result of part f] is close 
to sharp. 


g] Let \y = k*, a> 1. Let € € (0, 1/2]. Show that there exists a constant 
Co, depending only on a > 0 so that 


sup {mh : p€ span{a™,2"1,... )} > exp (cael/(1-9)) 


Proof. Let n € N be a fixed. We define 7, := kn°—!, k = 0,1,.... Let 
T(x) := ((a@ — 1)/2)” and 


2er" 1+(1=—"" 
Qn(x) = Th (oa SS} 


Then Q» € span{z”,...27}, and by E.3 g] of Section 3.3 we obtain that 


=O oe CAO wide 
at ere Cee ee eS igen ee 


Now let n be the smallest integer satisfying n°—! > e7!. Since (1 — €)!/¢ is 
bounded away from 0 on (0, 1/2], the result follows. 


E.18 Completion of the Proof of Theorem 4.2.1. The case when A; > 1 
for each 7 has already been proved. The only real remaining difficulty is 
part d]. 


a] Prove Theorem 4.2.1 in the case when inf{\; : 7 € N} > 0. 


Hint: Use the scaling « > x'/é and the already proved case. 


b] Show ae if (A;)22, C (0,00) has a cluster point A € (0,00), then 
span{1, 2*!,a*2,...} is dense in C[0, 1]. 


Hint: Use part = 


c] Suppose (A;)%, C (0,00) and A; 4 0. Then span{1,a*',2*?,...} is 
dense in C[0, 1] if and only if )3°, Ai = co. 


Hint: This is the content of E.14. 
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d] Suppose 
{A\;:i EN} = fa; : i EN} ULB; : i © N} 
with 
lim a; = 0 and lim 6; = 00. 
ICO I 0O 
Show that span{1,2*1,2*?,...} is dense in C[0, 1] if and only if 
CO CO 1 
(4.2.7) d+ DZ =O 
i=l i=1 “* 


Outline. If (4.2.7) holds, then the denseness of span{1,2*!,2*?,...} in 
C0, 1] follows from parts a] and c]. Now assume that (4.2.7) does not hold, 


so 
[o-) [o-) 1 
Sa < 00 and So = <a. 
i=l j=l 8i 


For notational convenience, let 


Thea Tl ge 5 cs fhe © OF1]}5 
Tig ah cere (Ol, 
Tyg Tad a pace ek ee, cote ge (0) TY 


(we use the notation introduced in Section 3.3). 


It follows from Theorem 6.1.1 (Newman’s inequality) and the Mean 
Value Theorem that for every « > 0 there exists a ki(e) € N depending 
only on (a;)%2, and ¢€ (and not on n) such that Tp. has at most ki (€) zeros 
in [e, 1) and at least n — ky (e) zeros in (0,€). 

Similarly, E.5 b] and the Mean Value Theorem imply that for every 
€ > 0 there exists a ko(e) € N depending only on (8;)%, and € (and not on 
n) so that T,,,g has at most k2(e) zeros in (0,1 — €] and at least n — ko(e) 
zeros (1 —,1). 

Now, on counting the zeros of Th, — Ton,«,8 and Tn,g — T2n,0,8, We 
can deduce that for every « > 0 there exists a k(e«) € N depending only 
on (A;)%, and € (and not on n) so that Ton.o,g has at most k(e) zeros in 
le, 1 — e]. 

Let € := + and k := k (4). Pick k + 4 points 


5 <M <m <+++<Me43 < # 
and a function f € C[0,1] such that f(x) = 0 for all x € [0,4] U [2,1], 


while . 
f (mi) = 2-(-1)', i=0,1,.... 
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Assume that there exists a p € span{1,a*1,2*2,...} such that 


If — plo. <1. 


Then p— Top.o,3 has at least 2n + 1 zeros in (0,1). However, for sufficiently 
large n, 
p—Tania,g € span{1,a*',. - ey 


so it can Hey at most 2n zeros in [0,00). This contradiction shows that 
span{1,2*!,a*2,...} is not dense in C[O, 1]. 


e] Prove gee 4.2.1 in full generality. 


Outline. Combine parts a] to d]. 


E.19 Proof of Theorem 4.2.3. Prove Theorem 4.2.3. 
Proof. Assume that 
span{z*°, 2™,...} 


is dense in L,[0, 1]. Let m be a fixed nonnegative integer. Let « > 0. Choose 
a 
p € span{x*°,2™,...} 


such that 
le — p(2)ll sro.) <€- 
Now let e 
q(x) := [ p(t) dt € span{a%0t}, 141, Lae be 
0 
Then 


gmt 


<eé. 
[0,1] 


So the Weierstrass approximation theorem yields that 


span{1,a%°t! gt! |} 


is dense in C0, 1], and Theorem 2.1 implies that 


foe) 


Ayt1 er 
ar Oi: +1241 +1) 
Now assume that 
CO 
Ayt1 
4.2.8 = 
n28) 2,41? 4+1 


By the Hahn-Banach theorem and the Riesz representation theorem 


4.2 Miintz’s Theorem 203 
span{2**, 2*1,...} 


is not dense in L,[0, 1] if and only if there exists a0 4 h € L,.[0, 1] satisfying 
1 
[ Min(t)dt=0, i=0,1,.... 
0 
Suppose there exists a 0 4 h € L,.[0, 1] such that 


1 
[ (ina =O, HO Tiss 
0 


Let. 


Then 


is a bounded analytic function on the open unit disk that satisfies 


di di 
a( +) =0 with | <i. FO Tees 


Ai +2 ry + 2 


Note that (4.2.8) implies 


> (1-5) ~— 


i=1 


Hence Blaschke’s theorem (E.12 e]) yields that g = 0 on the open unit disk. 
Therefore f(z) = 0 whenever Re(z) > —1, so 


sin) = f enar=o, ae 


0 


Now the Weierstrass approximation theorem yields 


1 
) u(t)h(t) dt = 0 
0 
for every u € C[0, 1], which contradicts the fact that 0 4 h. So 


span{z*°,2™,...} 


is dense in L,[0, 1]. 
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E.20 Proof of Theorem 4.2.4. 
a] Show that if 


oo Ay + i 

(4.2.9) \> ——_4— =~, 
i=0 Oi + 1) +1 

then span{x**,2*1,...} is dense in L,[0, 1]. 


Outline. By the Hahn-Banach theorem and the Riesz representation theo- 
rem 
span{x**, 2*1,...} 


is not dense in L,[0, 1] if and only if there exists a0 4 h € L,[0, 1] satisfying 


1 
[ enmat=o, 10s 2 
0 


where q is the conjugate exponent of p defined by p~! + q7! = 1. 
Suppose there exists a 0 # h € L,[0, 1] such that 


1 
[ enw@ae=o, ii eee 
0 


Let. i 
fa) = f enar, Re(z) > -2. 


Use Hoélder’s inequality to show that 


is a bounded analytic function on the open unit disk that satisfies 


+571 . M+i-1 . 
(SEES) =0 ue vere eat eee 
Note that (4.2.9) implies 
oo (: 7 Ay t+ . —1 ons 
i=l Apgar 1 


Hence Blaschke’s theorem (E.12 e]) yields that g = 0 on the open unit disk. 
Therefore f(z) =0 whenever Re(z) > —<, so 
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1 
f(n) =a hit) di =0, rat Ve wakes 
0 
Now the Weierstrass approximation theorem yields 
1 
1, u(t)h(t) dt = 0 
0 


for every u € C[0, 1], which contradicts the fact that 0 4 h. So 


span{x**, 2*1,...} 


is dense in L,[0, 1]. 
b] Show that if 


then span{x*°,2*1,...} is not dense in L,[0, 1). 
Outline. This follows from E.7 of Section 4.3. 


c] Suppose (A;)%5 is a sequence of distinct positive numbers. Let p € 
[1, 00). Show that span{e~*°!,e~*", ... } is dense in Lp[0, 00) if and only if 
+1 


=O. 
i=0 


=t 


Outline. Use parts a] and b] and the substitution x = e 


E.21 Mintz Theorem on [a,b] with a <0 <b. Suppose A := (A;)%, is 
a sequence ue sae nonnegative integers, and suppose a < 0 < b. Then 


span{1,a*1,2*2,...} is dense in C[a,b] if and only if 
a lal 
—_= d 
: : oe) an os ~ 
ds is even ri A anda 


E.22 The Zeros of the Chebyshev Polynomials in Nondense Mintz Spaces. 
Let (Ai) 25 be a sequence of distinct nonnegative real numbers with Ao := 0 
and 77°, 1/A; < oo. Let 


Te = Tn{ro, M1, Cao An} [0, 1}} 
be the Chebyshev polynomials for span{z’,... , x" } on [0,1]. Let 
Z := {x € [0,1]: T,(2) =0 for some n € N}. 


Let Z’ be the set of all limit points of Z and Z” be the set. of all limit points 
of Z'. Show that Z" = {1}. 


Hint: Use the bounded Bernstein-type inequality of E.5 b] and the inter- 
lacing property of the zeros of the Chebyshev polynomials T,,. 
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4.3 Unbounded Bernstein Inequalities 


In Section 4.1 we characterized the denseness of C' Markov spaces by the 
behavior of the zeros of their associated Chebyshev polynomials. The princi- 
pal result of this section is a characterization of denseness of Markov spaces 
by whether or not they have an unbounded Bernstein inequality. 


Definition 4.3.1 (Unbounded Bernstein Inequality). Let A be a subset of 
C'[a, b]. We say that A has an everywhere unbounded Bernstein inequality 


if 
p{ tes 0¢pe Al ee 
IlPl\ia,0] 


for every [a, 3] C [a,b], a 4 8. 


The subset 
A := {2" p(x): p€ Pn, n=0,1,...} 


has an everywhere unbounded Bernstein inequality despite the fact that 
f'(0) = 0 for every f € A. 


The next result shows that in most instances the Chebyshev polynomial 
is close to extremal for Bernstein-type inequalities. This is a theme that will 
be explored further in later chapters. 


Theorem 4.3.2 (A Bernstein-Type Inequality for Chebyshev Spaces). Let 


(1, f1,.-.,fn) be a Chebyshev system on [a,b] such that each f; is differen- 
tiable at xo € [a,b]. Let 


Tn = Trf{l, fis... , fri [a, 6} 
be the associated Chebyshev polynomial. Then 


p'(20)| 2 
LSE ee ee 
lpllfaay 2 = ITaeoy) Un 


for every0 #p€ span{1,fi,..., fn}, provided |T,(xo)| # 1. 


Proof. Let a = yo < yi < +++ < Yn = b denote the extreme points of Th, 
that is, 


Tn(yi) = (lr, B=0; diyses I 


(see the definition and E.1 a] in Section 3.3). Let yz < 20 < yx41 and 


0O#Ape€ A, :=span{l, fi,...,fn}- 
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If p'(ao) = 0, then there is nothing to prove. Assume that p'(ao) 4 0. Then 
we may normalize p so that 


Ilpll[ao] =1 and — sign(p'(xo)) = sign(Th(ye+1) — Tn(ye)) - 


Let 6 := |Tp(xo0)|. Let € € (0,1) be fixed. Then there exists a constant 1 
with |n| < 6 + $(1 — 6) such that 


n+ 35(1—6)(1 —€)p(20) = Tn (20). 


Now let 

q(x) = + 7(1 — 6)(1 — €)p(z). 
Then 

llalltajo) <1, 4(o) = Tn(o) , 
and 


sign(q'(xo)) = sign(Tn(yr41) — Tn(ye)) - 


If the desired inequality did not hold for p, then for a sufficiently small 
e>0 
|q'(%0)| > |Tn(wo)] , 


sO 


would have at least three zeros in (yz, yz41). But h has at least one zero in 
each of (yi, yi+1). Hence h € Hy, has at least n + 2 zeros in [a,b], which is 
a contradiction. 


We now state the main result. 


Theorem 4.3.3 (Characterization of Denseness by Unbounded Bernstein 
Inequality). Suppose M := (fo, fi,...) is an infinite Markov system on 
[a,b] with each f; € C*[a,b], and suppose that (fi/fo)' does not vanish 
on (a,b). Then span M is dense in Cla,b] if and only if span M has an 
everywhere unbounded Bernstein inequality. 


Proof. The only if part of this Theorem is obvious. A good uniform ap- 
proximation on [a,b] to a function with uniformly large derivative on a 
subinterval [a, 8] C [a,b] must have large derivative at some points in 
[a, 8]. 

In the other direction we use Theorems 4.3.2 and 4.1.1 in the follow- 
ing way. Without loss of generality we may assume that fo = 1 (why’?). If 
span M is not dense in C[a, b], then, by Theorem 4.1.1, there exists a subin- 
terval [a, 3] C [a,b], where all elements of a subsequence of the sequence 
of associated Chebyshev polynomials, 
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(Thtltis es s Ini [a, b]}) , 


have no zeros. It remains to show that from this subsequence we can pick 
another subsequence (7;,,) and a subinterval [c,d] C [a, 3] with 


(4.3.1) en [c,d] < 1-6 
and 
(4.3.2) [ITs llteay << ¥ 


for some absolute constants 6 > 0 and y > 0. The result will now follow 
from Theorem 4.3.2. A proof that the above choice of (Tp;) is possible is 
outlined in E.1. 


Theorem 4.3.3 has the following interesting corollary. 


Corollary 4.3.4. Suppose (az)72., C R\[—-1,1] is a sequence of distinct real 


numbers. Then i ‘ 
span {1 ; : sate } 
r—-AaAy r— a2 


is dense in C[-1, 1] if and only if 


Pere, unlike in Section 3.5, a4, — 1 denotes the principal square root of 
ay —1.) 


Proof. A combination of Theorem 4.3.3 and Corollary 7.1.3 yields the only 
if part of the corollary. 


The Chebyshev polynomials T,, (of the first kind) and U,, (of the second 
kind) for the Chebyshev space 


ea! 
span <1, Sakata’ 
G-ay L-An 


on [—1, 1] were introduced in Section 3.5. The properties of 


Tn(@) := Tp (cos 6) and Un (0) := Un (cos 9) sin 8 , 
established in Section 3.5, include 


(4.3.3) [Trllk=1 and ||Uallk=1, 
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(4.3.4) Yee 6 poet 
(4.3.5) (Tn)? + U,,)? = Bi, 
(4.3.6) Pe Balle! 
and 
(4.3.7) Ul! = BrTn, 
where n 
= az, —1 
B = k OER 
n(8) 2 lax — cos O| 5 


(\/azZ —1 denotes the principal square root of aj — 1) and the identities 
hold on the real line. Suppose 


CO 
S- az —1=oo. 
k=1 
Then 
(4.3.8) lim min B,(6)=0, O<a<B<K<r. 


no 4E[a,B] 
Assume that there is an interval [a,b] C (—1,1) such that 
sup |[Tllia.a) < 00. 
neN 
Let @ := arccosb and ( := arccosa. Then 
sup [IT lta,s) <0. 
neN 
It follows from properties (4.3.6) and (4.3.8) that 
Jim, Onllfe,3] =0, 
and hence, by property (4.3.4), 
: F2 _ 
Jim ee 71 I,2,8] = 0. 
Thus, by properties (4.3.7) and (4.3.8), 
li in |U/,(8)| = 00, 
ee elle 
that is, a Le 
lim |U,(8) — Un(a)| =o, 
N—>OCo 
which contradicts property (4.3.3). Hence 


Ty, Il[a,0) = ! = 
sup pa = sup ||T)|I,[a,5] = © 
neN I Troll{—1,1] nen 

for every [a, 6] C (—1,1), which, together with Theorem 4.3.3 shows the if 
part of the corollary. 


210 4. Denseness Questions 


Comments, Exercises, and Examples. 


We followed Borwein and Erdélyi [95a] in this section. Corollary 4.3.4, to 
be found in Achiezer [56], is proved by using entirely different methods. 


E.1 The Crucial Detail in the Proof of Theorem 4.3.3. Suppose that 
M := (1, fi, fo,.--) is an infinite Markov system of C? functions on [a,b] 
and f{ does not vanish on (a,b). Suppose that the sequence of associated 
Chebyshev polynomials (T;,) has a subsequence (T;, ) with no zeros on some 
subinterval [a, 3] of [a,b]. Show that there exists another subinterval [c, d] 
and another infinite subsequence (T;,,) such that for some 6 > 0 and y > 0, 
and for each n,, 


IlTn: 


[c,d] < 1-6 and |Z, [ed] <Y- 

Outline. For both inequalities first choose a subinterval [c,d] C [a, 3] and 
a subsequence (nj,1) of (n;) such that each alternation point of each Tp, , 
is outside [c,d]. Then choose a subsequence (n;,2) of (ni,1) so that either 
each T;,, . is increasing or each T, , is decreasing on [c;, d;]. Study the first 
case; the second is analogous. Let [c2,d2] be the middle third of [e1, di]. 
If the first inequality fails to hold with [co,d2] and (nj,2), then there is a 
subsequence (n;,3) of (nj,2) such that ||Tp; 5||[e2,d2] + 1 as ni,3 + 00. Hence, 
there is a subsequence (nj,4) of (n;,3) such that either 


ax Th. > 1 i Dee. >-l. 
eee nia (2) or oe nia (2) 


Once again, study the first case; the second is analogous. Since each Ty, , 
is increasing on [c1, di], 


jim, I= Trsallidasas] = 0. 


Now choose g := ap + aif; + a2fe so that g has two distinct zeros 
ay and az in [d2, di], 19 lIfa1,02] < 1, and g is positive on (a1, a2). Let 
B:= max g(a) and g := g+ 1-8. Show that T;,, , —g has at least n +1 

= 


ai<a<a 
distinct zeros in [a,b] if n;,4 is large enough, which is a contradiction. 


For the second inequality, note that E.4 of Section 3.2 implies that 
(f{,.--,f),) is a weak Chebyshev system on [a,b], and so is 


T! ' T! ! qT! ! 

Sy ee state eed fe cS Bats 

Ty Ty Ty 
From this deduce that each (7), ,/Tj)’ has at most one sign change in 
[c2,d2]. Choose a subinterval [c3,d3] C [c2,d2] and a subsequence (nj,5) of 
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(ni,2) so that none of (T},, ,/T])' changes sign in [cg,d3]. Choose a sub- 
sequence (n;,¢) of (nji,5) so that either each T),, ,/T] is increasing or each 
Th,¢/T1 is decreasing on [c3,d3]. Again, consider the first case; the second 
is analogous. Let [c4, ds] be the middle third of [c3, d3]. If the second in- 
equality fails to hold with [c1,d4] and (ni,¢), then there is a subsequence 
(ni,7) of (ni,¢) such that either 


Ta @) 
lim max ; = oo 
niz—o0ca<a<da T(x) 
or ; 
. . ae (x) 
lim min ——=-o. 


Ni,7 AO ca<a<da Tl (x) 


Once again we just treat the first case; the second is analogous. In this case, 
for every K > 0 there is an N € N such that for every n;,7 > N we have 


Le) >K, LE [d4, ds] ‘ 


Hence 


K (dz _ d4) < y T.. (x) dr = Tn; (ds) = Thi (dy) < 2:, 
da , 


which is a contradiction. 


E.2. On the Uniform Closure of Nondense Markov Spaces. Suppose 
that M = (fo, f1,...) is an infinite Markov system on [a,b] with each 
fi € C?[a,b], and suppose that (f1/fo)' does not vanish on (a,b). Suppose 
that span M fails to be dense in C{a, b]. 


Show that there exists a subinterval [a, 8] C [a,b], a < 6, such that 
every g € Cla, b| in the uniform closure of span M on [a,b] is differentiable 
on [a, {]. 

Hint: By Theorem 4.3.3 there exists an interval [a, 3] C [a, 6] and a constant 
7 € R so that 

AI paya] < MMIAllta,o] 
for every h € span M. Suppose g € C[a, 6] and 


lim ||hn — \l[a,6] =0. 
noo 


Choose n; € N such that 


lg — An; eas 25 7=0,1,.... 
Then 
oo 
g = hing a Se (hn ~~ hni-1) 5 
i=1 
Since 


I|(An; ir; hs) |ltesg] < 2)" ; 
it follows that g is differentiable on [a, {3]. 
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E.3 An Analog of Theorem 4.3.3 with Applications. Suppose that 
M = (fo, fi,---) is an extended complete Chebyshev (ECT) system of 
C@ functions on [a, 6], as in E.3 of Section 3.1. Note that E.3 a] of Section 
3.1 implies that fo does not vanish on [a, ]. 


a] Show that the differential operator D defined by 


Dif) = (£) ,  feC'fa,2] 


maps M to Mp, where 


a (2) 

Mp := —)},(—],... 

? ((4 fo 

and Mp is once again an ECT system of C' functions on [a, }]. 


Hint: Use E.8 b] of Section 3.2. 


b] The differential operators D‘)(f) are defined for every f € C”[a,b] as 
follows. Let 


Fio:= fi, 7=0,1,2,..., 


F, : 
Fin i= (A) PO. Fey ST 
0,n-1 


Do n=s DO |= (FD), nara... 
0,n—-1 


Let 


Mpa = Mp and Mpwm i= (M pom) | a os eee F 


D o) 


Show that if span Mpc) is dense in Ca, b], then so is span M. 


c] Suppose that span M fails to be dense in C[e, d] for every subinterval 
[c,d] C [a,b], ¢ < d. Show that for each n € N, there exists an interval 
lan, Bn] C [a,b], an < Bn, such that 


D(f . 
»{! (AlltansBa) 


OA f EspanM><o. 
IF llte,6) 


Hint: Use Theorem 4.3.1 and induction on n. 


d] Suppose that span M fails to be dense in C[c, d] for every subinterval 
[c,d] Cc [a,b] c < d. Show that for each n € N, there exists an interval 
lan, Bn] C [a,b], An < Bn, where every g € Cla, b] in the uniform closure 
of span M on |a, b] is n times continuously differentiable. 
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Hint: Use part c]. The argument is similar to the one given in the hint to 
E.2. 


e] Suppose that span ™M fails to be dense in C[c, d] for every subinterval 
[c,d] C [a,b], c<d. 


Show that every function in the uniform closure of span M on [a,b] is 
C on a dense subset of [a, 6]. 


(This is the case for Miintz systems 


oe) 
1 
M := (4%, a%1,...), ACER, S- < oO 


on [a,b], 0 <a < 6; see E.7 of Section 4.2.) 


E.4 Bounded Bernstein-Type Inequality for Nondense Mintz Spaces. 
Suppose (\,;)%, is a sequence of distinct positive numbers satisfying 


BF ea 
Pay oe 
aed 


Then for every € > 0, there is a constant c, such that 
! Ce 
Ip'(x)| < { lllto.u1» we (0,1 ¢ 


for every 


pe span{l,a™!,a*?,...}. 


To prove this proceed as follows. Let Ao := 0, and let 
qT — Tn{ro, M1, ation »An3 [0, lj} 
be the Chebyshev polynomial for span{1,2*1,... ,2*"} on [0, 1]. Let 


M(A) := span{1,a™",a?,...}. 


a] Observe that for every « > 0 there exists a k. € N depending only on 
(Ai)&2, and € (and not on n) such that T,, has at most k. zeros in [e, 1 — €]. 


Hint: This is proved in the outline of the proof of E.18 d] of Section 4.2. 


b] Show that every nonempty (a,b) C (0,1) contains a nonempty sub- 
interval (a, 3) for which there are integers 0 < ni < no <--- such that 
none of the Chebyshev polynomials T;,, vanishes on (a, 3). 


Hint: Use part al. 
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c] Show that every nonempty (a,b) C (0,1) contains a nonempty sub- 
interval (a, 3) such that 


U 
sup {Paes o¢pe may} < oo. 
IlPl|[0,1] 


Hint: Modify the proof of Theorem 4.3.3. 


d] Finish the proof of the initial statement of the exercise. 


Hint: Use part c] and a linear scaling. 


E.5 The Closure of Nondense Miintz Spaces in C[0, 1]. Suppose (,;)2°2 
is a sequence of distinct positive numbers satisfying 


foe) 


ri 
Dena oe 


a 


Show that 
span{1,a™,a2*2,...} C C°(0,1), 


that is, if f is the uniform limit of a sequence from span{1,2*!,2*?,...}, 
then f is infinitely many times differentiable on (0,1). 


Hint: Use E.4 with the substitution « = e~*. 


E.6 A Nondense Markov Space with Unbounded Bernstein Inequality on a 
Subinterval. One may incorrectly suspect that nondense Markov spaces on 
[a,b] can be characterized by an everywhere bounded Bernstein inequality 

n (a,b), at least under the assumptions of Theorem 4.3.3. The purpose of 
this exercise is to show that this is far from true, and in a sense, Theorem 
4.3.3 is the best possible result. 


The same construction can be used to give a nondense Markov space 
on [a,b] such that the set 


Z := {x € [a,b] : T,(x) = 0 for some n € N} 


is neither dense nor nowhere dense in [a,b]. Here (T,)°2 is the sequence 
of associated Chebyshev polynomials on [a, }]. 


We construct an infinite Markov system on (—oo, co) as follows. Sup- 
pose A := (X;)%2, is a sequence of even integers satisfying 


1 
O=X% <A < AQ <-:-, 0B 


Suppose m > 0. Let yp € C(—o0, 00), k = 0,1,..., be defined by 
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2kt+m 
vue) =| on? 22 
‘ Copor®, 2 <0 


and 
gzhtmt+l xz> 0 


Ei 


por-1(@) = { 


where (c;)%29 is a sequence of positive numbers associated with a fixed 
sequence of integers 0 := no < ny < ng <--: and aconstant 6 > 0, and it 
is chosen as follows. Let 


= Cop 412+ , £S 0, 


Mj i= Nj41 —nj —1, 4 0; Loew. 
Let A 
T(x) := cos(n arccos(2x — 1)) =: XE Qin" 
i=0 


be the nth Chebyshev polynomial on [0, 2]. Now choose the constants c; > 0 
such that 


oo Nj4i-1 


> > 0" aan < T., 


j=0 =n; 
a] Show that (yo, ¢1,.-..) is a Markov system on (—00, 00). 
Hint: If 
n 
p(z) = S— aipi(z) ; a; ER, 
i=0 


then A 
p(z) = S- az™ , we) [0;00), 
i=0 


while 
n 


p(x) = So(-liaia* ; x € (—oo, 0]. 


i=0 


Now apply Theorem 3.2.4 (Descartes’ rule of signs). 
b] Show that span{yo, y1,...} is not dense in C[—6, 2]. 


c] Show that there is a sequence of integers 0:= 19 < ni < no <--+ such 
that 


’ 
sup {Te 0 £ pe span{vo,p1,...}} = 0 
Ilp ||, 2,2) 


for every nonempty interval [a, 3] C [0,2], while 


U 
sup | ee : OFpE span{yo,si,---}} < 00 
llpllt—s,2) 


for every x € (—6d,0). 
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d] Suppose the sequence (y;)% is defined associated with a fixed sequence 
of integers 0:= ng < ny < ng <--++ and 6 := —2. Let 


Th = Tn{Yo; Pis--+ 5 Pn3 [—-2, 2\} 
be the Chebyshev polynomial for span{yo, y1,.-- ,n} on [—2, 2]. Let 
Z := {x € [-2,2]: T,(x) =0 for some n € N} 


and let Z’ be the set of all limit points of 7, and let 7” be the set. of all limit 
points of 7’. Show that the sequence of integers 0 := no < ny < no <-:: 
in the definition of (y;)%2, can be chosen so that 


Z"(-2,0)=0 and  [0,2;U{-2}c 2". 


E.7 Nikolskii-Type Inequalities for Nondense Mimtz Spaces. Suppose 
that p € [1, oo]. Suppose (\;)%, is a sequence of distinct real numbers 
greater than —1/p satisfying 


+4 


=0 (+2) 41 


< Ow. 


Show that for every ¢ > 0, there exists a constant c, > 0 depending only 
on € and p so that 


la(x)| < cea"? |Iallr,, 0,1] 
for every g € span{x*°, x*!,...} and for every x € [0,1 — €]. 


In particular, for every € > 0, there exists a constant c, > 0 depending 
only on € so that 


llall{ea—eq S Cellallz (0,11 
for every q € ones Bp rie be 
Thus, span{x*°, 2*1,...} is not dense in L,[0, 1]. 


Hint: Use Hoélder’s ciate to show, as in Operstein [to appear], that the 
operator 
J: Lp[0,1] 4 Loo[0, 1] 


defined by 


J(y)(0) :=0, J(y)(2) := al/P-! i y(t)dt, x«>0 


is a bounded linear operator. That is, there is a constant c > 0 such that 


l7(~)Iln.[0,1] < €llvllz,to,1] 
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for every y € L,[0,1]. Now observe that q € span{x*°,a*!,...} implies 
that J(q) € span{ax"°,a1,...}, where py := Ay + a and so (pi) is a 
sequence of positive numbers satisfying 


- Li 
» ie oe < oo. 
Therefore, by E.4, for every € > 0, there exists a constant c, > 0 such that 
(I@)'@) < [Flor < S ellallz,t0. 


for every q € span{a*°, x*!,...} and for every x € (0,1 —€]. Note that for 
x € (0,1), 


(ay (2) = 2'q(a) - (1= A) a? [gat 


where 


[ow i = 2-1/0) 4(g)(z)| < ca? Hale, t0.y 
0 


Therefore 


x'/P|q(x)| — (1-4) llallzfo,u) < ceellalle,t0,1 


for every q € span{x*®,a*!,...} and for every x € (0,1 —€]. 


E.8 The Closure of Nondense Mintz Spaces in L,[0,1]. Let p € [1,0]. 
Suppose (A;)%2, is a sequence of distinct real numbers greater than —1/p 
satisfying 


od) +4 
8 <0, 
i=0 (i +24) +1 


Show that if f is a function in the L,[0,1] closure of 
span{x*?, 2*,...}, 


then f € C™(0, 1), that is, f is infinitely many times differentiable on (0, 1). 
Hint: Combine E.5 and E.7. 
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4.4 Muntz Rationals 


A surprising and beautiful theorem, conjectured by Newman and proved by 
Somorjai [76], states that rational functions derived from any infinite Miintz 
system are always dense in C[a,b], a > 0. More specifically, we have the 
following result. 


Theorem 4.4.1 (Denseness of Mintz Rationals). Let (\;)%29 be any sequence 
of distinct real numbers. Suppose a > 0. Then 


a pri 
Saas a;,b; E R, nen} 


is dense in Cla, b]. 

The same result holds when a = 0, however, the proof in this case 
requires a few more technical details; see E.1 bl]. 

The proof of this theorem, primarily due to Somorjai, rests on the 
next theorem. We introduce the following notation. A function Z defined 
on (a,b) is called an €-zoomer (€ > 0) at ¢ € (a,b) if 

Z(ax)>0, x € [a,}], 
(4.4.1) Z(a) <e, u<C-€, 
Z(a)>e', 2>Cte. 
While (approximate) 6-functions are the building blocks for polynomial 


approximations, the existence of e-zoomers is all that is needed for rational 
approximations. More precisely, we have the following result. 


Theorem 4.4.2 (Existence of Zoomers and Denseness). Let S be a linear 
subspace of Cla, b]. Suppose that S contains an €-zoomer for every € > 0 at 
every ¢ € (a,b). Then 


R(S):= + nae sh 


is dense in Cla, b]. 


Proof. It suffices to consider the case [a,b] = [0,1]. Let n € N and e > 1/n 
be fixed. We construct a partition of unity inductively as follows. Let Zp be 
any positive function in S and choose functions 27), Z2,..., Zn, € S positive 
on [0,1] so that 


and 
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(which the existence of e-zoomers allows for). Let 


Z (x) 
4.4.2 A, (2) := =e k=0,1,...,n. 
( ) af ) =o Z;(x) 
So 
Ax(x) >0, x € [0,1] 
and 


k=0 
Since for every x € [0, 1], 
n n n 
> Zy(@) + S Zh (@) < 2eS> Zi (2), 
k=0 k=0 k=0 
£-e>a Seca 


we also know that 


3 A, (2) < 2€, x € [0,1]. 
k 


=0 
k-a|>e 


n 


Now let f € C[0,1], and consider the approximation 


S- f (4) An(@) € R(S). 
k=0 


k=0 = 
k—a|<e k-a|>e 


< wy(e) + 2ews(1), 


which finishes the proof. 


We can now finish the proof of Theorem 4.4.1: 


Proof of Theorem 4.4.1. We may suppose, on passing to a subsequence 
if necessary, that (A;)%29 is a convergent sequence (possibly converging to 
infinity). We may also assume that a := 1/b with b > 1. Since C[1/b, }] is 
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invariant under z > 1/x, we may assume that (A;)%2, has a nonnegative 
(possibly infinite) limit. 
Case 1: The sequence (\;)%o has a finite nonnegative limit. Then Miintz’s 


theorem on [a,b], a > 0 (see E.7 of Section 4.2), yields that the Miintz poly- 
nomials themselves associated with (A;)?25 are already dense in C[1/b, b]. 


Case 2: The sequence (A;)%, tends to infinity. In this case (#/¢)** is an 
€-zoomer at ¢ € (a,b) for sufficiently large A;, and the result follows from 
Theorem 4.4.2. 


Comments, Exercises, and Examples. 


A comparison between Miintz’s theorem and the main result of this sec- 
tion shows the power of a single division in approximation. In what other 
contexts does allowing a division create a spectacularly different result? 
Newman [78, p. 12] conjectures that if M is any infinite Markov system on 
[0, 1], then the set 


+ : p,q € span a} 
qd 


of rational functions is dense in C[0, 1]. 


Newman calls this a “wild conjecture in search of a counterexample.” 
It does, however, hold for both 


Mea (e205), Xi; > 0 are distinct 
(see E.1 b]) and 


M = ( : . ! cael a; € R \ [0,1] are distinct 
r—-aAay r— a2 

(see E.2). A counterexample to the full generality of this conjecture is pre- 
sented in E.6. However, the characterization of the class of Markov systems 
for which it holds remains as an interesting question. In particular, it is 
open if Newman’s conjecture holds for Descartes systems. 


The reader is referred to Newman [78] for an extensive treatment of 
these matters; see also Zhou [92a]. In [78, p. 50] Newman asks about the 
denseness of the products (So a;z* )(3> b;2" ) in C[0, 1] (see E.3). He specu- 
lates that this “extra” multiplication of Miintz polynomials should not carry 
the utility of the “extra” division. This is proved in Section 6.2, where it is 
shown that products pq of Miintz polynomials from nondense Miintz spaces 
never form a dense set in C[0, 1]. 


E.1 Denseness of Mintz Rationals on [0,1]. A function C' defined on [a, }] 
is called an e-crasher, € > 0, at ¢ € (a, 6) if 


C(x) >0, x € [a,b], 
C(x) <e, z>Cte, 
C(z) >e}, u<C-e. 
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a] Let S be a linear subspace of C[a, 6]. Suppose that S contains an e€ 
crasher for every € > 0 at every ¢ € (a,b). Show that 


R(S):= + nae s} 


is dense in Ca, }]. 


Hint: The argument is a trivial modification of the proof of Theorem 4.4.2. 


Let (A;)%25 be a sequence of distinct real numbers. Let R(A) be the 
space of functions f € C[0, 1] of the form 


4 aya 
ae 


b] Show that if (A;)%o is a sequence of distinct nonnegative real numbers 
with Ao := 0, then R(A) is dense in C(O, 1]. 


Hint: As in the proof of Theorem 4.4.1, we may suppose, on passing to a 
subsequence if necessary, that (\;)%, is a convergent sequence (possibly 
converging to oo). Distinguish the following two cases. 


f(z) = aj,b; ER, neEN, «xe (0,1). 


Case 1: lim \; = oo. Given € > 0 and ¢ € (0,1), show that 
I-00 


is an €-zoomer at ¢ on [0,1] if A; is large enough. Use Theorem 4.4.2 to 
finish the proof. 


Case 2: (A;)%, is a sequence with finite limit. Given « > 0 and ¢ € (0,1), 
show that 


O(a) = 5+ (1G Tro. Ars. Ani [G TH) 


is an e-crasher at ¢ on [0,1] if n is large enough. This can be proved by 
using Miintz’s theorem (E.7 of Section 4.2) on [¢ —, 1] with e € (0,¢), E.3 
c] of Section 3.3, and the monotonicity of C on [0,¢]. Finish the proof by 
part al. 

The result of E.1 b] is due to Bak and Newman [78]. Zhou [92b] extends 
this result to sequences of arbitrary distinct real numbers. 


E.2 Another Markov-System with Dense Rationals. Let (8;)°, be any 
sequence of distinct numbers in R \ [0, 1]. Show that 


n ai 
{EASE a;,b; ER, nent 


bi 
paar a—B; 


is dense in C’'[0, 1]. 
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E.3 Products of Mintz Spaces. Associated with a sequence A := (\;)%o 
of real numbers, let 


M?(A) := & oe) 6 ba) : a;,6;€ER, ne€ x} : 
1=0 i=0 


a] Show that if (Ag)@29 = (k%)%5, a > 2, then M?(A) is not dense in 
C[0, 1). 
b] Show that with (A;,)?29 = (k?)@2o the nondenseness of M?(A) does not 
follow from Miintz’s theorem since }°,<,7 1/k = oo, where I’ is the set of 
natural numbers k of the form k = n? + m? with nonnegative integers n 
and m. 


It is shown in Section 6.2 that M?(A) is not dense in C[0, 1] whenever 
A is a sequence of nonnegative real numbers satisfying 77°, 1/Ax < 00, so 
the “extra multiplication” is of no spectacular utility. 


It is not always possible to extend Theorem 4.4.2 to the case when the 
numerators and the denominators are coming from different infinite Mitintz 
spaces. Somorjai [76] shows that 


iL pri 
{eee a;,b; ER, nen} 
i=0 “2 


is not dense in C[0, 1] when, for example, 
rk < ogg <Agqi; k=0,1,... 


for some 7 > 1. 


E.4 Nondense Ratios of Mintz Spaces. Suppose 0 < Ay < Ay <--- . Let 
a > 0. Show that 


Le pri 

{ser a;,b; € R, nen} 
i=0 1 

is dense in Ca, 6] if and only if 03°, 1/Ai = co. 


Hint: For one direction use Miintz’s theorem. For the other direction use 
E.5 a] and b] and E.8 b] and c] of Section 4.2. 


E.5 On the Rate of Approximation by Mintz Rationals. Let (\;)%o 
be a fixed sequence of nonnegative real numbers. We wish to estimate 
the error of the best uniform approximation to f € C[0,1] on [0,1] from 
span{2*°,... ,a°”}. We let 


" pri 
i=o0 UX 


Rif) = ie | - ea 


: aj,0; € a} ; 
[0,1] 


where the infimum is taken for all a;,b; € R, 1=0,1,...,n. 
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In the case when Anyi — An > 1, n = 0,1,..., Newman [78] claims 
(without proof) that there exists a constant C' independent of n such that 


Ry (f) = Cws (=) 
and that this is the best possible. He conjectures, in Newman [78], that 


this estimate holds for every sequence (A;)?» of distinct nonnegative real 
numbers. 


a] Observe in the last line of the proof of Theorem 4.4.2, with « = +, we 
have 


ie x)) < 6wy (=) 


since wy (1) < nwy (+). 


b] What growth conditions on the sequence (\;)%2) guarantees that 
Rr (f) =O (ws (a))? 


Hint: Estimate the “degree” of the zoomers Z;, defined in Theorem 4.4.2. 
Use the zoomers defined in Case 1 of the hint for E.1 bj. 


c] Let 


xsin(1/x), « €R\ {0} 
f(a) = _ 
0, 2=0. 
Show that 
R*(f) > an > cows (+) 
for every sequence (;)%29 of nonnegative real numbers, where c; and co 


are positive constants independent of (Ai) Po. 
Hint: (Vyeg aiz™) / (Opp biz**) has at most n zeros on [0, 1]. 


E.6 A Markov System with Nondense Rationals. This example outlines 
a construction of Markov systems on [—1, 1] whose rationals are not dense 
in C[-1, 1]. It follows and corrects Borwein and Shekhtman [93]. 


We construct an infinite Markov system on (—oo, oo) as follows. Sup- 
pose that A := (\;)%o, where 2A; + 1 = 7°". Then A is a sequence of even 
integers satisfying 


O0=A0o <A < Ao <-e, 2s 


Let vy, € C[-1,1], k =0,1,..., be defined by 


por (a) = gre 


and 
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a] Show that (yo, y1,.-.) is a Markov system on (—00, 00). 
Hint: If 


n 
(x) = S- aipi(z) , a; ER, 
i=0 
then 


n 
= aie, x € [0, co), 
i=0 


while 
n 


p(x) = So(-liaia* ‘ x € (—oo, 0]. 


i=0 
Now apply Theorem 3.2.4 (Descartes’ rule of signs). 
b] There exists an absolute constant c > 0 (independent of n) such that 


n n 
) aja ) aja 
i=0 


i=0 


<e 
L2[0,1] 


L2[1/2,1] 


for all choices of a; € R. 
Hint: Use E.8 a] of Section 4.2 and Hélder’s inequality. 


c] The inequalities 


2 
1X 2 iS dj 5S 2 
3 Ie < | (Seen Fe : de <5) lai 


hold for all choices of a; € R. 


Proof. We have 


1/27 2 
i (>: ary 204+ im) 
0 \i=o0 
at ys Pay b) are eal 
= = Dl P +230 S$) aja54,—_+— — ies Avie + 


=m, Aj +Ajee +1 


Here 


Ore era Ee ce aa 


V2rAj +1 2AjtR +1 5 TI 7Itk eaee Sune 


so on applying the Cauchy-Schwarz inequality n times, we get 
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mee Tp) Parte oo) CHT Rea 
2 Yaa, ee 


Aj + Ajze +1 


n n 9 n 
=2 (>: r) a lai? < oe |a;|? , 
k=1 i=0 i=0 


k=1 j=0 


and the result follows. 


d] The inequality 


n 
) ajx 
i=0 


n 


S(-l)'aix™ 


i=0 


< V5 


L2[0,1] 


L2[0,1] 


holds for all choices of a; € R. 
Hint: Use part c]. 


e] The rational functions of the form 


aa bis’ 


are not dense in C[—1, 1]. 


a;,5,5€R, nen 


Proof. Consider f € C[—1,1] defined by 


1 if «€[-1,-1/2] 
f(z) :=¢ 0 if « € [0,1] 
-2e if « € [-1/2,0]. 


We show that f is not uniformly approximable on [—1,1] by the above 
rational functions. Suppose that. 


eae =o -1| <e<l, a;,b; ER. 
diy; [-1,1] 
This implies 
(4.4.3) Jet Lino ui” <e 
Diz bia* [0,1] 
and 
2 (_4)tq. pri 
(4.4.4) |encses = <e. 
s-o(—1)*bia (1/2,1] 
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Without loss of generality we may assume that 


n 
(4.4.5) sbi =1, 
i=0 L2[0,1] 
From (4.4.3) and (4.4.5) it follows that 
n 
(4.4.6) SS ayx™ <e. 


i—0 L2[0,1] 


Part d], together with (4.4.3) and (4.4.5), implies that 
n 


So(-1iaie* 


i=0 


< V5e. 


L»[0,1] 


(4.4.7) 


Part d], together with (4.4.5), also implies that 


n 


So (-1)'bia* 


i=0 


(4.4.8) > 


L2{0,1] 


Sl 


Combining part b] and (4.4.8), we obtain that 


1 


(4.4.9) 7 aa 


2 
L2[1/2,1] 


Now (4.4.7) and (4.4.9) yield the right-hand side of 


ee |[oio(— Dara leapt 2. 


ooo < Bee 
~ [ci=o(—1)*b:@™ Ihr 72,1) 


while (4.4.4) yields the left-hand side of it. This shows that € > 0 cannot 
be arbitrarily small. 


“Tp rinte 
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Basic Inequalities 


Overview 


The classical inequalities for algebraic and trigonometric polynomials are 
treated in the first section. These include the inequalities of Remez, Bern- 
stein, Markov, and Schur. The second section deals with Markov’s and 
Bernstein’s inequalities for higher derivatives. The final section is concerned 
with the size of factors of polynomials. 


5.1 Classical Polynomial Inequalities 


We start with the classical inequalities of Remez, Bernstein, Markov, and 
Schur. The most basic and general of these is probably due to Remez. How 
large can ||p||;-1,1] be if p € Py and 


m({a €[-1, 1]: |p@e)| < 1}) 22-8 


holds? The inequality of Remez [36] answers this question. His inequality 
and its trigonometric analog can be extended to generalized nonnegative 
polynomials (discussed in Appendix 4) by a simple density argument. These 
extensions also play a central role in the proof of various other Bernstein, 
Markov, Nikolskii, and Schur type inequalities for generalized nonnegative 
polynomials, where simple density arguments do not work. 
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Theorem 5.1.1 (Remez Inequality). The inequality 


2+8 
<T, 
loll-1ay <7 (5=*] 


holds for every p € Py and s € (0,2) satisfying 


m({x € [-1, 1]: |p(a)| < 1) > 2-8. 


Here T,, is the Chebyshev polynomial of degree n defined by (2.1.1). Equality 
holds if and only if 


2-8 


p(x) = +T (==) | 


Proof. The proof is essentially a perturbation argument that establishes 
that an extremal polynomial is of the required form. Let |] - || denote the 
uniform norm on [—1, 1], and let 


(51.1) — Pn(s):={p € Pn im(fa € [-1,1): |p(a)| <1) > 2-5}. 


The set P,,(s) is compact, say, in the uniform norm on [—1, 1], by E.1, and 
the function p — ||p|| is continuous. Hence there is a p* € P,(s) such that 


Ip" || = sup |[pll. 
pEP,(s) 


First assume that p*(1) = ||p*||. We claim that all the zeros of p* 


are real and lie in [—1,1). Indeed, if p* vanishes at a nonreal z, then for 
sufficiently small 7 > 0 and € > 0, 


o(e) = (1+ np"(e) (1- a) 


is in Pp(s) and contradicts the maximality of p*. If p* has a real zero z 
outside [—1, 1], then, in similar fashion, 


o(e) = (1+ n)p"(e) (1 ~ esign(2)— ) 


zZ—-X 


contradicts the maximality of p*. 


Now we show that |p*(¢)| = ||p*|| cannot occur with ¢ € (—1,1). To 
see this, assume, without loss of generality, that p*(¢) = ||p*||. Then the 
polynomials 


q(x) := p* (<> + <r) and qo(x) := p* (Se + se) 
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satisfy qj(1) = |lq;|| = |lp*|], g = 1,2. Since p* € P,(s) is extremal, the 
Lebesgue measure m({2;) of 


Q; = {x € [-1,1]: |q;(x)| > 1} 


is at least s, otherwise q; + € with sufficiently small e > 0 contradicts the 
maximality of p*. On the other hand, 


£5 m(0) + mir) =m ({x € [-1,1]: p*(z) > 1}) <s. 
Hence m(2,) = m(22) = s, which means that q; € Pnr(s), j = 1,2, 
are extremal polynomials attaining their uniform norm on [—1, 1] at 1. 
It now follows from the first part of the proof that q, and q2 have all 
their zeros in [—1,1], which is impossible since the number of zeros of 
qj, j = 1,2, in [-1, 1] is equal to the number of zeros of p* in [—1, ¢) and in 
(¢, 1], respectively. This contradiction proves that |p*(¢)| < ||p*|| for every 
¢ € (1,1). Hence either p*(1) = 4||p*|| or p*(—1) = 4|lp* |]. 

Without loss of generality we may assume that p*(1) = ||p*||, otherwise 
we consider +p*(—a) € Py(s). We now have 


(5.1.2) p'(1) = |[p"|| > |p*@)|,  -l1<2#<1, 


and each zero of p* lies in [—1, 1). 


Next we prove that 
(5.1.3) lp*(x)| <1, -l<a<l-s. 
Assume to the contrary that for some -1<@<@<G@ <1, 


|p*(x)| > 1, cel = (1, Y] 
lpia) |s1,.. 2-6 dee  [OyGil 
Ip*(x)| > 1, 2 € Is := (3,02). 


Let 21, 22,-.- ,2%m be the zeros of p* in (€2,¢1). Since all zeros of p* are in 
[—1,1), we have m > 1, otherwise p*’ would vanish at an x larger than the 
largest zero of p*, which is a contradiction. The remaining n — m zeros of 
p* lie in [—1, ¢3). We set 


The polynomial g(x) := pi(x + h)pe(x) with 0 < h < 2 — ¢3 has the 
following properties: 
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(1) If |p*(a)| <1 for some a € [—1, ¢3], then |q(a)| < 1. 
(2) For each x € Iz we have |q(x — h)| < |p*(a)| < 
(3) ql) = pi(1 + h)p2(1) > pi(1)p2(1) = p*(1) = IIp*Il- 

These properties show that g € Pn(s) contradicts the maximality of p*. 


e 


By E.2, among all polynomials p € Py, with ||p|| < 1, the Chebyshev 
polynomial T;, increases fastest for z > 1. Hence, by a linear transformation, 
we see that the four polynomials 


are the only extremal polynomials. In particular, 


2+8 
i | a & ; 
le" =T (5) 


The next theorem establishes a Remez-type inequality for trigonomet- 
ric polynomials. Throughout this section, as before, K := R (mod 27). 


Theorem 5.1.2. The inequality 
IItlx < exp(4ns) 
holds for every t € Ty and s € (0,7/2] satisfying 
(5.1.4) m({@ € [—7,7) : |t(@)| < 1}) > 2r-s. 
The inequality 


2 
s , o@=1-cos(s/2), O<s< 27, 
—o 


ele < Ta ( 


also holds for every event € Tn ands € (0,27) satisfying (5.1.4), and 
equality holds if and only if 


+2cosd+o 


1(6) = 21, ( — 


) , a =1-cos(s/2). 


Proof. We prove the second part first. Suppose ¢t € 7, is even and satisfies 
|t(9)| < 1 on K \ Q with m(Q2) < s. Then the polynomial p € P,, defined 
by t(9) := p(cos@) satisfies |p(a)| < 1 on [—1, 1] \ 2’, where 


Q' := {x €[-1,1]: 2 =cosé, 6€ NN [0,7]}. 
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It is easy to see that m(Q') < 1 —cos(s/2) =: 0, where equality holds if 
and only if 2 := [—s/2, 8/2]. Hence, Theorem 5.1.1 implies that 


2+0 
tle <T, 
Idle < Ts (5) , 


where equality holds if and only if p is of the form given in the theorem. 


The first part of the theorem can be easily obtained from the second 
part as follows. Let t € Ty satisfy (5.1.4). Without loss of generality we 
may assume that ¢(0) = ||¢||«. The polynomial 


#0) := 3(¢(0) + #(-8)) € Tr 


is even and 


m({6 € [—7, 7) : |t(A)| < 1}) > 27 — 2s. 
Hence, the second part of the theorem yields that 


2+0 
Vl, ce) $™ (S=2) . 
where o := 1 —coss = 2sin?(s/2) < 1 for every s € (0,7/2]. Since 


n 
Ta(a) < (w+ Vx? =1) ’ col, 


we have 


T,, (5+) < (ee) (1+ v20+ 40)" 


2-6 1-0/2 
< exp (n (v20 + to) < exp (n (s + fs”) 


< exp(4ns) 


for every s € (0,7/2]. Therefore 
~ 2+0 
ltl] = t(0) = t(0) < T, (5+) < exp (n (s + 48”)) < exp(4ns) 


for every s € (0, 7/2], and the theorem is proved. Note that we have proved 
slightly more than we claimed in the statement of the theorem. That is, 


IItIl x < exp (n (s + 78*)) 


for every t € J, satisfying (5.1.4). 


We now prove the basic inequality that bounds the derivative of a 
trigonometric polynomial in terms of its maximum modulus on the period 
K. 
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Theorem 5.1.3 (Bernstein-Szegé Inequality). The inequality 
U0)? +n7t?(0) <n? |It\|k, OECK 


holds for every t € Ty. Equality holds if and only if |t(@)| = ||t\|k or t is of 
the form t(r) = Bcos(nt — a) witha, 8 ER. 


Proof. Assume that there are t € J, and 6 € K such that |l¢||k <1 and 
(5.1.5) t'(0)? + n7#?(0) > n?. 


For the sake of brevity let T,,.4(T) := cos(nt — a). It is easy to see that 
there exists an a € K such that 


(5.1.6) Tra(0) =t(9) and sign(T!_,(6)) = sign(t’(6)). 


nia 
Since T/, (0)? + n°Ty (0) =n, (5.1.5) and (5.1.6) imply that 


|t'(9)| > |Tna(®)| and — sign(T;, (8) = sign(t’(9)) . 
Hence E.4 yields that 0 A t—Tha € Jn has at least 2n + 2 distinct zeros in 
K, which is a contradiction. To find all the extremal polynomials, see the 
hint to E.5. 


As a corollary of Theorem 5.1.3 we have ||t'||K < nl|t||K for every 
t € Ty, and by induction on m we obtain the following theorem: 


Theorem 5.1.4 (Bernstein’s Inequality). The inequality 
[llc Sr |IE lL 
holds for every t € Tn. 


Corollary 5.1.5. The inequality of Theorem 5.1.4 remains true for all 
te T°. 

Proof. Choose a € R such that e’¢(™ attains the value ||t(™||«, say, 
at 6 = T. Now #(0) := Re(e’t(0)) € J, and |lt||K < |lt\|k. On applying 
Theorem 5.1.4 to t € J,, we obtain 


[EO Lc = eM (7) = EM (7) < nll <n |lEllK 


The above corollary implies the following algebraic polynomial version 
of Bernstein’s inequality on the unit disk. 
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Corollary 5.1.6. The inequality 


Ilp'Il> <n |Ipllp 


holds for every p € P&, where D := {z € C: |z| < 1}. 


n? 
Proof. If p € P& then t(@) := p(e’”) € 7,¢ and by Corollary 5.1.5 we have 


aT 


Ip'(2)| =| te" (7) <nlltilk =nllpllp, z= 


The maximum principle (see E.1 d] of Section 1.2) finishes the proof. 


From Corollary 5.1.5, by the substitution « = cost, we get the alge- 
braic polynomial case of Bernstein’s inequality on [—1, 1]. 


Theorem 5.1.7 (Bernstein’s Inequality). The inequality 


-l<a<l 


Ip'(@)| < FS Ill 
V1— 2? : 
holds for every p € Py. 
The next theorem improves the previous result if x is close to +1. 


Theorem 5.1.8 (Markov’s Inequality). The inequality 


lle’ II—a,ay << ” Ip ll_—a,1] 
holds for every p € Py. 


A proof can be given as a simple combination of Theorem 5.1.7 and the 
next theorem. 


Theorem 5.1.9 (Schur’s Inequality). The inequality 


lola <n pe) VI 
holds for every p € Py-1. 


Proof. Let 


2k—1)xr 
ap = cos CAM KH 1,25... 


so the numbers x, are the zeros of the Chebyshev polynomial 


Tn(x) = cos(n arccos 2) . 
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Assume that p € Py—1 and ||p(x)V1 — #7||-41) < 1. If |y| < an, then 


py) sda)? sGaa) 


Now let |y| € (an,1]. Without loss of generality we may assume that 
y € (ap, 1]. The Lagrange interpolation polynomial of a p € Py_1 with 
nodes £1,2%2,... ,£p iS just p itself, hence E.6 of Section 1.1 yields 


“ Tn(y) 
Y= (ar) r 


WI = 12 Pe) ey — a) 


\ 
Slr 
= 
3 
\ 
eS 
q 
\ 
eS 
eh 
cc 
lI 
3 


where we use the facts that 


Try) 
Y— Xk 


>0, k=1,2,...,n, 


T,, is increasing on (rp, 00), and T/(1) = n?. 


Proof of Theorem 6.1.8. Let p € Pn. Then p’ € Py_1 and Theorems 5.1.4 
and 5.1.9 yield 


lo'laa Se @)V1— 2 I) Se? lelleaa 


and the theorem is proved. 


Comments, Exercises, and Examples. 


Every result of this section was proved by the person it is named after; see 
Remez [36], Bernstein [12], Szegd [28] or [82], A. A. Markov [1889], Schur 
[19], and M. Riesz [14]. However, earlier less complete versions of these basic 
polynomial inequalities also appear in the literature. Some of the proofs 
were simplified later. For example, in the proof of Theorem 5.1.1 we followed 
the method given in Erdélyi [89b], while in the proof of Theorem 5.1.8 a 
method of Pélya and Szegé [76] is used. Theorem 5.1.3 is also obtained in 
Corput and Schaake [35], however, it follows from an earlier result of Szegé 
[28]. Theorem 5.1.2 was established in Erdélyi [92a] in a slightly weaker 
form. Various extensions of the inequalities of this section are discussed in 
Sections 5.2 to 7.2 and in the appendices. Rahman and Schmeisser [83] also 
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offers a collection of Markov- and Bernstein-type inequalities. Some further 
classical inequalities are in E.5 of Appendix 3. 


An interesting extension of Markov’s inequality is due to Bojanov [82a]. 

It states that 
lle’ Ilo t—1,2) < WT alle gt—a,y lolly 

for every p € Py, and q € [1, oo], where T,, is the Chebyshev polynomial of 
degree n as in (2.1.1). 

The following result is due to Szegé [25]. The inequality 

|p’ (0)| < en |[p||D. 
holds for every p € P{, where c is an absolute constant and 
Da :={z€C: |2| <1, |arg(z)| <7 —-a)}, a € (0,1). 

Throughout the exercises T,, denotes the Chebyshev polynomial of 

degree n as defined by (2.1.1). 


E.1 A Detail in the Proof of Theorem 5.1.1. Show that the sets P,(s) 
defined by (5.1.1) are compact in the uniform norm on [-1, 1] for every 
fixed n € N and s € (0,2). 


E.2  Chebyshev’s Inequality. Prove that 
PY) <|Tr@)| Illa, = ye R\[-1,]) 
for every p € Py, and equality holds if and only if p = cT,, for some c € R. 


Extend the above inequality to every p € P¢ and find all p € P¢ for 
which equality holds. 


Hint: If p € Pn, \ipllt-1,1) = 1, and |p(y)| > [Ta(y)| for some y € R\ [-1, 1), 


then with A := T,(y)p(y)~+ € [-1, 1], the polynomial Ap — T, € Pp has at 
least n + 1 zeros (counting multiplicities). 


E.3 Trigonometric Chebyshev Polynomials on Subintervals of K. 
a] For n € N and w € (0,7), let 
sin(@/2) 
0) := Ton | —— } . 
Ona() = Tan co 
Show that Qn. € Jn attains the values +||Qn,w||[-w,2] = +1 with alternat- 
ing sign 2n + 1 times on [—w,w). 
b] Prove that 
|¢()| < Qnw (A) ltl, ceo] ) 6cek \ [—w, w] 
for every t € Jy, and for every fixed 6 € K \ [—w,w]. Equality holds if and 
only if p= cQn,y for some c € R. 


c] Show that there exist absolute constants c; > 0 and c2 > 0 such that 


5 exp(cin(a —W)) <|]Qnwllk = Qnw(t) < exp(can(m —w)). 
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E.4 A Zero Counting Lemma. Let 6 € K be fixed. Suppose f and g are 
continuous functions on K := R (mod 2r), differentiable at a fixed 0 € K, 
and suppose f and g have the properties 


(1) Wlfllk =1, IIgll« <1, 
(2) there are —m <a <a <+++< aon <7 80 that f(xj) = (—1), 


(3) f(@))=9), |g'@|>IF'@|, and sign(g'(@) = sign(f'(9)). 
Then f —g has at least 2n + 2 distinct zeros on K. 
E.5 Sharpness of Theorem 5.1.3. Let @ € K be fixed. Suppose t € 7;, and 
(8)? +n?°(A) =n? |tIIk - 
Show that either |¢(@)| = ||t||x or ¢ is of the form 
t(r) = Bcos(nt — a), a,BeER. 
Hint: Suppose ||t||k = 1 and |t(6)| < 1. Choose a € K such that (5.1.6) 


is satisfied and show that t — Tha € Tn has at least 2n + 2 zeros on K 
(counting multiplicities). 


E.6 Sharpness of Theorem 5.1.4. Show that Theorem 5.1.4 is sharp and 
equality holds if and only if ¢ is of the form 


t(r) = Bcos(nt — a), a,BeER. 


E.7 Sharpness of Corollary 5.1.6. Show that Corollary 5.1.5 is sharp and 
equality holds if and only if p is of the form p(z) = cz", cE C. 


E.8 Sharpness of Theorem 5.1.7. Show that for a fixed integer n > 1, 
Theorem 5.1.7 is sharp if and only if x is a zero of the Chebyshev polynomial 
Tn, that is, 


2k—1)xr 
x = cos GA-UF k= 1,2..52405 


and p = cT,, for some c € R. 


E.9 Sharpness of Theorem 5.1.9. Show that Theorem 5.1.9 is sharp and 
equality holds if and only if p = cU, for some c € R, where U, is the 
Chebyshev polynomial of the second kind defined in E.10 of Section 2.1. 


E.10 Sharpness of Theorem 5.1.8. Show that Theorem 5.1.8 is sharp and 
equality holds if and only if p = cT,, for some c € R. 


E.11 A Property of the Zeros of t € 7,. Let 6 € K be fixed. Show that 
every t € 7, has at most 


M :=enr|t(@)|~'|It\|x 


zeros (counting multiplicities) in the interval [6 —r,@+7r], r > 0. 
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Proof. Assume that t € J, has m > M zeros in [6 — r,9 +r]. Interpolate t 
at these m zeros by a Hermite interpolation polynomial of degree at most 
m — 1 (see E.7 of Section 1.1). This gives the identically zero polynomial. 
The formula for the remainder term of the Hermite interpolation polyno- 
mial and Theorem 5.1.4 (Bernstein’s inequality) yield that there exists a 
¢ €(@—r,6+r7r) such that 


1 e\™ 
_— _~_,,m}4(m) awe mpm 
[EO = rl] < (=) on™ Ultllic 
enr\™ m |j4j|l—m 
< (SE) ell < HOD Mele” < ODI, 


which is impossible. 


E.12 A Property of the Zeros of ap € P,. Show that every p € Py, has 
at most 


M:= Sev PL) lan 


zeros (counting multiplicities) in [1 —r,1], r > 0. 


Hint: Use the substitution z = cos7, E.11, and the inequality 


cosr <1—4r?, O<r<2. 


E.13 Riesz’s Lemma. 


a] Suppose t € Tn, and t(a) = |\t\|k =1 for some a € K. Then 
(0) > cos(n(0—0)), 6 € [a Z at], 


and equality holds for a fixed 0 € [a - gmat =| if and only if t is 
of the form t(r) = cos(n(rt — a@)). In particular, t does not vanish in 
a-f,a+FZ). 


Hint: If this were false, then 


q(T) := t(r) — cos(n(r — a)) 


would have more than 2n zeros on K (counting multiplicities). 
b] Suppose p € Py and p(1) = ||pl|f-1,1) = 1. Then that 


p(e)>Ta(z),  ® € [cos 1], 


and equality holds for a fired x € [cos me 1] if and only if p = Ty, where Ty, 
is the Chebyshev polynomial of degree n as defined by (2.1.1). In particular, 


p does not vanish in (cos oe 1] : 


The next two exercises follows Erdélyi [88] and Erdélyi and Szabados 
[89D]. 
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E.14. A Markov-Type Inequality for Trigonometric Polynomials on [—w, w)]. 
Show that there exists a constant 0 < c < 167 such that 


n?) sll mast 


Be 
Is"IItwey < (n +e 


for every s € J, and w € (0,7). 


Proof. If m — w > (2n)7", then 
(3 tan? (w/2) + 1)'/? < 8n, 


and E.19 c] gives the result. If t — w < (2n)~', then Theorem 5.1.4 (Bern- 
stein’s inequality) combined with the Mean Value Theorem yields 


llsllt-z.a) < Isll[-wa] + (@ — w)n |I8ll—2,2 5 
and hence 
IIsll{-w0] 2 (1 — n(w — w)) [1s]|[-2,) 
for every s € Jy. Therefore, using Theorem 5.1.4 (Bernstein’s inequality) 
and m —w < (2n)71, we get 
IIs"Tp—cy} S IIsll_-aay SP Ilsll_—n] 


a 2 
< ———_ < _ 
S TG an lslltouy S +24 — wn? DMI sl 


for every s € Thy. 


E.15 Schur-Type Inequality for 7,, on [—w,w]. Let w € (0, 27]. Show that 


2n+1 |s(r (4( 


2 
sll S Spay ll) (2(eos7 —cose)) TU aa 


for every s € J,, and equality holds if and only if s is of the form 


sin [(2n + 1) arccos a 


sin(w /2 


s(T) =e ; ceER. 


(cost — cosw)?/2 


Note that the right-hand side of the above is an element of 7;. 
Hint: Define 2n + 1 distinct points in (—w,w) by 


Tk = 2aresin (sin $ sin 57) ; k =0,+1,...,+n. 


Distinguish two cases in estimating |s,,(9)| for 9 € [—w, w]. 


5.1 Classical Polynomial Inequalities 239 
Case 1: |6| < |7|. Use the inequality 


sin? (w/2) 


1 
3 (cos 9 = Cos w) > Qn +)? 


to get the desired result. 
Case 2: tT, < |6| <w. Let 
M,(s) := ina 1157) |{Keos Th — cos w) /2)!/?}, 
<n 
Let n € N, w € (0,7], and @ € [—w, —T,) U (tm, w] be fixed. Show that there 
is an 8, € J, such that 


Fn) _ Is(0) 
Mn(Sn) — 8€T™m Mn(s) © 


Show by a variational method that s,, is of the form 


sin(7/2) 
sin(w/2) 


.. sin [(2n + 1) arccos 
a (cost — cosw)!/2 


E.16 Another Proof of Schur’s Inequality. 


a] Prove Theorem 5.1.9 (Schur’s inequality) by using the method given in 
the hint to E.15. 


b] Prove the result of E.15 by using interpolation, as in the proof of The- 
orem 5.1.9. 


Proof. See Erdélyi and Szabados [89b]. 


E.17 Growth of Polynomials in the Complex Plane. Let 
D:={z€C: |z| < 1} and Dp3={2-€ Cz |2|-< 6}. 


a] Show that 
Ip(2)| < lz|" Illi 


for every p€ PS and z€ C\ D. 
Find all p € P& for which equality holds. 
Hint: Apply the maximum principle (see E.1 d] of Section 1.2) with D and 


q(z) := 2™p(z") € PS. 
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b] Show that the transformation z = M(w) := $(w+w7) can be written 
as 

t= $(e+o')cos8, y= 3(e-o7")sind, 
where z=x+iy, z,y € R and w = oe", 0 >0, OE K. 
c] For 9 > 0, let E, be the image of the circle 0D, under M. Show that 
E, is the ellipse 


2 2 


=+5=l with semiaxes a:=4(o+07') and b:=4|o—o71|. 


Ae 
Furthermore, E, = E,-1, and E; is the interval [—1, 1] covered twice. 
d] Show that 
Ip(z)| < 0” Ilpll_-a.y 
for every pE Pe, z€ Ep, o> 1. 
Proof. Applying the maximum principle (see E.1 d] of Section 1.2) with 


D= dD, and 
Q(w) := w"p (f(wtw')) € PS, 


we obtain 
lQ(w)| < ]Qllo. = |lpllf-ajaj, = w € ADg-1 


This, together with part c], yields 


Ip(2)| < e"llpll|-1y, 2 € Ep. 


e] Show that there exists an absolute constant c such that 
lp(z)| <ellplliy,, PEP, 


whenever 


1-2? 1 
vil-ety 1 
n 


1 
cantly, 2yeR, |el<l+—, Wyli< 


(\1 — 2?|4 := max{1 — 2”, 0}). 
Hint: Use part d]J. 


f] Prove the following Markov-Bernstein inequality. There is a constant 
c(m) depending only on m such that 


Ip) (x) | < e(m) (nin {n’ }) llpll[-1.4 


for every p € Pé and x € [-1, 1]. 
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Hint: Use part e] and Cauchy’s integral formula (see E.1 a] of Section 1.2). 


Bernstein established Theorem 5.1.4 in order to prove inverse theorems 
of approximation. Bernstein’s method is presented in the proof of the next 
exercise, which is one of the simplest cases. However, several other inverse 
theorems of approximation can be proved by straightforward modifications 
of the proof of this exercise. That is why Bernstein- and Markov-type in- 
equalities play a significant role in approximation theory. Direct and inverse 
theorems of approximation and related matters may be found in many 
books on approximation theory, including Cheney [66], Lorentz [86a], and 
DeVore and Lorentz [93]. 


E.18 An Inverse Theorem of Approximation. Let Lipa, a € (0, 1], denote 
the family of all real-valued functions g defined on K satisfying 


a { lg(x) — g(y)| 


eaae tye KS <0 
For f € C(K), let 
E,(f) := inf{||t -— fll :t € Tn}. 


An example for a direct theorem of approximation is stated in part a]. Part 
b] deals with its inverse result. 


a] Suppose f is m times differentiable on K and f(™ € Lip, for some 
a € (0,1). Then there is a constant C depending only on f so that 


Efren VE" eS 18d) 


Proof. See, for example, Lorentz [86a]. 


b] Suppose m is a nonnegative integer, a € (0,1), and f € C(K). Suppose 
there is a constant C > 0 depending only on f such that 


Bil f\ Cn Oe. aw 185.3 
Then f is m times continuously differentiable on K and f(™ € Lipg. 
Outline. We show only that f is m times continuously differentiable on 


K. The rest can be proved similarly, but its proof requires more technical 
details. See, for example, Lorentz [86a]. 


For each k € N, let Qo» € Jor be chosen so that 


[Ox =e < Coit). 


242 5. Basic Inequalities 


Then 
Qaxt2 — Qow || < 20 2-H te) | 


Now 


£(9) = Q20(9) + S(Qous1 — Que )(0), OE K, 
k=1 


and by Theorem 5.1.4 (Bernstein’s inequality) 
LPS (Qantr — Qov) (6) 
k=1 


< |/Qillx + 5-2") ]Qanns — Qoe || 


CO 
< ||Q, x +3 (2c a Hema) 
k=1 
CO 
< ||Qillk + 2°+'C De Cees <0 
k=1 
for every 0 € K and j = 0,1,...,m, since a > 0. Now we can conclude 


that f (0) exists and 


(Qae41 — Qox) 6) 


Me 


f9 (0) =QM(0) + 


k 


i 
un 


for every 6 € K and j = 0,1,...,m. The fact that f(™) € C(K) can be 
seen by the Weierstrass M/-test. 


The next exercise follows Videnskii [60]. 
E.19 Videnskii’s Inequalities. The main results of this exercise are the 


Bernstein- (part b]) and Markov-type (part c]) inequalities for trigonometric 
polynomials on an interval shorter than the period. 


Let w € (0,7), 


tn) = Qt) =0s an arcos (S02) 


and 


an@) = in (anarecos ($222), 


a] Recall that t, € Jn by E.3 al. 
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b] Show that 


[s(9)] < [tn (9) + tee (9) [ISrall wo) 


2 —1/2 
a 1 _ £08 (w/2) (Seclleaae 
cos? (6/2) el 


for every 8, € J, and @ € (—w,w). Equality holds if and only if 5, = ct 
for some c € R and s,(0) = 0. 


Hint: First show that for every n € N, w € (0,z], and @ € [—w,w], there 
exists an s € J, such that 


[5"(9)| ax tn (9) 


Co m . 
51-0] 8nETn I$ nll[—ce] 
Use a variational method to show that either 
Sallt—wo] = [Snll[—22] 


or there exist a € (—m,—w] and 8 € [w,7) such that 8, = cT, for some 
c € R, where, as in Section 3.3, 


Ty = T,{1, cost, sint,... ,cosn7, sinnr; [a, 3] } 


is the Chebyshev polynomial for 7,, on [a, 3]. In the first case use Theorem 
5.1.4 (Bernstein’s inequality). In the second case observe that 


sin((7 — ye) 


Tr(7) = tn ( sin(/2) 


with 
y:= $(at B) and @:= $(B-a). 


c] Show that if 2n > (3tan?(w/2) + 1)'/?, then 
IISpllt—wu) S tr) Isnll—wuj = 2n? cot(w/2)IISnll fu, 
for every 8, € Jn, and equality holds if and only if s, = ctn, cE R. 
Outline. Let —w = 9 < &| < +++ < a, =w be the points where 
te) HS. PSO a ee 


and 
tiple): = 0: j=1,2,...,2n—-1, 
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and let 61 < 02 < +++ < Oa» be the zeros of t, (which lie in (—w,w)). Note 
that 

uw(0;)=0, g=1,2,...,2n. 


Step 1. Show that 2n > (3tan?(w/2) + 1)'/? implies t//(@) > 0 for every 
0 € [Ean-1, w], so t}, is increasing on [f2n-1, 4]. 


Step 2. Use part b] to show that if 6 € [61, 62,], then 
lt (9)| < |tn(®) + tun ()| < [th (O2n) + iu, (O2n)| = [ty (O2n)| - 
Step 3. Deduce from Steps 1 and 2 that 


|t,(4)| < It), (+w)| ’ G€ (—w,w). 


Step 4. Show that there is an s € 7, such that 


Salle) _ Ea eee 
Snllt—ee] — 8€T [N81 [ww] 
For the rest of the proof let 5, be normalized by ||s||;....j] = 1 and let 


0* € [—w,w] be chosen so that 
5 (9")| = [8 ,()Uas,u0)- 


Let (a, < ag < +++ < Gm) be an alternation sequence of maximal length for 
8n € Cl—w,w] on [—w,w]. We would like to show that m = 2n + 1. Clearly 
m <2n+ 2. 


Step 5. Use a variational method to show that 2n < m. 


Step 6. Use a variational method to show that 6* = +w implies m = 2n+1, 
so m = 2n implies 9* € (—w,w). 


Step 7. Show by a variational method that 
[sp(w)| < |tp(4w)| [I8nll[—w 0) 


for every 8, € Jn, and equality holds if and only if s, = cty, c € R. In 
particular, if m = 2n, then 


[5p (+w)| < |, (+w)]. 


Step 8. Use part b] and Step 3 to show that 


[5n(9)| < t(Ban) <tr(w), 9 € [01, Ban]. 


Step 9. Use part b] to show that m = 2n implies 
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[5 (s)1 < len (8s)| = (-1)%t, (8), f= 1,2,... 2. 
Step 10. Suppose m = 2n. Use Steps 6 and 8 to show that 


|e (—w, 1) U (O2n, W) 


Step 11. Suppose m = 2n. Use the defining property of s, and Steps 1 
and 10 to show that 


[en (F*)1 = [Sp ll—wu] = Htn(w)| > [tn ("DI - 


Step 12. Suppose m = 2n and s/(0*) > 0. Use Steps 7 to 11 to show that 
t}, — 8’ has at least 2n + 1 distinct zeros in (—w,w), a contradiction. 


Step 13. Show that m = 2n+ 1 and 5, = 4tn. 


E.20 Inequalities for Entire Functions of Exponential Type. Entire func- 
tions of (exponential) type 7 are defined in E.17 of Section 4.2. Denote by 
E, the set of all entire functions of exponential type at most 7. This exercise 
collects some of the interesting inequalities known for E,. Since a trigono- 
metric polynomial of degree n belongs to E,, these results can be viewed as 
extensions of the corresponding inequalities for trigonometric polynomials. 
More on various inequalities for entire functions of exponential type may 
be found in Rahman and Schmeisser [83]. 


a] Bernstein’s Inequality. The inequality 


fle <rilflz, ER 


holds for every f € E,. 
Proof. See Bernstein [23] or Rahman and Schmeisser [83]. 


b] Extension of the Bernstein-Szegé Inequality. The inequality 


(f'(x))? + (rf(@)) <7? llflla, «ER 


holds for every f € E, taking real values on the real line. 
Proof. See Duffin and Schaeffer [37]. 
c] The Growth of f € E,. The inequality 


lfet+iy)|<e™ fle, a, yeR 


holds for every f € E,. 
Proof. See Rahman and Schmeisser [83]. 
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d] The Growth of f € E, Taking Real Values on R. The inequality 


[f(a + ty)| < (coshry) ||fllk, 2, yER 


holds for every f € E, taking real values on the real line. 
Proof. See Schaeffer and Duffin [38]. 
e] Bernstein-Type Inequality in L,. Let p € (0,00). The inequality 


flee) <7 WF lle, 


holds for every f € E,. 
Proof. See Rahman and Schmeisser [90]. 


E.21. Markov-Type Inequality on Connected Subsets of the Complex 
Plane. Let FE be a connected compact set of the complex plane. Then 


n2 


e 
Zi ey 
= 2 cap(E) lpl|z 


I[p'l| 


for every p € Pe. 


Proof. See Pommerenke [59c]. 


Erdés conjectured that the constant £ in the above inequality can be 


2 
replaced by $. This result would contain Theorem 5.1.8 (Markov’s inequal- 


ity) as a special case. However, Rassias, Rassias, and Rassias [77] disproved 
the conjecture. Erdds still speculates that § in Pommerenke’s inequality 
may be replaced by (1 + o0(1)). 

The result of the next exercise is formulated so that its proof is ele- 
mentary at the expense of precision and generality. 
E.22 The Interval where the Sup Norm of a Weighted Polynomial Lives. 
Suppose w = exp(—Q), where 
(1) Q:R- R is continuous and even, 
(2) Q!' is continuous and positive in (0,00), 
(3) tQ'(£) is increasing in (0, 00), and 
4) li ‘OS d_ lim tQ'(t) =o. 
(4) lim #Q"(f) =0 and lim #Q"(t) = 00 
Let a, > 0 be chosen so that 


anw(dn) = max la" w(ax)| . 


a] Show that 


nN = AnQ' (an) and O<a <a. <a3<-:-. 
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b] Show that 
Ipwlle < |[pwl|[—2a2n,202n] 


for every p € Pe. 


Proof. Using Chebyshev’s inequality (see E.2 of Section 5.1) and the explicit 
form (2.1.1) of the Chebyshev polynomial T,,, we can deduce that 


2. fea) 2x" 
a (=) =. Jello < (=) IlPll—a,a] 


for every p € PS, x € R \ [-a, a], and a > 0. Choosing a := ap, and using 
the fact that w is decreasing on [0,0o), we obtain 


Ip(2)| < 


\(pw)(2)| < (==!) 


an 


" w(2) 


w(an) 


|Pw||[—an.an] 


for every p € PS and x € R \ [—an, ay]. Now if a € R \ [—2a2n, 2a2], then 


n 


2a2n _2 
<exp([ Z Mat) = 2", 
ag t 


n 


where we used dan > Gn, tQ’(t) > 2n for t > aan, and tQ'(t) > n for t > ay. 
Combining the above inequality with the previous one, we obtain that 


|(pw)(z)| < |[pwll[-ananJ> © E R\ [—2a2n, 2a2n] 


for every p € P&, from which the result follows. 


c] Let Q(x) := |z|*, a > 0. Show that Q satisfies the assumptions of the 


exercise, and 
n\1/a 
an= (4) 0. 
a 


The idea of infinite-finite range inequalities, of which E.22 b] is an 
example, goes back to Freud (ay is the Freud number); see Nevai’s survey 
paper [86]. The sharp form of these is due to Mhaskar and Saff [85]; see 
also Lubinsky and Saff [88] and Saff and Totik [to appear]. They are not 
that difficult to prove, but need the maximum principle for subharmonic 
functions. 
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E.23. A Theorem of Markov. Let T,, be the Chebyshev polynomial of 
degree n defined by (2.1.1). Then 


n 
Ty(x) = S- Chynt™ . 
k=0 


The Markov numbers Mgn, O<k <n, are defined by 


{ ICk,n| if k =n (mod 2) 
Mg,n := ; 
lckn—1| if k =n—1 (mod 2). 


’ 


These can be explicitly computed from (2.1.1). 
a] The inequalities 

l@xnl < Men |lpll[-1.4) 
hold for every p € P,, of the form 


n 
p(“) = s ape” Ahn € R. 
k=0 


Proof. See, for example, Natanson [64]. 


b] Show that 
|p'(O)| < (2n — 1) [ella 


for every p € Pan. 


Hint: Use part al. 
c] Show that 


2n—-—1 
Ip'(x)| < 1-2] lPllt—1,1) 


for every p € Pay and x € (1,1). 


Hint: Use part b] and a linear transformation. 


Of course, part c] gives a better result than Theorem 5.1.7 (Bernstein’s 
Inequality) only if x is very close to 0. This is exactly the case we need in 
our application of part c] in E.4 c] of Section 6.1. 


5.2 Markov’s Inequality for Higher Derivatives 


From Theorem 5.1.8 (Markov’s Inequality), by induction on m it follows 
that 
pO II-aay < (A(n = 1) + — mF 1)? Illa 


for every p € Pn. 
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However, this is not the best possible result. The main result of this 
section is the following inequality of Duffin and Schaeffer [41], which gives 
a sharp improvement of the above. E.2 d] extends the following result to 
polynomials with complex coefficients: 


Theorem 5.2.1. If p € Py satisfies 


|p (cos 4)| <1, [ee 
then for everym =1,2,...,n, 
PP @+iy|<|TMA+yl, vée[-Ll, yeR, 


where T,, is the Chebyshev polynomial of degree n defined by (2.1.1). Equal- 
ity can occur only if p= Th. 


To prove this inequality we need three lemmas, which are of some 
interest in their own right. 


Lemma 5.2.2. Suppose »1,A2,...,An are distinct real numbers, 


q(z) =e] [(z-A,), OAcER, 


j=l 
and p € Pc, satisfies 
PON <l’AN, F=1,2,....7 
Then, for every m €N, 
(5.2.1) Ip (x) < Ja (2)| 
(m—1) 


whenever x is a zero of q ; 


Proof. For m = 1, inequality (5.2.1) is simply a restatement of the assump- 
tion of the lemma, so consider the case m = 2. The Lagrange interpolation 
formula (see E.6 of Section 1.1) gives 


BG), PMO) A... ee 
(5.2.2) joy F 2 g(Qj)z—-Aj » z—Aj’ 


where, by the hypotheses of the lemma, |6;| < 1. There is a similar expres- 
sion for q'(z)/q(z) in which each 4; is equal to 1. On differentiating (5.2.2), 
we obtain 
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Thus at the points x where q'(x) = 0 we have 


and it follows that the lemma is true for m = 2. 


The proof for m > 2 is by induction. Let |p) (x)| < |q(™(x)| at 
the zeros of q’"—)) (which are real and distinct). Applying the previous 
argument to p!™ and q(™) instead of p' and gq’, we obtain 


pr (a) < |g" (a)| 


at the zeros of g’”). This completes the induction. 


Lemma 5.2.3. Let gq € Pn have n distinct zeros in (—co,b), and suppose 
that in a strip of the complex plane it satisfies the inequality 


(5.2.3) lg(a + ty)| < |g +zy)|, xc€fa,bl, yeR. 
Suppose also that p' € Pn_1 satisfies 

(5.2.4) Ip'(x)| < |a'(2)| 

whenever x is a zero of gq. Then the derivatives of p and q satisfy 


(5.2.5) pa +iy)| <|g@MO+iy)|, xcelad], yeR. 


Proof. First we show that at every point x9 + iyo in the strip 


|p'(xo + tyo)| < |a'(b + yo) - 
Let . 
q(z) =e]](z->j), OAcER, A; € (-oo,)b). 
j=l 


Let A(z) be another polynomial with the same leading coefficient as q and 
whose zeros are obtained by reflecting about x9 those zeros of g that lie to 
the right of xo. Thus 


h(z) =e] ( - 4), 


j=l 

where 

220 — rj if rj; > Xo 
rj; if rj; = Xo - 


(5.2.6) By := { 
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Then on the line z= 29 + iy, y € R, we have |z — 2;| = |z — ,;|, so 
(5.2.7) |A(xo + iy)| = |a(xo + ty)| . 


We now show that 


(5.2.8) |[p'(xo + tyo)| < |h'(xo + iyo)| . 
Note that 

! n 1 
(5.2.9) ae 


and recalling (5.2.2), we have 


(5.2.10) 


with 6; € [—1,1] for each 7. Comparing the right-hand sides of (5.2.9) and 
(5.2.10), respectively, at z = xo + iyo, we obtain 


= 6; _ | _ 6)(a0 — dj) < yoo; 
Secrest 7 DG Ge 5 oS cen: 


to B; : Yo 
ee 1 ey 
oy (zo — B;)? + ¥6 2 Baa TR 


IA 


=| : 


4x1 to — By + tYo 


since by construction |v — A;| = vo — 8;. Therefore 


p' (xo + tyo) 
q(xo + iyo) 


h' (ao + tyo) 
h(xo + iyo) 


< | 


and (5.2.7) yields (5.2.8). 
Let a€C, |a| < 1, be an arbitrary constant and let 


y(z) := q(z) —ah(z +29 — Bb). 


Let I" be the simple closed curve consisting of a segment of the line 
z= b+iy, y € R, and the portion of a circle with center at 6 and ra- 
dius 9 that lies to the right of this line. Relations (5.2.3) and (5.2.7) show 
that on the line segment of I, 
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\q(z)| > |ah(z + 20 — b)|. 


If o is sufficiently large, the same inequality is true for the circular portion 
of I’ since q and h have the same leading coefficient. Thus Rouché’s theorem 
gives that y and fh have the same number of zeros inside I. We conclude 
that y has no zeros on or to the right of the line z = b+iy, y € R. The 
last statement, together with Theorem 1.3.1, implies that y’ has no zeros 
on the line z =b+iy, y € R. Thus for |a| < 1, 


q'(b + iyo) — ah' (ro + iyo) #0, 
which, together with (5.2.8), yields 
|p'(xo + tyo)| < |h'(wo + tyo)| < |a'(b + tyo)| - 


This proves the lemma for m = 1. 


We turn now to the case m > 1. Applying the lemma with m = 1 when 
p= q, we have 


lg’ (at+iy)| <|q'(b+iy)|, cela], yeR. 


Thus q’ satisfies all the requirements that are imposed on the interpolating 
polynomial q (with n replaced by n — 1) in the lemma, and by Lemma 
5.2.2, |p" (x)| < |q''(x)| at the n —1 zeros of g'. Applying the lemma to p'(z) 
instead of p in the case m = 1, for which it has already been proved, we 
have 

Ip"(x+iy)|<|q"(O+ty)|, celad], yeR, 


which proves that inequality (5.2.5) is true for m = 2. Repetition of this 
argument completes the proof for larger values of m. 


Lemma 5.2.4. Suppose p € P& and |p(A;)| < 1 for 
Aj = cos 4, j=0,1,...,n 
Then 


Ip! (an)| < ———= for ay = cos CRU k=0,1,...,n. 


f1l—zi 


For every fixed k, equality holds if and only if p= cT,, for some c € C with 
\c| = 1. 


Proof. Let 
n 
f(z) =(1-2)T, =a]]( a — cos) 
j=0 


5.2 Markov’s Inequality for Higher Derivatives 253 


Then by the differential equation for T,, (see E.3 e] of Section 2.1), we have 
f(x) = -2T,,@) — nT, (@). 


Differentiating the Lagrange interpolation formula for p (see E.6 of Section 
1.1) gives 
=F ij Aj) F'(@) = F(@) 
FO =e — Ay)? 
For the zeros of T;,, this ise to 


(5.2.11) p (a) = —T! (2) . p(A;) (1 — £A;) 


since at these points 


(x — Aj) f(x) — f() = —2(e — Ay)Ti(x) - (1 — 2?) Th (2) 
—(1—@dj)Ti(2). 


In the same way, we obtain for the zeros of a 


1 aaa 
ie 1) Fos i) © 


and since T;,(A;) and f/(A\;) are of opposite sign (f!(A;) = —n?T;,(A;)), this 
gives 


(5.2.12) T! (a) = T(r) » 


(1 — xj) 
(x — dj)? 


Since |p(A;)| < 1 in (5.2.11), on comparing (5.2.11) and (5.2.12), we obtain 
for every zero x of T,, that 


lp'(x)| < |T,,(@)| = 
For a fixed zero of T;,, the equality occurs if and only if 
P(Aj) = CTn (Aj), j =0,1,...,n 


for some c € C, |c| = 1, that is, if and only if p = cT,, for some c € C with 
\c| = 1. 


n 


1-2 


Proof of Theorem 5.2.1. Suppose p # T,, satisfies the assumption of the 
theorem. Then by Lemma 5.2.4 there exists a constant a > 1 such that 
lap'(x)| < |T/(x)| at the zeros of T,. Applying Lemma 5.2.3 with p and q 
replaced by ap and T;, (assumption (5.2.3) is satisfied with [a, b] := [—1, 1] 
by E.1 b]), we obtain 


[P(e +iy)| <a |T™MA1+iy)), «el-11, yeR 


for every m = 1,2,... ,n. If p = Ty, then we have the same inequality with 


a7! replaced by 1. 
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Comments, Exercises, and Examples. 


The inequality 
PO ay < TL) - Iipllay, Pe Pn 


was first proved by V. A. Markov [16]. He was the brother of the more 
famous A. A. Markov who proved the above inequality for m = 1 in [1889] 
(see Theorem 5.1.8). However, their ingenious proofs are rather compli- 
cated. Bernstein presented a shorter variational proof of V. A. Markov’s 
inequality in 1938 (see Bernstein [58], which includes a complete list of 
Bernstein’s publications). Our discussion in this section follows Duffin and 
Schaeffer [41]. 


E.1 A Property of Chebyshev Polynomials. 


a] Let (a;)?", be a sequence of 2n nonnegative numbers, and let (a/) be 
a rearrangement of this sequence according to magnitude, 


a, Sab >- > ah, >0. 


Show that for every y > 0, 
(5.2.13) (aia. + y)(aga4 + y) +++ (Q2n-1Q2n + y) 
is not greater than 

(aay + y) (A304 +) +++ (Abn -1@n +9) - 


Proof. If a, and az are at least as large as any of the remaining numbers 
a;, then 


(a1a3 + y)(a2a4 + y) — (ara2 + y)(aza4a + y) = y(ar — a4)(a3 — Ag) > 0. 


This shows that the numbers a; in (5.2.13) can be rearranged so that the 
two largest occur in the same factor without decreasing (5.2.13). Then the 
two largest of the remaining numbers a; may be brought into the same 
factor without decreasing (5.2.13), and so on. 


b] Show that the Chebyshev polynomials T,, defined by (2.1.1) satisfy the 
inequality 


Tr(a +iy)|<|TrA+iy)|, wee[-L]], yeR. 


Proof. We have 
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where 6; = GIHUF and ¢ = 2"-!. With x = cos6 we write 


n 
|T, (a + 4y)|? ef (4 le? - e- #5]? [el — ef? +4?) ; 
j=l 
Geometrically, et’), j = 1,2,...,n, represent 2n points equally dis- 


tributed on the unit circle. Connect these points by chords to the point 
e’®. Then the lengths of these 2n chords are given by |e’? — e+*|. If @ is 
increased or decreased by any multiple of =, we obtain a new set of chords, 
but the aggregate of their lengths is unchanged. Choose y such that 


p= (mod £) , -£<y<. 


If x* = cosy, then 


n 
Ty(a* +1y) = el] (3 Je’? - e- [? Jefe — cits]? +y?),, 


j=1 


where the numbers |e’? — e+": |? are simply a rearrangement of the numbers 


@ _ e+195|?_ Use part a] to show that 


[Tr(a + ty)? < |Tn(a* + ty)|?. 
Note that cos6; < x* < 1, where cos 6, is the right most zero of T,,. Hence 


[Tn (a* + iy)? < |Tr(l + éy)/?, 


and the proof is finished. 


E.2 Markov’s Inequality for Higher Derivatives for P¢. 


a] Show that if p and q satisfy the conditions of Lemma 5.2.3 with p € Py, 
replaced by p € P., then 


O(a) <a), w € [4,8] 


for every m €N. 
Hint: After differentiating (5.2.2) m — 1 times, we obtain 


- an! (g(x) 
= 0; — ; 
dx™—! \a— ; 
j=l 
where |6;| = |p'(A;)/q'(A;)| < 1. It is evident that if « € (a,b) is fixed, then 


|p («)| attains its maximum when 6; = +1 for each j, in which case p’ 
has real coefficients. Now use Lemma. 5.2.3. 
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b] Show that if p satisfies the assumption of Theorem 5.2.1 with p € Pp, 
replaced by p € PS, then 


pO IIa) <TR") 


for every m € N. The equality can hold only if p = cT,, for some c € C, 
\c| = 1. 

Hint: Modify the proof of Theorem 5.2.1 by using part a]. 
c] Show that 


n?(n? — 1)(n? — 27) ---(n? — (m — 1)?) . 


(m)(4) = 
Pat) 1-3-5:--(Qm—1) 


Hint: Differentiating the second-order differential equation for T,, (see E.3 
e] of Section 2.1) m — 1 times gives 
(1 — 2?) TO") (2) — (2m + TY aTO™) (2) + (n? — m?)T™ (2) = 0 


from which 
(2m +1) TAPtY) (1) = (n? — m?) T(™ (1) 


follows. Use induction and T},(1) = 1 to finish the proof. 


d] The Main Inequality. Suppose p € P¢ satisfies 
[pico Ss) oy Tica, 
Show that for m= 1,2,...,n, 


| (m) | Z a(n? —1)(n? — 2?) (n? == 1)?) 
Hes atts 1-3-5---Qm—1) 


and the equality can occur only if p = cT,, for some c € C, |c| = 1. 


Hint: Combine parts c] and bj. 


A slightly weaker version of Markov’s inequality for higher derivatives 
is much easier to prove. 


E.3. A Weaker Version of Markov’s Inequality. Show that 
|p IIaay < 20? [|| a1 


for every p € Pn. 
Hint: First show by a variational method that the extremal problem 


Ip'(+))| 
max —— 
OAPEPn lPllf—1,4) 
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is solved by the Chebyshev polynomial T;,, hence 


p' (=D) <n? Ilpllt-aay- 


Then, by using a linear transformation, show that 


2 
Ip'(y)| < i 


= yt lela < 2n?l[pll-1y, —-1<y<0 


and 


Iv’ (y)| < 


: < 2n?|Ipl|)_ O<y<l. 
yh lalla S 2" lela, = Sys 


Hence the inequality of the exercise is proved when m = 1. For larger values 
of m use induction. 


E.4 Weighted Bernstein and Markov Inequalities. Let w € C[—1,1] be 
strictly positive on [—1, 1]. 


a] Show that for every « > 0 there exists an no depending on € and w such 
that 


|p! w)w(e) VT I], Sn + llpellp—a 
for every p € Pn, n> No. 


Proof. By the Weierstrass approximation theorem, for every 7 > 0 there is 
aq € Pr such that 


w(t) <q) <Ut+nw(@), «e¢[-1,]]. 


Let m := min{w(a) : « € [—-1,1]}. Applying Theorem 5.1.7 (Bernstein’s 
inequality) to pq € Pniz and then to g € Px, we obtain 


I (ao(a) VI—w| < |n'()a(a) VT — 2 

|(pq)' (a) V1 = 2?| + |p(2)q' (x) V1 - 2? | 

(n + k)|lpal|t—14y + Wpll—a,1y4lall[—a1j 
(n+k)(1+)||pwl|t—11] + ~ |p| Cl +) ||wl||[—1,1) 
n(1 + €)||pwl||(—14) 


IA IA 


IA 


IA 


for every p € Py, provided 7 > 0 is sufficiently small and n > no. 
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b] Show that for every € > 0 there exists an no depending on € and w such 
that 
Ilo" wl|t—aay < 71 + ©)| [pela 


for every p€ Pn, n> No. 


Hint: Use the idea given in the previous proof. 


Schaeffer and Duffin [38] prove an extension of Theorem 5.1.7 (Bern- 
stein’s inequality) to higher derivatives. They show that 
d™ 
dx™ 


d™ 
ote) < = exp(in arccos x)| , «x € (-1,1) 


for every p € Py. The following exercise gives a slightly weaker version of 
this, which is much simpler to prove. Some of this follows Lachance [84]. 
E.5 Bernstein’s Inequality for Higher Derivatives. 


a] Show that there exists a constant c(m) depending only on m such that 


Ga) < elm) (Res) Molla, ee (11 


for every p € PS. (That we can choose c(m) < 2™ is shown in parts c], d], 
and e].) 


Hint: For 7 = 1,2,...,m, let 


~i)1 -~i)1- 
a; yma +2) and b; UL I) ) 
ue m 
Use Corollary 5.1.5 to show that there are constants c;(m) depending only 
on m such that 
n 


(> IIha5,05) < 05 (0) lv Mass j= 


for every p € Pe and j =1,2,... ,m. 


b] Show that there exists a constant c(m) > 0 depending only on m such 


that | ( Y . m 
pm (« : ; n 
sup ———— > c(m) (nin {n s}) 
o¢pePn |IPllt—1,1] V1l—x? 
for every « € [—1,1] and m=1,2,... ,n. 


Hint: First show that 


where I(x) := [ec —$(1—|z|), e+ 4(1—|z|)], then use a shift and a scaling. 
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In the rest of the exercise we show that c(m) = 2™ is a suitable choice 
for the constant in part a]. 


c] Let k be a positive integer. Then 
= nt+k 
Lp(a) = 9? OP Nay S$ SI) - 2?) a 


for every p € Pn. 


Hint: Let p € Py, be normalized so that ||p(x)(1 — «?)*/?||-_1 4) = 1. Apply 
Theorem 5.1.3 (Bernstein-Szegé inequality) with 


t(0) := p(cos6) sin*® 6 € The - 


If 29 = cos@ denotes a relative extreme point for p on (—1,1), then 
p'(cos 9) = 0, and after simplification we obtain that 


(p(cos 9) sin*—! @)? < 


~ ((n +k)? — k?) sin? @ + k2 — 


(n+k)? c Ga 


d] Let k be a positive integer. Then 
IIp'(x) (A — 2? )OFYP |g yy < 2(n + B)|lp(@) 1 = 2?) || ay 
for every p € Pn. 


Proof. Let p € Py be normalized so that ||p(z)(1 — ?)*/?||_4 4) = 1. Ap- 
plying Theorem 5.1.4 (Bernstein’s inequality) with m = 1 and 


t(0) := p(cos@) sin’ 0 € Thr, 
we obtain 
|p' (cos @) sin**! @ + p(cos @)k sin’! @cos6| <n +k. 
Now the triangle inequality and part c] yield 


|p’ (cos 6) sin**" 6| < (n + k) + k |p(cos@) sin’! 6| 


k 
26k 


<2(n+k). 
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e] Show that 


2 m 
Ip™ (x) < (=) plea 
VI-@ ente 


for every p € Py, and x € (—1,1). 


Hint: Use induction on m, Theorem 5.1.7, and part d]. 


5.3 Inequalities for Norms of Factors 


A typical result of this section is the following inequality due to Kneser 
[34]. 


Theorem 5.3.1. Suppose p= qr, where q € PS, andr € Pe_,,. Then 


Nall —ajayllrll|—a.4y < 5CnymCnn—mllD\l[—1,1] 5 


where = 
CrmcS2" II (1 + cos Aa 5 
k=1 


Furthermore, for anyn andm <n the inequality is sharp in the case that 
p is the Chebyshev polynomial T,, of degree n defined by (2.1.1), and the 
factor q € P&, is chosen so that q vanishes at the m zeros of p closest to 
—l. 


Before proving the above theorem, we establish an asymptotic formula 
for Chm and formulate a corollary. 
If f € C?[a,b], then by the midpoint rule of numerical integration 


: 1 (b— a)? " 
[ sae = 0-05 (a+) +S pre 


for some € € [a,b]. Let f(x) := log(2 + 2cos7a). Then 


f"(@) = 


(1+ cosmx)? 


On applying the midpoint rule to the above f, we obtain 


2n 


m/n 1 vi 
[ log(2 + 2cos 7x) dx = — SS log (2 VDiebs me 
. Mal 


+O di wt 
94 13 (n —m)4 


5.3 Inequalities for Norms of Factors 261 


for all integers 0 <m <n. Thus 


(5.3.1) Cram = Xp (1 in (2 foes ates) 
k=1 
ei (+ (23 (2+ 2e0stue)) 
= exp (0 (=) (exptrtn my)", 
where de 
I(n,m) := i log(2 + 2cosma) dx. 
So 


1/2 
(53:2) (Casa ~ exp (/ log(2 + 2 cos72) is) = 1.7916... 
0 
and 
ids 2/3 
(5.3.3) (Ch,|2n/3|) ~ exp i log(2 + 2cos7x) dx | = 1.9081.... 
0 


We use the notation a, ~ by and ay, S by, to mean lim a,/b, = 1 and 
N—->Oo 


lim sup an/bp, < 1, respectively. 
N+ Oo 


On estimating $CpmCnjn—m in Theorem 5.3.1 and using (5.3.2), we 
obtain the following: 


Corollary 5.3.2. Let p € P& and suppose p = qr for some polynomials q 
and r. Then 


[n/2| 


2 
lall,a,ullrlay <2"? TP (4 + 008 9)" Illa 
k=1 


< 7Cn (6/3| Ilp\|t—1,1) 


and equality holds when p is the Chebyshev polynomial T,, of degree n, and 
the factor q € PS, is chosen so that m := |n/2] and q vanishes at the m 


zeros of T, closest to —1. Here Os ~ 3.20991... , hence 


1/n 
(Soar) < 3.20991 
[Pll ~ 
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The proof of Theorem 5.3.1 proceeds through a number of lemmas. For 
the remainder of the proof we assume that 0 <_m <n are fixed. Now 
(5.3.4) sup{llall—ajallr lay ¢ lerll-ajyj =1, 9€ Pr» 7 E Pr—mh 


is attained for some gq € Py, andr € Py_,,. We proceed to show that there 
are extremal polynomials gq € PS, and r € Pf_,, such that p := qr is the 
Chebyshev polynomial T,, of degree of n, and that the factors g and r are 
as advertised, that is, 


p(2) = (ar)(0) = To(2) = & [TY 2 (0 — cos 282) 


k=1 
and the extremal factors, g and r, are given by 


: = es as 
q(x) : - I 2 (« cos ———* *) 
and 
1 II ( (2k—1) ) 
r(z) :=— 2(2-—cos—*] , 
v2 k=m+1 ” 
respectively. Note that for the above g and r we have 
1 
llall—-1,4) = la(-1)| = ya on 


and 
1 


Ir lt-a.4 he Ir(1)| = Va Onno: 


First we show that there exist extremal polynomials gq € Ps, and 
r € Pe_,, such that 


(5.3.5) la(—1)| = llall-a = and lr(1)| = [Ir lla.) - 
To see this, choose a, 8 € [—1, 1] such that 


la(a)| = Ilallf-aay and [r(8)| = IIrIIp-aay, 
where, considering g(—z) and r(—z) if necessary, we may assume that 
a < 8. Note that a = 8 cannot happen, so a < (. We have 
llalltx,aylIrllta,} 2 lall_—s,ayllrlp—a,4) 
llar lta) = CM ray 


since the numerators are equal and 


llarllte,a} S larll_—1,1 - 
Let ¢ € Pm be defined by shifting q from [a, §] to [—1, 1] linearly so that 
a — —1. Let * € Pé_,,, be defined by shifting r from [a, 8] to [—1, 1] linearly 
so that 6 > 1. Then g € PS, andr € P£_,, are extremal polynomials for 
which (5.3.5) holds. 
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Lemma 5.3.3. Suppose q € Po, andr € Pc_,, are extremal polynomials 
for which (5.3.5) holds. Then there are extremal polynomials ¢ € Pf, and 
F € Pe_», having only real zeros for which (5.3.5) holds. 


Proof. Let q(z) be defined by replacing every factor z — a with nonreal a 
by z—(ja+1|-1) in the factorization of g. Let 7(z) be defined by replacing 
every factor z — a with nonreal a by z — (1 — |a — 1)) in the factorization 
of r. Now it is elementary geometry to show that q € P«, and r € PC_,, 
are extremal polynomials for which (5.3.5) holds, and all the zeros of both 
q and F are real. 


Lemma 5.3.4. Suppose q € Py, andr € Po_,, are extremal polynomials 
having only real zeros for which (5.3.5) holds. Then there are extremal poly- 
nomials q € Pe, andr € P<_,, having all their zeros in [—1,1] for which 
(5.3.5) holds. 


Proof. Let q(z) be defined by replacing every factor z—a by z—lifa>1, 
and by lifa < —1, in the factorization of gq. Let 7(z) be defined by replacing 
every factor z—a by z+ 1 if a < —1, and by 1 if a > 1. Now it is again 
elementary geometry to show that g € PS, and q € P<_,, are extremal 
polynomials having all their zeros in [—1, 1] for which (5.3.5) holds. 


So we now assume that q € Po, and r € Po_,, are extremal polyno- 
mials having all their zeros in [—1,1] for which (5.3.5) holds. We may also 
assume that deg(q) = m and deg(r) = n — m, otherwise we would study 


G(z) = 2-88 g(z) € PE, 


and 
F(z) = 22—™ Feel") p(z) € PS__., 


which are also extremal polynomials having all their zeros in [—1,1] for 
which (5.3.5) holds. 


It is now clear that if g and r are extremal polynomials with the above 
properties, then the smallest zero of g is not less than the largest zero of r. 
Indeed, if there were numbers —1 < a < 6 < 1 so that g(a) = r(f) = 0, 
then the polynomials 


(2) := q(2)—* e Ps 
and 
#(z) = r(z) > € Po_, 
z— 6 


would contradict the extremality of g and r since 
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lalla.) 2 l@-DI > la(-D] = lalla, 


F-11472 PCD] > IrQ)] = Iria 


and 
lar |l—1,1) = ler |l[-1,1) - 


So now we have extremal polynomials q € Pf, and r € P<_,, of the 
form 


q(z) = Va [[¢ — Bx) and r(z) = Va (z — ag) 
k=1 k=1 
satisfying 
la(—1)| = llall[-aay amd |r(1)| = IIr Ila.) 
where 


SV Sa< GX S i Se ee eS By KI 


and the constant a > 0 is chosen so that for p := gr we have ||p||;-1,1) = 1. 
Now we are ready to prove Theorem 5.3.1. 
Proof of Theorem 5.3.1. We show three properties of p = qr: 
(1) |p(-1)| = 1 and ||[p(1)] = 1. 
(2) l1p(2) Illes evigs =1, 1=1,2,...,.n-m—l1, 

lp(@)lI3;.8:44 = al t= 1,2, a 
(3) |IPllfan—m,1] = 1. 

These three facts show that p is indeed the Chebyshev polynomial +7), 


defined by (2.1.1) since +7), are the only polynomials of degree at most n 
that equioscillate n + 1 times on [—1, 1] with uniform norm 1. 


.,m-—i1. 


To prove (1), assume to the contrary that |p(—1)| < 1. Then there is 
a dé < —1 such that 


llellts,a3 = llellt—a,11- 


Since |q| is strictly decreasing on [6, —1], 


llatlts.a) 2 1¢(8)1 > la(— 1) = Tlallt-a.ay 


and, of course, 
llerlhfs.1j = Ur llt—1.ay - 


Let gq € PS, and r € Pé_,, be the polynomials g and r shifted linearly 
from [6,1] to [-1,1] so that 1 4 1. By the previous observations, these ¢ 
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and r contradict the extremality of g and r, hence |p(—1)| = 1, and we are 
finished. A similar argument shows that |p(1)| = 1. 


To prove (2) let 
8(z) = (z — a4) (z — au41)- 
Given € > 0, we can find 0 < 61,62 < € such that 
t(z) = (z — (ai — 61)) (2 — (ati + 42)) 


satisfies 
t(1) = s(1), [é—sllenap <6, 


and 
\t(x)| < |s(a)|, x € [-1,a; — 64] U [aiy1 + 62,1). 


Suppose ||pI|[a;,0:41] < 1. Let 


and 


If € > 0 is sufficiently small, then 


|r \I_-1.1) < llarlt-a4j = and |(@r)(-1)| < 1. 
The second inequality guarantees that there exists a 6 < —1 such that 
ar llts1) = Nar t-a4y - 
Since |q| is (strictly) decreasing on (—oo, lJ, 


I!all5,1) 2 146) > la(—D)I = la(—D] = MNallt-a.ay- 


Also 
Fltsay = Wr lt—aay = PQ) = lr) = Ir llj-aay- 


Now let ¢ € PS, and r € PS_,, be the polynomials p and @ shifted linearly 
from [6, 1] to [—1, 1] so that —1 — —1. By the previous observations, these 
q and r contradict the extremality of q and r. Hence ||p]|ra, = 1, and 
the proof is finished. The proof of ||p| 


,oi+1] 
[8:.8:41] = 1 is identical. 


To prove (3) assume that: ||pl|ja,,_,.,4:] < 1. Let 


Gz) = Va(z - (Bf: +€)) [] (2 - Bx) 
k=2 
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and 
n—m—-1 


7(z) := Va(z — (Qn_m — ©) ) If « (z — ag). 


k=1 


If € > 0 is sufficiently small, then 
lalla.) 2 la(-DI] > la(-D] = Nlallt-a.n, 


7 lt-1,1) = PQ)| > IrQ)] = Irlle-aay 
and 
lar |l—14 < lar laa; 


which contradicts the extremality of g and r. Hence ||pJlja,,_,.,6:] = 1, in- 
deed. 


Theorem 5.3.5. Suppose p € Py is monic and q € Py, is a monic factor of 
p. Then 


la(—)| < "2" TT (1 + 005 SEN) ha. 


k=1 


for every 8 > 0. Equality holds if p ts the Chebyshev polynomial Tyg of 
degree n on [—8, 8] (normalized to be monic), and the monic factor q € PS 
is chosen so that q vanishes at the m zeros of Ty,g closest to B. Note that 
Tn,p(&) = B"T,(a/B), where T,, is defined by (2.1.1). 


The proof of Theorem 5.3.5 is outlined in E.1. 


Corollary 5.3.6. Suppose p € P, is monic and q € P¢, is a monic factor of 
p. Then 


IA a 


” 
la(- SHE) |pll-2.2) = 5Cnmlloll-2.2) 


m 
“U (1 + cos $ 


and the inequality is sharp for allm <n. Here, for allm <n, 


Cine ci/n 


ESO. ang 108 Lag 


and hence 


ss 1/n 
(G—) 1.9081... 


loll —2,2 
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Proof. Take 8 = 2 in Theorem 5.3.5. Note that 


(n) 


mT (2h-1)0 (n) (2h-1) x 
I] (1+ 000) < 27 I (1 + cos CAN ) F 


where 7(n)+1 := [2n+3] is the smallest k € N for which cos CA-U# 


So, for every m = 0,1,...,n, 


| 
Nie 


Cam < Cr,y(n) 


and by (5.3.3) 
CHP <Ch,|9n/3) S 1.9081. 


nym ~w 


Theorem 5.3.7. Suppose p € P&S is monic and has a monic factor of the 
form qr, where q € Py, andr € Py,,. Then 


m1 


|(—B)||r(B)| < pm tmarngn-1 


x I (1+ cos CAV ) 


k=1 


ae 1) 


omni 


[ (1 + cos PEN) ipl, 9). 


>= 
Il 


1 


Equality holds if p is the Chebyshev polynomial T,,, of degree n on [—{, 6] 
normalized to be monic, and the factors q € Py,, andr € P;,, are chosen 
so that q vanishes at the m, zeros of Ty, closest to B, while r vanishes at 
the mz zeros of Ty,g closest to —f. 


The proof of Theorem 5.3.7 is analogous to the proof of Theorem 5.3.1 
and is left as an exercise (see E.2). 


Theorem 5.3.8. Suppose p € Pe is monic and has a monic factor of the 
form 192°: qj, where q, € Py,, and m :=m, + m2 +--+ +m; <n. Then 


j 
TL llail-2.) <8"-"2"" 
i=1 
[m/2] [m/ 


(2k=1)n (2k=1)n 
x I (1+ cos CA ) I (1+ cos ) llellr—2.a 


for every 8B > 0. Equality holds if p is the Chebyshev polynomial Tyg 
of degree n on [—6, 8] normalized to be monic, 7 = 2, and the factors 
nm € Plin/2| and qo € en are chosen so that q, vanishes at the |m/2| 
zeros of Tn,g closest to B, while qo vanishes at the [m/2] zeros of Tn,g 
closest to —f. 
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Proof. For each q;, write 


Gi = TiS8i, 


where r; is the monic factor of g; composed of the roots of gq; with negative 
real part, while s; is the monic factor of g; composed of the roots of q; with 
nonnegative real part. So 


lrillt—e,6] =|rs(2)| and || s:l|-a,4] = |se(—)] - 
Thus 


Jj Jj Jj 
[[ilalh-s.ai < \IT] [IT «-9)). 
i=l i=1 i=1 


We now apply Theorem 5.3.7 to the two factors Th, r; and Te 8; to 
finish the proof. 


As before, let D := {z € C: |z| < 1}. We now derive inequalities on the 
disk from those on the interval. A continuous function on D has the same 
uniform norm on both D and D and it is notationally convenient to state 
the remaining theorems over D. Suppose t € Po, s € Py, and v € Pr_,, 
are monic, and t = sv. By the maximum principle, t, s, and v achieve their 
maximum on D somewhere on 0D. Now consider 


p(x) = t(z)t(2"), 


g(a) := s(z)s(z~"), and r(a) := v(z)vo(z7") 


with 


giz zte2t. 
The effect of this transformation on linear factors is 
(z-—a)(z~!-—a) =-ar+1+a’, 


sope Pr, qe Po, re Pe_,,, and p= qr. Also 


llmllt—2.2) < Wl¢ll - 


If t(0) # 0, then the modulus of the leading coefficient of p is |t(0)|, while 
the modulus of the leading coefficient of g is |s(0)|, and the modulus of the 
leading coefficient of r is |v(0)]. 


From these transformations and the interval inequalities we can deduce 
the next three theorems. 


5.3 Inequalities for Norms of Factors 269 


Theorem 5.3.9. Let t € Po be monic and suppose t = sv, where s € Py, 
andv € Po_,,. Then 


1/2 
[v(0)|!/? |Isll_> < (ECaym)/” lItIlb ; 


where Cyn m ts the same as in Theorem 5.3.1. This bound is attained when 
m <n are even, t(z) =z" +1, ands € PS, vanishes at m adjacent zeros 
of t on the unit circle. 


Proof. We may assume, by performing an initial rotation if necessary, that 
IIsllb = |s(-1)]. 


So from Corollary 5.3.6 we deduce that 
(5.3.6) |Isl> = |s(—1)? = |a(- I 
< |3(0)/e(0)[2"—" I (1 + cos PAM) |Iplly_,9 


3 I 


< |s(0)/4(0)]2"—" T] (1 + cos PED) [les 


k=1 


where s(0)/t(0) = 1/v(0). 
Theorem 5.3.10. Suppose t = sv, wheres € Pm andr € Pn—m. Then 


1/2 
Is\Ipllvll < ($CrmCnn-m)” IItll. 


where Cnm ts the same as in Theorem 5.3.1 and 
nye Bie 


This bound is attained when m <n are even, t(z) = 2” +1, and s € PS, 
vanishes at the m zeros of t closest to 1 and v € Pn—m vanishes at the 
n—m zeros of t closest to —1. 


~1.7916.... 


Proof. From Theorem 5.3.1 we can deduce that if a, b € 0D, then 
|s(a)|?|v(6)|? = |s(a)s(a~*) ||v(b)v(6-")| 

|a(a + a7") ||r(6 + b~*)| 

5CnmCnn—mllpllfate-1,e+0-1] 

5Cn,mCnn—mllell{-2,2 

5Ca,mCnn—mlléllD , 

where, without loss of generality, we may assume that a+ a7! < b+07!. 


The result now follows on choosing a and 6 to be points on OD where s and 
v, respectively, achieve their uniform norm on D. 


IA IA IA 


In the multifactor case we have the following theorem: 
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Theorem 5.3.11. Suppose t € Py is of the form t = vs ,52---8;, where 
8; © Pm, and v € Prem with m:= m1 +m2+++++m; <n. Then 


i 
|v(0)|'/? T] Iisilp < 2"-P? 


i=1 


[m/2| [m/21 ae 
x II (1+ cos a II (1+ cos Sa} \|t||p 
k=l k=l 


Equality holds if t(z) = 2” +1, j = 2, m1 = mz := m/2 and n are even, 
and the factors q1 € Pm/2 and q2 € Pm/2 are chosen so that q vanishes at 
the m/2 zeros of t closest to 1 and qz vanishes at the m/2 zeros of t closest 
to —1. 


Proof. This follows from Theorem 5.3.8 in exactly the same way as Theorem 
5.3.10 follows from Theorem 5.3.1. 


Comments, Exercises, and Examples. 


The first result of this section is due to Kneser [34] and in part to Aumann 
[33]. The proof follows Borwein [94], as does most of the section. There are 
many variations and generalizations. See Boyd [92], [93a], [93b], [94a], and 
[94b]; Beauzamy and Enflo [85]; Beauzamy, Bombieri, Enflo, and Mont- 
gomery [90]; Gel’fond [60]; Glesser [90]; Granville [90]; Mahler [60], [62], 
and [64]; and Mignotte [82]. Some of these are presented in the exercises. 
In particular, E.6 reproduces a very pretty proof of Boyd [92] that 


llgllollrllb < (1-7916...)"||pllp, 


where p € PS and p= qr with some q € PS and r € P¢_,,. (Note that we 
have not assumed real coefficients unlike in Theorem 5.3.10, and we have 
< instead of < .) 


E.1 Proof of Theorem 5.3.5. 


Outline. Let m <n and 8 > 0 be fixed. The value 


sp { BOA, 


: q€ Py, and pe Py, are monic and q divides r} 
lIPllt—s,) 


is attained for some monic q € Ps, and p € Px. We can now argue, exactly 
as in the proof of Lemma 5.3.3, that there are extremal polynomials p € P? 
and q € P<, such that all the zeros of p are real and lie in [—8, co). Arguing 
as in Lemma 5.3.4 gives that p has all its roots in [—{, 6]. Thus q must be 
composed of the m roots of p closest to /. 
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The argument of the proof of Theorem 5.3.1 now applies essentially 
verbatim and proves that an extremal p € P¢ can be chosen to be the 
Chebyshev polynomial on [—{, 3] normalized to be monic. Thus on [—1, 1] 


p(x) = Il (« — cos Ghee | and = q(x) = I (« — Cos Ghee | 
k=1 


— 


from which the result follows (on considering 6" p(#/3) and B™q(x/8) on 


E.2 Proof of Theorem 5.3.7. 
Hint: Proceed as in the proof of Theorem 5.3.1 (or E.1). 


E.3 A Version of Theorem 5.3.10 for Complex Polynomials. Suppose 
t= sv, where s € Pf, and v € Py_,,. Then 


1/2 
eae] |rrab ca (rome caret uaa |i 
and if t is monic 


[e(O)|/" Isllvllell> < $(CamCnn—m)'”? [lel - 


Hint: The first inequality follows as in the proof of Theorem 5.3.10 with 
a:=-—1land 0b:=1. The second part is immediate from Theorem 5.3.9. 


E.4 Mahler’s Measure. Let F: C* > C, and let the Mahler measure of 
F be defined by 


1 1 
M,(F) := exp f af log |F(e?***,. ..,e?7**)| diy diy} 
0 0 


if the integral exist. 
a] Show that if 


p(z) =e] [(z- a), c,a, EC, 
then 


M,(p) = |e| | [ max{1, Jail}. 


i=1 


Hint: Use Jensen’s formula (see E.10 c] of Section 4.2). 


b] Show that if F := F(z4,...,2,) and G:= G(z1,... ,2zx), then 


M,(FG) = M,(F)M,(G). 
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c] Show that 
M,(ax + b) = max(|al, |b|), 


Mo(1+a2+4+y) = Mi(max{1,|1+2|}), 
Mo(1+a+y-—xy) = M(max{|l —2|,|1+2]}). 


d] One can numerically check that 
Mo(1+a+4+y) = 1.381356... 


and 
M3(1+a+y—sy) = 1.791622.... 


E.5 The Norm of a Factor of a p € P< on the Unit Disk. Suppose p € P¢ 
is monic and has a monic factor gq € Ps. Then 
llall> < 8" Ipllb , 
where 6 := Mo(1+a+4+y) =1.3813.... 
Outline. Let 


n 


p(x) = [[@ — aj) and q(x) = [[@ —ai), a, EC. 


i=l i=l 


Suppose ||q||p = |q(u)|, where u € OD. Then 


llallo = |a@w)| = I ju — ai] < []mxti — ail, 1} 
= Mi (pe + 1) < i Gas jz +ul"}llpllo) , 


where the last equality holds by E.4 a], and the last inequality follows 
because 


(5.3.7) lp(z)| < max{1,|z|"} - IIpllo 


holds for every p € PS and z € C by E.18 a] of Section 5.1. Now using E.4 
b] and 
M,(max{1, |x + u|}) = Mi (max{1, |x + 1]}), 


we obtain 


Ilgll> < Mi(max{1, Ja + u|"}) [lllo 
= M, ((max{1, |@ + ul})") llpllo 
= M,((max{1, |@ + 1]})") IIpllo 
= (Mi (max{1, |@ + 1]}))" IIpllo 
= (Mo(1+2+y))"lpll> = 8" |[pllD- 
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E.6 Another Inequality for the Factors of ap € P, on the Unit Disk. Let 
p=ar, where g € Pe, andr € Ps_,,. Then 


llallolirllb < 6" l|pllp 


where 6 := Mo(1l+a+y-—2y) =1.7916.... 


Outline. Without loss of generality we may assume that g and r are monic. 
Let 


q(x) := IT —a;) and r(a) i= | II (a — a4), a; EC. 


Choose u € OD and v € OD such that |¢(u)| = ||¢||p and |r(v)| = |r|. 
Then, using E.4 b] and c], we obtain 


llalloiirllo = la@)Ilr@)| = Il ju—ai| J] ail 


< [[ max{lu — aj|, |v — ai|} 


Now, by (5.3.7), 


(@-1)"»( 22") | < (max { 


Uv n 
,Je-2|})" Iplio, 
U 


hence 


llal[plirIl> < ee max{|« — 1], | —v/u|})")|Ipl|b 
max{|« — 1], | —v/ul}))"|Ipl|o 
max{|1 — a], 1 +2]}))" |Ipllp 
1+2+y—2y))"\lpllp 


1.7916...)"||pllp. 


( 
Mi( 
( 
2( 
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E.7 Bombieri’s Norm. For Q(z) := )0;-) an2" the Bombieri p norm is 


defined by 
(2b = (>: (7) “ie "| 


Note that this is a norm on P¢ for every p € [1,oo), but it varies with 
varying n. The following remarkable inequality holds (see Beauzamy et al. 
[90]). If Q = RS with QE PS, RE PS, and S € P«_,,, then 


1/p 


imaise<(") (Ql 


and this is sharp. 


One feature of this inequality is that it extends naturally to the multi- 
variate case. See Beauzamy, Enflo, and Wang [94] and Reznick [93] for 
further discussion. 


“lp rinte 
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Inequalities in Muntz Spaces 


Overview 


Versions of Markov’s inequality for Miintz spaces, both in Cla,b] and 
L,[0,1], are given in the first section of this chapter. Bernstein- and 
Nikolskii-type inequalities are treated in the exercises, as are various other 
inequalities for Mintz polynomials and exponential sums. The second sec- 
tion provides inequalities, including most significantly a Remez-type in- 
equality, for nondense Miintz spaces. 


6.1 Inequalities in Muntz Spaces 


We first present a simplified version of Newman’s beautiful proof of an 
essentially sharp Markov-type inequality for Miintz polynomials. This sim- 
plification allows us to prove the Ly, analogs of Newman’s inequality. Then, 
using the results of Section 3.4 on orthonormal Miintz-Legendre polynomi- 
als, we prove an Ly version of Newman’s inequality for Mtintz polynomials 
with complex exponents. Some Nikolskii-type inequalities for Mtintz poly- 
nomials are studied. The exercises treat a number of other inequalities for 
Mintz polynomials and exponential sums. Throughout this section we use 
the notation introduced in Section 3.4. Unless stated otherwise, the span 
always denotes the linear span over R. 
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Theorem 6.1.1 (Newman’s Inequality). Let A := (\;)%o be a sequence of 
distinct nonnegative real numbers. Then 


7S sup lap! (x lev" (@)lhto,3 1] <9 


OApEM, (A) Mello 1] 
for everyn €N, where M,(A) := span{x*?,a2™,... , 2” }. 
Proof. It is equivalent to prove that 


P'IIfo,00) 
(6.1.1) 7 sup HE lho) <9, 


0#PEE» (A) ) WPlljo,c0) 


where E;,(A) := span{e~*°!, e~*1*,... ,e7*”*}. Without loss of generality 
we may assume that Ag := 0. By a change of scale we may also assume that 
ee, A; = 1. We begin with the first inequality. We define the Blaschke 
product 


n 


me 
j=l 
and the function 
1 et 
6.1.2 Tt) :=— | —— ad, P:={zEC:|z-l1=1}. 
@12) TO=s5/ Toe {2€C:|2-1|=1} 
By the residue theorem 
n 
T(t) =) (BIQ;)) te" 


and hence T € E,(A). We claim that 


(6.1.3) |B(z)| > 2éT. 


bese 


Indeed, it is easy to see that 0 < A; < 1 implies 


=e EN Pays 
CAG | Sie 27 zeL 
z+; 2+; 1+ 5A; 
So, for z ET, 
1 n 
LS Peres tg 2a 1-4 1 
|B(2)| = I] < a i — 2 = — 
ae Lae Ag i< 1+4; 3 
j=l 205 1+5 >>; 2 


&. 
lI 
un 
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Here the inequality 


l-el-y_1-@+ty), 2ry(x + y) 
l+al+y l+(@t+y) G+a)1+y)1+(r+y)) 
1-(a@+y) 
1+(x+y)’ ry 20 


is used. From (6.1.2) and (6.1.3) we can deduce that 


1 et 
(6.1.4) IT@|< rah ss 


Also 


1 
|dz| < 57 3(2m) = 3, t>0. 


1 —ze—*t 
iG) Sa) ee 
a a Bar 


and 


/ = 1 é = | a 
(6.1.5) T'(0) = -s5 fH Boy =e us Be 


Now, for |z| > max1<j<n Aj, we have the Laurent series expansion 


n n 


Zz 1+,/z Aj . 
(6.1.6) Bey TEE = TT +23: (2) } 


j=l j=l 
n n 2 
=z 1+2(5-35] -1+2(3-3] ge pee. 
j=l j=l 
=z+24221+---, 


which, together with (6.1.5), yields that T’(0) = —2. Hence, by (6.1.4), 


Ir, 222 
J Nhe S38 : 
[Foon 23732 


so the lower bound of the theorem is proved. 


To prove the upper bound in (6.1.1), first we show that if 


v0=553/ a” rs={zeC:|z-1|=1}, 


(6.1.7) a |U" (t)| dt <6. 
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Indeed, observe that if z = 1+’, then |z|? = 2+ 2cos@, so (6.1.3) and 


Fubini’s theorem yield that 
2 5—2t 
i: a 
(1 — z)B(z) 


[o-<) camel E 

U"(t)| dt = — 

[I () h = 
2a —z2t 

ef [4 Lo dba 


Qn 
ae i Sac a ntiecie 
0 0 


dt 


ae (9 + 2.0088) J dd =6 
On l+cosé 
Now we show that 
[oe] 
(6.1.8) / etU"(t) dt =r; —3. 
0 


To see this we write the left-hand side as 
0 ca 1 zee 
e rit " eos jt 
U" (t) dt = —_—- dzdt 
[ ( be ha rp (l-z)B(z) e 


—(z+A;) 2 
af laos re vd dt = : af —___* _q, 
“en (1—2z)B(z) Qni Ip (z+ Aj)(1 — z)B(z) 


=| z 1 d 
~ Oni or, 1—2z B(z) a: 


where in the third equality Fubini’s theorem is used again. Here, for |z| > 1, 
we have the Laurent series expansions 


Sy 
= 1-21-27? ; 
and, as in (6.1.6), 
: =142271°422774 
B(z) 


Now (6.1.8) follows from the residue theorem (see, for example, Ash [71)]). 
Let P € F(A) be of the form 


n 
POSS Ge cj ER. 
j=0 
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Then 


[Oo Ptraurea =e Deemer murenat 


= S- aes ett" (t) dt = Sey = Bee 
j=0 


j=0 


and so 
(6.1.9) |P'(a)| < 3|P(a)| + [ |P(t +a) U" (t)| dt. 


Combining this with (6.1.7) gives 


I|P'lI[o,00) < 3 || Plfo,c0) + 6 Il Plfo,20) = 9 Il Pllfo,.0) 5 


and the theorem is proved. 
The next theorem establishes an L, extension of Newman’s inequality. 


Theorem 6.1.2 (Newman’s Inequality in L,). Let p € [1, 00). If A:= (Ai)2o 
is a sequence of distinct real numbers greater than —1/p, then 


1 1 
|cP'(x)||z, 0,1] < oT >> ne + = | Pllz.,[0,1] 


j=0 


for every P € M,(A) := span{a*°, «* gry. 


If T := (%)2o is a sequence of en positive real numbers, then 
n 
IP" |lz,[0,00) < 12 (>: ») I| Pll z.,[0,00) 
j=0 
for every P € E,(L) := span{e71, e~™*, ... ,e7M*}. 


Proof. First we show that the first statement of the theorem follows from 
the second. Indeed, if (A; Je © is a sequence of distinct real numbers greater 
than —1/pand yj :=4++4 ; for each 7, then (7% )%2, is a sequence of distinct 
positive real numbers. Let Q € M,,(A). Applying the second inequality with 


P(t) = Q(e“)e*? € Ey (TL) 


and using the substitution x = e~*, we obtain 
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(f(a) |e) <x (>: (s+ :)) Ilo. 


j=0 
Now the product rule of differentiation and Minkowski’s inequality yield 


1 = 1 
l2Q"(@)lla,0 < (2 +20 ( ‘i -) [ele 
Des. ag Pp 
which is the first statement of the theorem. 


We prove the second statement. Let P € E,(I) and p € [1,0o) be 
fixed. As in the proof of Theorem 6.1.1, by a change of scale, without loss 
of generality we may assume that ee, 4; = 1. It follows from (6.1.9) and 
Holder’s inequality (see E.7 a] of Section 2.2) that 


|P'(a)|P < 2°71 (H1P@P + (f° |P(t + a)|U"'(é)| it) ) 
< 6?|P(a)|P 


+2P-1 (f° |P(t + a)|?|U" (| at) i Gi JU" (t)| at) *) 


for every a € [0, 00), where q € (1, ox] is the conjugate exponent to p defined 
by p-! + q7! = 1. Combining the above inequality with (6.1.7), we obtain 


Pp 


|P'(a)|? < 6?|P(a)|? + geile) |P(t + a)|?|U"()| dt 


for every a € [0,co). Integrating with respect to a, then using Fubini’s 
theorem and (6.1.7), we conclude that 


IPE tiay SOFIE oy 42 eel i- P(t+a)|?|U"(t)| dtda 


< CP IIPIP oo +arigele [ a \P(t+.a))P|U"(t)| dade 


CO 
< 6P||PI\F. t0,00) + 2?- 16P/4|| ple ed ff |U" (t)| dt 


SOP IE oy tee 1gp/a+1)| pile sides) 


= (6 + 2°-16)|| PIE ojoc) S 1PIPIIE 0,00) 


and the proof is finished. 


The following Nikolskii-type inequality follows from Theorem 6.1.1 
quite simply: 
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Theorem 6.1.3 (Nikolskii-Type Inequality). Suppose 0 < q < p< o. If 
A := (Ay) 2&9 is a sequence of distinct real numbers greater than —1/q, then 


Ps 1/q-1/p 
lly /2-1/? P(y)|lx.,(0,1] < (1 - 29 > nt oe *)) Pllz.{0,1] 


j=0 


for every P € M,(A) :=span{a*,2™,... , 2}. 


If T := (%)%o is a sequence of distinct asses real numbers, then 


n 1/q 1/p 
(6.1.10) l|Pllz,[0,00) < (18:2° 35] Il Pll, {0,00) 


for every P € E, (I) := span{e71, e~™*, ... ,e7 MF}. 


Proof. First we show that the first statement of the theorem follows from 
the second. If (A;)?» is a sequence of distinct real numbers greater than 
—1/q and y := ; + 1/¢ for each i, then (7;)%, is a sequence of distinct 
positive real numbers. Let Q € M,,(A). Applying (6.1.10) with 


P(t) := Q(e"*)e"4 € E, (TL) 
and using the substitution x = e~*, we obtain 


lly /2-/ QW) Ilz,10,11 
n { 1/q-1/p 
< (18-2) /a-¥/P (>: (a+ ‘)) lQlleo.) 
aa qd 
j=0 
which is the first statement of the theorem. 


It is sufficient to prove (6.1.10) when p = oo, and then a simple ar- 
gument gives the desired result for arbitrary 0 < q < p < oo. To see this, 
assume that there is a constant C’ so that 


II Plto,co) < C*/"|| Pllz.,[0,00) 


for every P € E,(I°) and 0 <q < oo. Then 


PIE, fo,00) = i: |P()P-24 dt < [IPI Sy IPIIZ, 0,00) 


< OP/IUPIED IIPS, f,00) 


and therefore 
||Pliz.,[0,00) < C7/9-"/? || Pllz, 10,00) 


for every f € E,() and0<q<p<o. 
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When p = oo, (6.1.10) can be proven as follows. Let P € E,(I), and 
let y € [0,00) be chosen so that |P(y)| = ||Pllfo,.0)- From Theorem 6.1.1 
and the Mean Value Theorem, we can deduce that |P(t)| > $||Plljo,.0) for 
every 


tel:=[y,y+(18y)'], where y:= 7, : 
j=0 
Thus 


= 
I| PII, 40,00] = > [Pa (t) |? dt > (82) 2~ “IP llfo,c0) ) 


j=0 


and the result follows. 


Theorem 6.1.3 immediately implies the following result, which is a 
special case of Theorem 4.2.4: 


Theorem 6.1.4 (Miimntz-Type Theorem in L,). Let p € [1, 00). Let (Ai) 25 
be a sequence of distinct real numbers greater than —1/p satisfying 


foe) 


> (a +2) < 00. 


j=0 
Then span{a*,x*,...} is not dense in L»[0, 1]. 
The next theorem offers an Lz analog of Theorem 6.1.1 even for com- 
plex exponents. It also improves the multiplicative constant 12 in the DL» 


inequality of Theorem 6.1.2 and shows that the Ly. inequality of Theorem 
6.1.2 is essentially sharp. 


Theorem 6.1.5. Jf A := (\;)%o is a sequence of distinct complex numbers 
with Re(A;) > —1/2 for each i, then 
ll7p' (x) ll0f0,1) 
o¥peM, (A) |IPIlz20,1] 


n 


n n 1/2 
< (>: JA? + 521+ 2Re(A;)) SO + 2n)) 
j=0 j=0 


k=j+1 


for everyn € N, where M,,(A) denotes the linear span of {a*°,2™,... ,x>"} 
over C. 


If A:= (Ai) 29 is a sequence of distinct nonnegative real numbers, then 
1 n 

< — y 1+ 2); 

= /2 21 i) 


for everyn € N, where M,(A) denotes the linear span of {x*°,2™,... , a>} 
over R. 


n / 
1 aN a lzp' (x) ||z2[0,1] 


2/30 o¢peM, (A) |IPllzef0,1] 
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Proof. Let p€ M,(A) with ||p|r.[0,1] = 1- Then 


n n 
p(“) = Sax Li (a) with > la.F=a 
k=0 k=0 


and 


n 
ap (x2) = > apzLy' (2) , 
k=0 


where Ly € M;,(A) denotes the kth orthonormal Miintz-Legendre polyno- 
mials on [0,1]. Using the recurrence formula of Corollary 3.4.5 b] for the 
terms «L;'(x) in the above sum, we obtain 


ane) = 3 (urs VEX +; ae ag\/ 1+ Az “| Li (a). 


j=0 k=jtl 
Hence 
n — n — 2 
ep" (2) lz.t0, = Darra + Yb +5 +93 ss apy 1+ Au + Xa 
j=0 k=j+1 


If we apply the Cauchy-Schwarz inequality to each term in the first sum 
and recall that 37/5 |ax|? = 1, we see that 


n 


llzp'(@)IIz.,50,1) < > (JAj? + (1 + Aj +5) ye (1+ Ax +x) 
j=0 k=j+1 


<5 (a0 + 20,0) 


which proves the first part and the upper bound in the second part of the 
theorem. 


Now we prove the lower estimate in the second part of the theorem. 
With the sequence A := (A;)%, of distinct nonnegative real numbers, we 


associate ; : 
aa) = 3 VE (Sons) Hie) € Ma. 
k=0 j=0 


Since the system (L7)?°, is orthonormal on [0,1], we have 


n k 2 n 3 
6.1.11) ltt = Soe (So) < (So) - 
k=0 j=0 j=0 
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Furthermore 


n k n 
a () = > V%e (>: s) BLi'(a) = So baLt (a), 
k=0 j=0 m=0 


where, by the recurrence formula of Corollary 3.4.5 bj, 


m ds i 
j=0 army 


k=m+1 


leq (2)IIE. [0,3 


l| 
3 
o 
3 
IV 
3 
2 
- 
3 
aN 
Me: 
- 
= 
be 
- 
S 
Ne 
i] 


m=0 m k=m j=0 
= Sm ARAZAR AY 

O0<m<n 0<j<k 

m<k,k' <n 0<j'<k' 


IV 


5 
1 n 
AmAdi AWA; 2 = ( s) 


O<m<j<j! <k<kI<n j=0 


This, together with (6.1.11), yields the lower bound in the second part of 
the theorem. 


Comments, Exercises, and Examples. 


Theorem 6.1.1 is due to Newman [76]. We presented a modified version 
of Newman’s original proof of Theorem 6.1.1. He worked with T instead 
of U, and instead of (6.1.9) he established a more complicated identity 
involving the second derivative of P. Therefore, he needed an application 
of Kolmogorov’s inequality (see E.1) to finish his proof. It can be proven 
that if the exponents A; are distinct nonnegative integers, then ||xp'(x)||jo,1) 
in Theorem 6.1.1 can be replaced by ||p'||fo,1; (see E.3). Theorems 6.1.2 to 
6.1.4 were proved by Borwein and Erdélyi [to appear 6], while Theorem 
6.1.5 is due to Borwein, Erdélyi, and J. Zhang [94b]. It is shown in E.8 that 
Theorem 6.1.2 is essentially sharp for every A with a gap condition, and for 
every p € [2, 00). 

The interval [0,1] plays a special role in this section, analogs of the 
results on [a,b], a@ > 0, cannot be obtained by a linear transformation. 


E.10 deals with the nontrivial extension of Newman’s inequality to intervals 
[a,b], a> 0. 


A conjecture of Lorentz about the “right” Bernstein-type inequality 
for exponential sums with n terms is settled in E.4. 
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E.1 Kolmogorov’s Inequality. Show that 


II lfo,00)  Allfllfo,c0y lf Ilto,c0) 


for every f € C?[0, 00). 
Hint: By Taylor’s theorem 


fle+h)=f@)+f@rtsf"r, h>o 
with some € € (1,2 +h). Hence 
IIF'Ilo,00) < 227" || fllto,00) + (h/2)IIF' IIho,00) « 
Now minimize the right-hand side by taking 


1/2 
h:= 2(Iflllo,coyllf"lljots) ) 


The constant 4 in E.1 is not the best possible. Kolmogorov [62] proved 
that 


FP lie < KAM ll FO 
for every f € C"(R) and 0 < k <n and found the best possible constants 
K(n, k); see also DeVore and Lorentz [93]. This generalizes a result of Lan- 
dau, who proved the above inequality for n = 2, k = 1, and showed that 
K(2,1) = V2. Various multivariate extensions of Kolmogorov’s inequality 
have also been established; see, for example, Ditzian [89]. 


E.2. Nikolskii-Type Inequalities. 


a] Suppose (V, ||-||) is an (n+1)-dimensional real or complex Hilbert space, 
(pe )z_—9 C V is an orthonormal system, and y ¥ 0 is a linear functional on 
V. Then 


“ 1/2 
le(p)| < (>: jan al 
k=0 


for every p € V. Equality holds if and only if 


n 
p=c)  9(pr)Pk cE€R or ceEC. 
j=0 


Hint: Write p as a linear combination of the orthonormal elements pz, use 
the linearity of y, then apply the Cauchy-Schwarz inequality. 
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b] Suppose A := (A;)%_ is a set of distinct complex numbers satisfying 
Re(A;) > —1/2 for each i, and y € [0, 00) is fixed. Show that 


n 1/2 
™(y)| < » ant llPllz2[0,11 
k=0 


for every p € M,,(A), where M,,(A) denotes the linear span of 
fae goa one 


over C, and Li € M,(A) is the kth orthonormal Miintz-Legendre polyno- 
mial on [0, 1]. Show that if there exists aq € M,(A) with q( (y) 4 0, then 
equality holds if and only if 


p=) VER; ce€C. 


c] Under the assumptions of part b] show that 


1/2 n i 
we wal (0 + 2ne()) 


Ipllzapoay = \2e 
and 
? 1/2 
3/2 2 
FP @l < S2(1 + 2Re( (Az) pla DK 1+2Re(A; )) 
Ill t2[0,1] ka0 


for every 0 # p € M,,(A) and y € [0, 1]. 

Hint: When y = 1, use part b] and substitute the explicit values of L7(1) 
and L;'(1) (see Corollary 3.4.6 and formula (3.4.8)). If 0 < y < 1, then the 
scaling « + yx reduces the inequality to the case y = 1. 
d] Show that ifn > 1 and p £0, then equality holds in the inequalities of 
part b] if and only if y = 1 and 


n n 
p=c) LiL, or p=c> Li (1)Li, 
k=0 k=0 


respectively, with some 04 c € C. 
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e] Show that 
he lpl[-aay = n+l 
OFPEPn Ilpllzo[- 1 ay V2 


Hint: Show that there is an extremal polynomial p for the above extremal 
problem for which ||p||;—-1,1] is achieved at 1. Now use parts c] and d] to 
show that 


IBCA)|? = 5 (0 +24) [ Poa=sa+y f Pwd 


k=0 


and the result follows. 


E.3 An Improvement of Newman’s Inequality. 


a] Suppose A := (Ax) 729 is a sequence with Ag = 0 and Az41 — Ax > 1 for 
each k. Show that 


IlP'Ilto,1) < 18 ( ‘ ll llfo,3) 


j=l 
for every p € M,,(A) := span{z*°, «* gn}. 


Hint: Let y € [0,1]. To estimate |p | pees two cases. If $< y <1, 
use Theorem 6.1.1 (Newman’s inequality), and if 0 < y < 4, use E.3 f] of 
Section 3.3 and Theorem 5.1.8 (Markov’s inequality) transformed to [y, 1] 
to show that 


2n n 
ln'(y)| < Ip lty.a) <8 (>: s) IlP|l (0,3) 
j=l 


for every p € M,,(A). 


The next exercise is based on an example given by Bos. 
b] Show that for every 6 € (0,1) there exists a sequence A := (Ax)? 9 with 
Xo = 0, Mt > 1, and 
Agti — An > 6, 2=0,1,2,... 


such that 


Ip'(0)| 


lim sup (ae ieee 
m2 ope mta(A) (SS 9 A) [lalo,t 


Outline. Let Q,, be the Chebyshev polynomial T,, transformed linearly from 
[—1,1] to [0, 1], that is, 


Qn(x) = cos(n arccos(2x — 1)), x € [0,1]. 
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Choose natural numbers u and v so that 6 < u/u < 1. Let A := (Ax)? be 
defined by Ao := 0, Ay := 1, and 


wai eS TQ oke 
U 
Let 
Pn(x) = ee (Q,("") = (—1)”)” © Mg yl) 
Then 


lp (0)| = (2n?)”. 
For the sake of brevity let 
Ga @= Ona") Saad)", 


Use Theorem 5.1.8 (Markov’s inequality) and the Mean Value Theorem to 
show that 


lalla > $llanllpo.n 
with 
y= (2n?)~*/™ : 
Thus, if n is odd, then 
lPnlloo.1) > llPalltyay > yt “(dlp ay)" 
> 9!" (Slldullto.y)” = (2n?)9"™ 
and 
Ipr(0)| (2n?)" 
(S7E5" As) Iipalltoay (HRS 1 +54) (nz) 8 
v/u v/u-1 
, (ny (ant) 


— 14+nu)nv ~ 10) n—-r00 


In his book Nonlinear Approximation Theory, Braess [86] writes the 
following: “The rational functions and exponential sums belong to those 
concrete families of functions which are the most frequently used in non- 
linear approximation theory. The starting point of consideration of expo- 
nential sums is an approximation problem often encountered for the analysis 
of decay processes in natural sciences. A given empirical function on a real 
interval is to be approximated by sums of the form 


n 

Ajt 
) aje?’ *~ 
j=1 


where the parameters a; and A; are to be determined, while n is fixed.” 


The next exercise treats inequalities for exponential sums of n + 1 
terms. 
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E.4_ Nikolskii- and Bernstein-Type Inequalities for Exponential Sums. 
Let 
A:= Oa)E1 


be a sequence of distinct nonzero real numbers. Let 
n 
E,(A) := {! : f(t) =ag + Sia, a; € a} 
j=l 
and 
E_ := | En(A) = {! : f(t) =ao+ > ae", aj,Aj; € a} ; 
A 


that is, E, is the collection of all (n + 1)-term exponential sums with con- 
stant first term. Schmidt [70] proved that there is a constant c(n) depending 
only on n such that 


IF lfo0ay <eC)O“ Fla 

for every p € E, and 6 € (0,4(b—a)). Lorentz [89] improved Schmidt’s 
result by showing that for every a > 4, there is a constant c(a) depend- 
ing only on @ such that c(n) in the above inequality can be replaced by 
c(a)n*'S", and he speculated that there may be an absolute constant c 
such that Schmidt’s inequality holds with c(n) replaced by cn. Part d] of this 
exercise shows that Schmidt’s inequality holds with c(n) = 2n—1. A weaker 
version of this showing that Schmidt’s inequality holds with c(n) = 8(n+1)? 
is obtained in part b] and uses a Nikolskii-type inequality for exponential 
sums established in part a]. Part e] shows that the result of part d] is sharp 
up to a multiplicative absolute constant. 


a] Let p € (0, 2]. Show that 


2fn+1 ue 
IFlherso-g $2 (SEP) Wllytoa 


for every f € E, and 6 € (0,4(b—a)). 


Proof. Take the orthonormal sequence (Lz), on [—4, 4], that is, 
(1) Ly € span{1, e*%, e%2*,... ,er**}, aa |e aera 7 
and 


1/2 
(2) i LL; = 6;,;, O<i<j<n, 


where 6;,; is the Kronecker symbol. On writing f € E,(A) as a linear 
combination of Lo, f1,...,£,, and using the Cauchy-Schwarz inequality 
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and the orthonormality of (Lz)%_9 on [—$,4], we obtain in a standard 
fashion that 


‘ 1/2 
|f (to)| oo (>: tut ; to ER. 


o¢fern (A) MNfllce—1/2,1/21 k=0 


Since 
1/2 


pf dee, 
-1/2 


there exists a to € [—4, 4] such that 


Site, aac UON = 
O¢pE En (A) lI fll c2f—12,1/2] 


1/2 
LF(t0)| -( 4 )) <Vn-+l1. 


Observe that if f € F(A), then g(t) := f(t — to) € E,(A), so 


wax Og eT. 
o#f€En(A) || fllzo{—-1,1] 
Let 
Os 
~ o¢f€Fa(A) [Ff llng[ 2.9] 
Then 


If) ( 2 . / 
max: eel ee) otter. ESS Bane 
Aiea uy = vel 


Therefore, for every f € E,(A), 


IF(0)| < Va FT Flleot—1. 
< Vn FT (IIIB alll?) 
< VOT (IMAP gy”) PUES aa) 
<vn+1 (2c) Fl 2. 
= MPP FTC P| fll (2.21 


Hence 


|f(0)| < 21/p- 1/2 yg p1C!-?/? 


feet ft 2 
~ O¢fE Bn (A) Il fllz..—2,2] 


and we conclude that C < 22/?°—1/P(n +1)1/”. So 
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2 
FO) < 2P/P—/P(n + 1) IF ll 2,21 


for every f € E,(A). Now let f € E,(A) and to € [a+ 6,b — 6]. If we apply 
the above inequality to 


g(t) = f ($6t + to) € E,(A), 


we obtain 


2 ») 1/p 
IFlterse- <2 tM" (2) aga 


and the result follows. 


The following Bernstein-type inequality can be obtained as a simple 
corollary of part al: 


b] Show that 
IF fa+5,o—s) S 8(m + 1)?" Flas) 


for every f € E, and 6 € (0,5(b—a)). 


Proof. Note that f € E,(A) implies f’ € E,(A). Applying part a] to f' 
with p = 1, we obtain 


If'(0)| < 2(n + DIF e.-2,2) = 2m + 1)Vary_2,9(f) < 4(n + 1)? II Fll-2.ay 


for every f € E,(A). If f € E,(A) and to € [a + 6,b — 6], then on applying 
the above inequality to 


g(t) = f ($6t + to) € En(A), 


we obtain the desired result. 


c] Lorentz’s Conjecture. Show that 


[f'()| 


sup) —-—— =2n-1, 
OF f CE on fl —a54y 


where 


Boy = {! : f(t) =aot S>(aje™" + bye") : aj,b;, A; € a} ; 


j=l 
Proof. First we prove that 


[f'(0)| < (2n — 1) [flay 
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for every f € Eon. So let 


f € span{1,e Rat er Aat © ae | 


with some nonzero real numbers 41, A2,.-- , An, where, without loss of gen- 
erality, we may assume that 


O< Ar < Ag < +++ <n. 


Let 


Observe that 

g € span{sinh \yt, sinh Agt,... , sinh r,t}. 
It is also straightforward that 

g'(0) = f'(0) and Igllfo,4y <I Fll_-1,11- 
For a given € > 0, let 

Hy. := span{sinh et, sinh 2e¢, ... , sinh net} 


and 
Ky. := sup {|h'(0)| hE Ane, |lAllto1] = 1} : 


The inequality of E.5 e] in Section 3.3 is the key to the proof. It shows that 
it is sufficient to prove that 


inf{k,.:¢6€>O0}<2n-1. 
Observe that every h € Hy, is of the form 
AD Se" Pe, PEP 2p. 
Therefore, using E.23 c] of Section 5.1, we obtain for every h € Hy. that 


Ih!(0)| = |eP"(1) — neP)| 
€(2n — 1) 
1l—e-< 

€(2n — 1) 
S (= 


lA 


Il Pllte-e,e¢) + mE Il Pllte-«,ee] 
+ ne) e” WAll{—a4] 7 


It follows that 


So inf{Ky,.:€ > 0} < 2n —1, and the upper bound follows. 
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Now we prove that 


/ 
sup EO pe 


OF f CE on If ll—1,4) = 


Let € > 0 be fixed. We define 


et 1 
Orne) e To (4 = ) ; 


ee—-1 e-l 
where 7>,-; denotes the Chebyshev polynomial of degree 2n — 1 defined 
by 
Ton—1(a) = cos((2n — 1) arccosx), x € [—1, 1]. 


It is simple to check that Qan,< € Eon; 


lQan,ellt—1,1]) < ene 


and 
|Qbn,<(0)| > 2n —1—ne. 


Now the result follows by letting « decrease to 0. 


d] Show that 
IF Mfa-+5,s-3) < nr — 1S IF lltaa 


for every f € E, and 6 € (0,4(b—a)). 


Proof. Observe that E, C Bag: Hence the result follows from part c] by a 
linear substitution. 


e] Let a < b and y € (a,b). Suppose that n € N is odd. Let 7, be the 
Chebyshev polynomial of degree n defined by (2.1.1). Let 


Rat) = Ray) HT. (- — exp (=) -— :) , 


Show that Qn, Rn € En and 


and 


IQn@y| 1 on ae Ry) 1 on 


lQnlltae) e-lb-y |Rnllfao} e-ly-a 


for every y € (a,b). 
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f] Let a <b and y € (a,b). Conclude that 


1 n—1 If’ (y)| 2n —1 
———SS < sup Tal er wo Le ee 
e—I1min{y —a,b—y} ~ ogzex, |lfllfaoj — minty — a,b —y} 


In the rest of the exercise let 


l l 
E> = {110-0 rj; ER, Pr; € Pr; 5 Ste +n=nf. 
j=1 j=l 
g| Extend the inequalities of parts al], c], and f] to E*. 
h] Let [a,b] be a finite interval. Let g € Cla, b]. Show that the value 


inf {|lg — lta): f € En} 


is attained by an fe EX. 


Hint: Use Schmidt’s inequality (or its improved form given by part c]). For 
the nontrivial details, see Braess [86]. 


i] Let [a,6] be a finite interval. Let p € [1,0o) and g € L,|[a,b]. Show that 
the value 


inf {lg — fllzp[a,o): f € En} 
is attained by an fe EY. 


Hint: Use part a] with p = 1 and Hélder’s inequality. Once again, for the 
details, see Braess [86]. 


The following result is from Borwein and Erdélyi [95c]: 


E.5 Upper Bound for the Derivative of Exponential Sums with Nonnega- 
tive Exponents. The equality 


lp'(a)| _ 2n? 
p lplltas) b-a 


holds for every a < b, where the supremum is taken over all exponential 
sums 0 4 p € E, with nonnegative exponents. The equality 


Aas Ip'(a)| _ 2n? 
p (|Pll[ae} @(ogb —loga) 


also holds for every 0 < a < b, where the supremum is taken over all Miintz 
polynomials 0 4 p of the form 


n 
p(x) = a9 + Saja , a; ER, Aj>O. 
j=l 
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Outline. It is sufficient to prove only the second statement, the first can 
be obtained from it by the change of variable « = e’. For € > 0, define 
Ae := (je)F2o- Let 
yee ean 0 BR ai ome ae OE 


be the Chebyshev polynomial for M,,(A,) on [a,b]. Use E.3 b] and E.3 f] of 
Section 3.3 to show that 


! T! (a 
PMO) jim Ol _ tis rt (a) 
lllla,o) ~ «49+ [Tn elltaey «oor ™ 


for every p of the form 
n 
P(x) = ao + aja , a; ER, Aj>O. 
j=l 


From the definition and uniqueness of T,,,. it follows that 


2  . Db +a‘ 
Tree) = To (eae Fae) 


where T,,(y) = cos(narccosy), y € [—1, 1]. Therefore 


2 
ITi,.(@)| = IT, (-D)| ere eas? 
7 2n? 5, 2n? 


=~ 1-etG@ 1) s50-allosb lose) 


and the proof is finished. 


The next exercise follows Turan [84]. 


E.6 Turan’s Inequalities for Exponential Sums. 


a] Let 
n 
gv) = So bjz%, bj,2; €C 
j=l 
Suppose 
eg ady pte 
Then 


2 
nr 
Pea hase en la)] 2 Gs) [br + bz +++» + bn 


for every nonnegative integer m. 
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Proof. Let 


(6.1.12) Or I (1 = =) =: = aye”. 


Since f(z) has all its zeros outside the open unit disk, g := 1/f is of the 
form 


(6.1.13) G2= > Bez". ‘ali d: 
v=0 
Let. 
(6.1.14) Gm (Zz) := S> Bv2” 
v=0 
and 
(6.1.15) hs=1—fGn€ Pham: 
Note that 
(6.1.16) h(z) =1— f(z) (us -S- a) 
= f(z) S By2” 
v=m+1 


so his of the form 
(6.1.17) hy So 2": 


Observe that f(z;) =0 and (6.1.13) imply h(z;) = 1, that is, 


m+n 


Syed, gel Qn 


v=m+1 


Multiplication with b; and summation over j yield the fundamental identity 


m+n n 
(6.1.18) S> wav) = 6 d;. 
v=m+1 j=l 


This immediately gives 
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n n 
(6.1.19) pom tax, 19) ( > bul > | Db 
v=m+1 gal 


It follows from (6.1.15), (6.1.17), (6.1.12), and (6.1.14) that 


m+n n m 
(6.1.20) > Inl< (>: ul (> i! 
v=0 v-0 


v=m+4+1 


Since each z; is of modulus at least 1, (6.1.12) yields that 


n 
(6.1.21) Y= lav| <2”. 
v=0 


Also, (6.1.13) implies that 
1 
= YY = 


i ig eae a 
iy teetin=v 41 22 zn 


Again using that each z; is of modulus at least 1, we obtain 


yt+tn-1 
|B,| < iy ee ). 


iitetin =v 


Hence 


= m+n mt+n\" 
(6.1.22) So leol < ( . )<(e") , 


By (6.1.20) to (6.1.22) we conclude that 


m+n n 
DY hols (2e22*) 
n 


v=m+4+1 


which, together with (6.1.19), finishes the proof. 


b] Let 

FOSS Bers. bp rpec: 

j=l 

Suppose 

Re(Aj)>0, j= 1,2,...,n. 
Show that 2el a\" 

elat 
£1 < (AFP) hear 


for every a>Oandd>0. 
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Hint: First observe that the result of part a] can be formulated as 


n 

n 

Sf ee roe 

mevemtn I9tv)| 2 Gos) Pia base te Dal 
ve 


where m is an arbitrary positive (not necessarily integer) number. Now 
apply the above inequality with 


an dr; 
= ge j= — [Dist hc : 
m d 5 25 exp ( ra ) ; J és n 
c] Let 
n 
p(z) = bets b, EC, A; ER, z=e! 
j=l 
Show that 


den \” 
max |p(z)| < (+ ) max \p(z)| 
z |z|=1 
a<arg(z)<a+6 
for every O0<a<a+t6 < 2rz. 


Hint: Use part bj. 


The inequalities of the above exercise and their variants play a central 
role in the book of Turan [83], where many applications are also presented. 
The main point in these inequalities is that the exponent on the right-hand 
side is only the number of terms n, and so it is independent of the numbers 
A,;. An inequality, say in part c], of type 


max |p(z)| < ¢(5)*” max |p(z)|; 
|jz|=1 |jz|=1 
a<arg(z)<a+6 


where 0 < Ay < Ao < +++ < Ap are integers and c(d) depends only on 6, 
could be obtained by a simple direct argument, but it is much less useful 
than the inequality of E.6 c]. 


E.7 Nikolskii-Type Inequality for Mintz Polynomials. Suppose that 
A := (\y)%£o is a sequence with A» := 0 and Ajz1 — Ay > 1 for each i. 
Show that 
1/q-1/p 
\|Pliz,t0.2) < | 18-270 A, |Pllz,f0,1] 
j=0 


for every P € M,,(A) := span{a*’,2™,... ,2>} and 0 <q <p< oo. 
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Proof. It is sufficient to study the case when p = oo (see the comment in 
the proof of Theorem 6.1.3). Let P € M,,(A) and let xo € [0,1] be chosen 


so that |P(xo)| = ||Plljo,1j. Combining E.3 a] and the Mean Value Theorem, 
we obtain 


1 
[P@)| = 3 I|Plito,1] 5 vel, 


where 
i= [0 — 36)", 20 + (36)~"] with A:= dy. 


So 


@ KR (ltde) > ([Pwrrar) es (as (! Phen") 


and the result follows. 


E.8 Sharpness of Theorem 6.1.2. Suppose A := (\;)%2, is a sequence with 
Xo := 0 and Ajy41 — Ay > 1 for each 7. Show that there exists an absolute 
constant c > 0 (independent of A and p) such that 


|zP'(x)|Iz.,[0, hig > 
— Ak 


pem, (A) |IlPllz,Jo,1] 
for every p € [2,00), where M,,(A) := span{x*°, 2* iggy. 


Proof. Let Ly € M;,(A) be the kth orthonormal Miintz-Legendre polyno- 
mial on [0, 1]. Let p € [2, 00) and 


n 
Pea TOL 
k=0 


For the sake of brevity let 


Using Theorem 3.4.3 (orthogonality), (3.4.8), and Corollary 3.4.6, we obtain 


n k 2 
(6123) Play = Paz)? > Nem+ 1( s) 
j=0 


k=0 k=0 
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and 


in 1/2 
(6.1.24) || Pllzj0,1) = (s-uxay?) 


k=0 

* k 2 1/2 
< | 50 (2 +1) (2, +0) 

k=0 j=0 
< 732 03/2 , 


A combination of E.7 and (6.1.24) yields 


(6.1.25) \|Pllzpto,1) < (72 A)?” || Pll .t0,11 
patel (39 yA 1? AB NAA, 
From E.3 a], E.7, and (6.1.24) we can deduce that 
(6.1.26) I|P'llfo,4) S 18A [Ploy 
< 18 (72.)/? || Pll ofo,1] 


< 18 (72. A)/74/92 13/? 
< 18-48 3. 


Applying E.3 a] with P’, we get 

(6.1.27) |P"'Ilfo,1) < 18A||P'Ilpo,1) < 187 48°. 

Now (6.1.23), (6.1.27), and the Mean Value Theorem give 
|P(a)| >a, eT, 


where , 


I := [1 — (187 - 48-16), 1]. 


So 


/p 
(6.1.28) — ||xP"(x)||r,,0,1) > (ler )Prar) 
> (( 1/p 


18? 48-16)! (45%)") 
(1s waseiG) gate 
> (128 -9V3)' 8-1? 


Combining (6.1.25) and (6.1.28), we obtain the required result with a con- 
stant c = (128 - 9\/3)-! 
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E.9 On the Interval Where the Sup Norm of a Mintz Polynomial Lives. 
Let A := (Aj)%29 be an increasing sequence of nonnegative real numbers. 
Let 0 4 p € M,(A) := span{x*?,a,...2%"}, and let q(z) := a*p(z), 
where a > 0 and k is a nonnegative integer. Let € € [0, 1] be chosen so that 
la(€)| = llallo,1)- 

a] Suppose a = 1 and each 4; is an integer. Then 


k \? 
(=) aoe 


Proof. See Saff and Varga [81]. 


The above result is sharp in a certain limiting sense, which is described in 
detail in Saff and Varga [78]. 


b] Suppose \; = aj for each j. Use part a] to show that 


ie 2/a 
(=) <6: 


c] Suppose \; = aj for each j. Use E.11 of Section 5.1 to show, without 
using part a], that there exists an absolute constant c > 0 such that 


Cer 
(=) oe 


d] Suppose A; > aj for each j. Use part b] and E.3 g] of Section 3.3 to 
show that the conclusion of part b] remains valid. 


e] Suppose ’; > aj for each j. Use part c] and E.3 g] of Section 3.3 to 
show that the conclusion of part c] remains valid. 


The following extension of Newman’s inequality is in Borwein and 
Erdélyi [to appear 3]. 
E.10 Newman’s Inequality on [a, 6] C (0, 00). 


a] Let A := (Aj)?2o be an increasing sequence of nonnegative real numbers. 
Assume that there exists an a > 0 such that A; > aj for each 7. Suppose 
that [a,b] C (0,00). Show that there exists a constant c(a,b,a) depending 
only on a, 6, and @ such that 


IIP'Ilta,s) < c(a, 6, (os Wallen 


for every p € M,,(A) := span{z*°, a1,...a4%”}. 
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Proof. We base the proof on E.9 d], however; it may also be based on E.9 
e]. Let p € M,,(A). We want to estimate p'(y) for every y € [a,b]. First 
let y € [$(a + 6),b] . We define q(x) := x™"*p(x), where m is the smallest 
positive integer satisfying 


2/a 
ast ( m ) 
aD mt+1 


Scaling Newman’s inequality from [0, 1] to [0, y], then using E.9 d], we obtain 


n 


9 
Ig < pe (Aj + mne)|lal|[o.0) 


j=0 
= sree Perl 
7 Y 5=0 : [yr] 9] 


<ci(a,b,a (os A\{a,y] 


with a constant ci (a,b, ~) depending only on a, b, and a. Hence 


_ mMmna 
Ip’ (y)| < la’ yr? | + a Ip(y)| 


<y (a, b,a (a llallta,a] a say, Ilpll[a,4) 
< co(a,b,a af IlPllfa,a] 
< c2(a,b, 0 (a [LP ll{a,0) 


with a constant c(a,b, a) depending only on a, b, and a. 


Now let y € [a,4$(a+)|. Then, by E.3 b] and f] of Section 3.3, we 
can deduce that 


Ip’ (y)| < |Th{2°, 2%, 2°)... , 2% [y, O}(y)| Ilplley,0) 
2aye! 
= " |lpllty,6) S 3 (4, 5, a)" llpllty, 6) 


bo 
< cs(a,b,a (os Il>lltu.6) 


with constants c3(a, b,a) and c4(a, b, a) depending only on a, b, and a. This 
finishes the proof. 


6.2 Nondense Miintz Spaces 303 


b] Show that if the gap condition \; > ja in part a] is dropped, then 
the conclusion of part a] fails to hold with c(a,b, a) replaced by a constant 
c(a,b) depending only on a and b. 

Hint: Study 


oe ieee ar ee pes [5 1|} 


and letta 70+. 


6.2 Nondense Mintz Spaces 


Throughout this section we assume that A := (\;)%, is a sequence 
of distinct nonnegative real numbers, M,,(A) denotes the linear span of 
{x0,9*1,... ,2°"} over R, and 


M(A):= U M,,(A) = span{a*°,a*",...}. 
n=0 


If A Cc [0, 1] is compact, then a combination of Tietze’s and Miintz’s theo- 
rems yields that M(A) is dense in C(.A) whenever 77°, 1/A; = 00. (Recall 
that Tietze’s theorem guarantees that if A C [0,1] is compact, then for 
every f € C(A) there exists an f € C[0,1] such that f(z) = f(z) for all 
a € A.) If the Lebesgue measure m(A) of A is positive, then the converse 
is also true. More precisely, we have the following. 


Theorem 6.2.1 (Miintz Theorem on Compact Sets of Positive Measure). 
Suppose Xo := 0 and YY, 1/A; < co. Let A C [0,1] be a compact set with 
positive Lebesgue measure. Then M(A) is not dense in C(A). Moreover, if 
the gap condition 
inf{r; —N-1:t€ N} >0 

holds and 

ra :=sup{zx € [0,00) : m(AN (z,00)) > OF, 
then every function f € C(A) from the uniform closure of M(A) on A is 
of the form 


iQ) = ae, x € AN (0,ra). 
j=0 
If the above gap condition does not hold, then every function f € C(A) 


from the uniform closure of M(A) on A can still be extended analytically 
throughout the region 


{z €C\ (-, 0]: |z| < ra}. 


The proof of the above theorem rests on the following bounded Remez- 
type inequality: 
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Theorem 6.2.2 (Remez-Type Inequality for Nondense Miintz Spaces). Let 
Ao := 0 and 7, 1/X; < co. Then there exists a constant c depending only 
on A and s (and not on 0, A, or the number of terms in p) such that 


llpllfo,0) < ellplla 


for every p € span{x*°,a™,...} and for every compact set A C [o,1] of 
Lebesgue measure at least s > 0. 


To prove Theorem 6.2.2 we need a few lemmas. We use the notation 
introduced in Section 3.3. However, for notational convenience, we let. 


Tn{r0,A1,+++ An; A} = Tr{x?,e2™,... a"; A} 


for compact sets A C [0, 00). 


By the unique interpolation property of Chebyshev spaces (see Propo- 
sition 3.1.2), associated with 


0< 2% <a <-+++< ay, 
we can define 
lp{X0,21,---,%n} € M,(A), k=0,1,...,n 
such that 
1 ifj=k 
Lp{X0,21,---, In} (aj) = isk =a if; Ak. 


Lemma 6.2.3. Let 


O<29 <a <+::< ay and 0<% <1 < +++ <q. 
Suppose0<k <n and 
Lj <2; if7 =0,1,...,k-1; 
Lj = 2; ifj7=k; 
Lj > 2; if7 =k+1,k+2,...,n. 
For notational convenience, let 


Lp = ly {X0, 21, - = ore and ty = Ce fos te 3 En}. 


Then a 
[€x,(0)| < |€4(0)| - 
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Proof. It is sufficient to prove the lemma in the case where there is an index 
m such that 1<m<n,m#k, and 


“,=a; iff =0,1,...,n, Am; 


Im<@m ifm<k; 
Im>Im ifm>k. 


The general case of the lemma then follows from repeated applications of 
the above special cases. Note that in the above special cases 


ly — & € Mn(A) 
has a zero at each of the points 
U5 p= Ol yesagns GAM 


hence it changes sign at each of these points, and it has no other zero in 
[0, co) (see E.10 of Section 3.1). It is also obvious that 


sign(¢,()) =sign(¢,(x)),  « € (0,20), 


which, together with the previous observation and the inequality 19 < Zo, 
yields that 


|44(0)| < |@.(0)), 


which finishes the proof. 


By a simple scaling we can extend Lemma 6.2.3 as follows. We use the 
notation introduced in Lemma 6.2.3. 


Lemma 6.2.4. Let 
0< 29 <4 <6 < ay and 0<% <4 <1 < Fy. 
Suppose0 <k <n, y> 0, and 
tj S45 -7 if j3=0,1,...,k-1; 
aj=%j—y if j=k; 
Lj; >4;- 7 if g=k+1,k42,...,n. 


Then 7 
[€1,(0)| < |€,(0)| - 
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Proof. If y = 0, then Lemma 6.2.3 yields the lemma. So we may assume 
that y > 0. Let 


Lp Dh F 


B= == ~ ’ 
Lk Lk 

Lj = BR; , f= OD ant Ms 

and 
OS hijab 2h wes ts k=0,1,...,n. 

Obviously 7 

f, (Bx) = G(x), x € [0,00) 
and 

zy<ajp ifj=0,1,...,k-1, 

zj=xj ifg=k, 

gjea, WZ Hh LA 2p, pm. 


Hence Lemma 6.2.3 implies that 


[x(0)| < |G;(0)| = | (0)| 


which finishes the proof. 


Lemma 6.2.5. Let A be a closed subset of [0,1] with Lebesgue measure at 
least s € (0,1). Then 


[p(0)| < |Tn{ro, Ar,--» Anz [1 — , 1]}(0)| - [Illa 
for every p € M(A). 
Proof. If 0 € A, then the statement is trivial. So assume that 0 ¢ A. Let 
Do Oi Se ee ey 
denote the extreme points of 
PsP AN dane Am et 

in [1 — s, 1], that is, 

Tevet, P20, hone 
Let a; € A, 7 =0,1,... ,n, be defined so that 

m([x),1] 9 A) = m([z;.Fnl) = Fn — F. 


Since A is a closed subset of [0,1] with m(A) > s, such points x; € A exist. 
Let p € M,,(A). Then, by Lemma 6.2.4, we can deduce that 
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y mo) lplla 
y ro) lla 
= (32-»%00) lIplla 


IA 


k=0 

= 5 tanh) I|p||.4 
k=0 

= |T,,(0)|- |Iplla 


which proves the lemma. 


Lemma 6.2.6. Suppose \o := 0. Let A be a closed subset of [0,1] with 
Lebesgue measure at least s € (0,1). Then 


IP) < |Tn{Ao, Ar,--- »Ani [1 — 8, 1]}(0)|- Ilplla 
for every p € M,(A) and y € [0, inf A]. 
Proof. For notational convenience, let 
Tn, A ?= Tr{ro0,A1,--- An; A}. 
Note that Ap = 0 implies that |7;,,4| is decreasing on [0, inf A], otherwise 


Ail 


Ag-1 An—1 
Per ty } 


T,,4 € Span{a 


would have at least n + 1 zeros in (0,1], which is impossible. Hence, it 
follows from E.3 and Lemma 6.2.5 that 


T, 
PON < FraWl _ ip, iy] < [Th,a(0)| 
[pla = [n,alla 


< |Tn{Ao, M1; te An} [1 —§, 1}}(0)| 
for every 0 4 p € M,(A). This finishes the proof. 


Proof of Theorem 6.2.2. Lemma 6.2.6 and E.5 a] of Section 4.2 yield the 
theorem. 


Proof of Theorem 6.2.1. The theorem follows from E.5 of this section and 
E.3 e] and E.8 b] of Section 4.2. 


Our next theorem is an interesting characterization of lacunary se- 
quences. 
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Theorem 6.2.7 (Characterization of Lacunary Miimtz Spaces). Suppose 
A:= (Ay) with 0 < Ao < Ai < +++. There exists a constant c depending 
only on A such that 

|a;,n| <ellplltoa, 70) 1 yes sn, neN 


for every p € M(A) of the form 
pe)= >" anne” 
j=0 


if and only if A is lacunary, that is, if and only if the elements r; of A 
satisfy 
inf {Ai41/A; :4€ N} Sh: 


To prove Theorem 6.2.7 we need the following result of Hardy and 
Littlewood [26] whose proof we do not reproduce: 


Theorem 6.2.8. Suppose 0= 7% <1 <-+:+-+ is a lacunary sequence, that is, 
inf{yi4a/% 24 € N} >1. 


Suppose the function f is of the form 
CO 
fa) = >: aie a,;ER, «x € (0,1) 
i=0 


and A := lim f(x) exists and is finite. Then °°, a; = A. 
ait 


Proof of Theorem 6.2.7. Suppose A is lacunary and suppose there exists a 
sequence (P;,)?2, C M(A) such that if P;, is of the form 


Nk 
P,(z) = Saat! ) Ajny E R, 
j=0 
then 
O7 P ==pib fn le Re =f ey See 
(6 ) | kllf0,1] and eeeen |Q;.nx| — k ’ k bie 


We may assume, without loss of generality, that 49 = 0. Choose a sequence 
(az )%2, Of positive integers such that 


a,=1, A Or+1 > 2ZarnAn, hess 3s 


Now let the function f be defined by 
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k-? <0, O0<a<l. 


Ms 


(6.2.2) f(a) = S>k-? Pela") < 
k=1 


k 


1 


Note that f € C[0, 1] by the Weierstrass M-test. For notational convenience, 
let 


k 
mo := 0, m= oni, | iae—eel BS eran 
i=1 


Further, let 
[oe [oe 
Yo:=0 and = ag:= Sk? a0,ne = ok? P (0) 
k=1 k=1 


and 
Vig 4g QEDGS pe Thine 4 WES | eel kee ea 


Observe that ao € R is well-defined since |P;,(0)| < 1 for each k € N. Also 
inf{yi4a/yi 2:2 © N} > min{2, inf{Ajgi/A; : 7 EC N}} > 1. 


Let Fo := (%)%2o- Then f € C[0,1] defined by (6.2.2) is in the uniform 
closure of M(I’) on [0,1]; hence, by the Clarkson-Erdés theorem (see E.3 
e] of Section 4.2), f is of the form 


f(z)= ae , «# € (0,1). 
i=0 


Since f € C[0,1], Theorem 6.2.8 implies that A := }77°, a; exists and is 
finite. Recalling (6.2.2) and the choice of a,, and using E.3 e] of Section 


4.2, we can deduce that each 
kaya P= 1 cn ie, RSs 


is equal to one of the coefficients a1,a2.... Since |aon,| = |Px(0)| < 1 
for each k € N, from (6.2.1) and (6.2.2) we see that |a;| > 1 holds for 
infinitely many i € N, which contradicts the fact that 377°, a; converges. 
This finishes the if part of the theorem. 


Now assume that A is not lacunary. Then for every € > 0 there is an 
n € N such that An-1/An > 1 —. Observe that P,(x) := 2% — 2-1 
achieves its maximum modulus on [0, 1] at 


Nya On Anat) 
r= (*) 


and hence 
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An—1/(An—An—1) d d 
I|Prllfo.1) < (==) (1 = =) <1 oe we 


which shows that the lead coefficient an,» of 
Tn{ro, M1, tetas »An3 [0, lj} 


is at least 1/e, otherwise aes Tn — Pr € Mn—-1(A) would have at least n 
zeros on (0,1), which is a contradiction. The proof of the only if part of the 
theorem is now finished. 


From the above proof it also follows that under the assumptions of 
Theorem 6.2.7, the Chebyshev polynomials 


Tn{ro, M1, Eerie An [0, 1}} 


have uniformly bounded coefficients if and only if A is lacunary. 


As an application of Theorem 6.2.7 we derive the following Bernstein- 
type inequality. 


Theorem 6.2.9 (Bernstein-Type Inequality). Suppose Xo := 0, »1 > 1, and 
suppose A := (A;)% is lacunary, that is, 


inf {Aj41/A; :4€ N} > ‘Li. 


Then there exists a constant c depending only on A (and not on y or the 
number of terms in p) such that 


vO S Malo 
for every p € M(A) =span{a**,x™!,...} and for every y € [0, 1). 
Proof. Let p € M(A) be of the form 


n 
)=aont+ > aint, IIplltosy = 1- 


Theorem 6.2.7 and the assumptions on A yield 


Yew ay” = 25 aa ss 


~ 
sos" “says 


where c; and cz depend only on A, and the theorem is proved. 


y |< 
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Comments, Exercises, and Examples. 


The results of this section have been obtained by Borwein and Erdélyi [91, 
93, 95b, to appear 1]. In E.1 we present some of the several important 
consequences of our central result, Theorem 6.2.2. In E.6 we offer another 
proof of the first part of Theorem 6.2.1 when A is lacunary, while E.9 shows 
that the Bernstein-type inequality of Theorem 6.2.9 “almost” characterizes 
the lacunary Miintz spaces. Note that if A C [0,1] contains an interval, then 
the first part of Theorem 6.2.1 follows immediately from E.3 of Section 4.2. 
A typical case that does not follow from that exercise is when A C [0, 1] is 
a “fat” Cantor-type set of positive measure. 


E.1 Some Consequences of Theorem 6.2.2. Let A C [0,00) be a set 
of positive Lebesgue measure, and let r4 be the essential supremum of 
A as defined in Theorem 6.2.1. Suppose g € (0,00) and suppose w is a 
nonnegative-valued, integrable weight function on A with [ ,w > 0. Let 
L,(w) := Lq(u), where du = wdt, and where L,(s) is defined in E.7 of 
Section 2.2. Let A := (A;)?%9 be a sequence of distinct nonnegative real 
numbers with A; 4 0 for each i = 1,2,.... 


a] Suppose 577°, 1/A; < oo. Then M(A) is not dense in L(w). Moreover, 
if the gap condition 
inf {r; — A171 € N} >0 


holds, then every function f € L,(w) belonging to the L,(w) closure of 
M (A) can be represented as 


CO 
fee > ant, a,ER, «cE AN[0,rw), 
i=0 


where 


re wie us): f v(e) ae > 0] 4 
AN(y,co) 


If the above gap condition does not hold, then every function f € L,(w) 
belonging to the L,(w) closure of M(A) can still be represented as an 
analytic function on 


{z €C\ (—00, 0]: |2| < rw} 
restricted to A. 


Proof. Suppose f € L,(w) and suppose there is a sequence (p;)%2, C M(A) 
such that 

jim lf — pillt,(w) = 0- 
Minkowski’s inequality (see E.7 b] and E.7 i] of Section 2.2.) yields that 


(p;)%2, is a Cauchy sequence in L(w). The assumptions on w imply that 
for every 6 € (0,ry) there exists an a > 0 such that 


312 6. Inequalities in Miintz Spaces 
B:= {x € AN (6,0): w(x) > a} 


is of positive Lebesgue measure. Let s := m(B) > 0. Observe that if 
llplln.(w) < €, then 


m ({+ eB: |n(o)| > (=) ) aS, 
Ai ({+ EB: |p(2)| < (=)"}) > 


Hence, by Theorem 6.2.2, (p;)%2, is uniformly Cauchy on [0,6]. The proof 
can now be finished as that of Theorem 6.2.1. 


sO 


NO] & 


b] Miumtz-Type Theorem in L,(w). M(A) is dense in Ly(w) if and only 


Proof. Suppose 77°, 1/A; = co. Let f € Lg(w). It is standard measure 
theory to show that for every « > 0 there exists a g € C[0,1] such that 
g(0) =0 and 


E 
lf — gllz,(w) < a: 


Now Theorem 4.2.1 (full Mintz theorem in C0, 1]) implies that there exists 
ap € M(A) such that 


1/q 1/q e 
lg — pllzg(w) < Ilg — lla (/ w) < |lg — plljo1y (/ w) Soo 
A A 


Therefore M(A) is dense in Lg(w). 


Suppose now that 377°, 1/A; < oo. Then part a] yields that M(A) is 
not dense in L,g(w). 


c] Convergence in M(A). Suppose 577°, 1/A; < 00, (pi)%2, C M(A), and 
pi(x) > f(x), ZEA. 
Then (p;)%2, converges uniformly on every closed subinterval of [0, 14). 


Proof. Let 6 € (0,74) be fixed. Egoroff’s theorem (see, for example, Royden 
[88]) and the definition of r4 imply the existence of a set B C AN (6,00) 
of positive Lebesgue measure so that (p;)%2, converges uniformly on B and 
hence is uniformly Cauchy on B. Now Theorem 6.2.2 yields that (p;)%°, is 
uniformly Cauchy on [0,6], and the result follows. 
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d] Suppose S°°°, 1/A; = co. Show that there is a sequence (p;)2, C M(A) 
that converges pointwise on [0,0o) but does not converge uniformly on 
AN [0,a] for some a € (0,14). 


Hint: Use Theorem 4.2.1 (Miintz’s theorem). 
e] Suppose S77", 1/A; < co and 
inf {r; — A171 € N} >0. 


Let P(A) denote the collection of all real-valued functions f defined on 
[0, 1) by a power series 


CO 
fe)= >" ae, a,;ER, «x € (0,1). 
i=0 


Suppose that A C [0,1] with r4 = 1. Show that if (f;)92, C P(A) and 


fi(xz) > f(x), rea, 
then 


fi(z) > f(z), x € [0,1), 
where f € P(A). 
Hint: Use part c] and E.3 e] of Section 4.2. 


E.2 On the Smallest Zero of Chebyshev Polynomials in Nondense Mintz 
Spaces. Suppose \o := 0 and S7°, 1/A; < oo. Show that there exists a 
constant c > 0 depending only on A := (A;)%5 (and not on n) such that 
the smallest positive zero of 


Tn{0,A1,A2,--- 5An;[0, LJ}, We= AC De i 
is greater than c. 


Hint: If 4; > 1, then use the Mean Value Theorem, E.1 a] of Section 3.3, 
and E.5 b] of Section 4.2. If 0 < Ay < 1, then the scaling « > 2'/*1 reduces 
the problem to the case A, = 1. 


E.3 Extremal Functions for the Remez-Type Inequality of Theorem 6.2.2. 
Suppose 0 < Ap < Ay < +++ < An, O < @, A C [o,00) is a compact set 
containing at least n + 1 points, and y € (0, g) is fixed. Let 


M,,(A) := span{a*®, 2 ene an} ' 
a] Show that there is a 0 4 p* € M,,(A) such that 


lp ()| S sggge 3 ENOL, 
lIp*ll4 o¢pem,(A) llplla 


Hint: Use a compactness argument. 
b] Show that p* = cT,{Xo, A1,--- , An; A} for some c € R. 


Hint: Use a perturbation argument. 


314 6. Inequalities in Miintz Spaces 


E.4 A Lexicographic Property of Chebyshev Polynomials in Different 
Mintz Spaces. Let 0:= Ap < Ay < + < An, O= 9 < N <6 < In, 
and 


AB <5 5 j3=0,1,...,n. 


Let @ > 0 and let A C [0,00) be compact containing at least n + 1 points, 
and let 


Tra = Tn {ro0,A1,--- Ani A} and Thr := Tn{yorV15--+ > Ini A}- 


a] Show that |T,,r(y)| < |Tn,a(y)| for every y € [0, a). 


Hint: Suppose, without loss of generality, that there is an index m, 
1 <m < n, such that Am < Ym and A; = ¥; if 7 # m. We choose 
an Rpa € M,(A) that interpolates T,,r at the n zeros of T,,r and is 
normalized so that Ry,a(0) = Tn,r(0). Use Theorem 3.2.5 to show that 
[Rn a(x)| < |Tn,r(#)| for every x € [0,00), in particular for every x € A. 
Now use E.3 to show that |T,,r(0)| = |Rn,a(O)| < |Tn,a(0)|, which gives the 
desired result for y = 0. Using this, we can deduce that |T,,,r(y)| < |Tn,a(y)| 
for every y € [0, @), otherwise 


Tn,A — Tar € span{2*?,a*,... ,a°%", a7} 


’ 


would have at least (n + 2) zeros in (0,00), which is a contradiction. 


b] Show that 


p(y) | max Pw 


max < 
p\|aA ~ peM,(A) ||plla 


peM, (I) 


for every y € [0, @), where 
M,(L) := span{a”®,2%,... , a7} 


and 
M,,(A) := span{z*°, 2* pais ge : 


Hint: Combine part a] and E.4. 


E.5 Theorem 6.2.1 Follows from Theorem 6.2.2. Under the assumptions 
of Theorem 6.2.1 show that if (p;)72, C M(A) is uniformly Cauchy in 
C(A), then it is uniformly Cauchy in C[0, y] for every y € (0,r4), where r4 
is defined as in Theorem 6.2.1. 


Hint: Use Theorem 6.2.2. 
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E.6 Some Corollaries of Theorem 6.2.9 in the Lacunary Case. Suppose 
Ao := 0, Ai > 1, and A := (A;)%24 is lacunary. 
a] Show that the Chebyshev polynomials 

Tn = Tn{ro,A1,--- sAn : (0, 1}, [en eae 
have the following property: There is a constant c, € (0,1) depending only 
on A (and not on n) such that if y € [0,1) and |T,(y)| = 1, then |T,(x)| > 4 
for every x € [y,yta(1—y)]. 


Hint: Use the Mean Value Theorem and the Bernstein-type inequality of 
Theorem 6.2.9. 


b] Show that there is a constant c2 € (0,1) depending only on A (and not 
on n) so that if a < 6 are two consecutive zeros of T,,, then 1—b < c2(1—a). 


c] Let « € (0,1). Show that there is an no € N depending only on e (and 
not on n) so that every T,, has at most no zeros in [0,1 — €]. 


d] Give a new proof of the first part of Theorem 6.2.1 based on parts al 
and c]. 


Outline. By Lebesgue’s density theorem (see Royden [88]), it may be sup- 
posed, without loss of generality, that the left-hand side Lebesgue density 
of A at 1 is 1. Choose € € (0,1) so that AM [0,1 — ) contains infinitely 
many points and 

(ANID) 

l-y 

for every y € [1 — , 1], where c, € (0,1) is the same as in part a]. For this 
€, choose ng according to part c]. Now define g € CA) so that g alternates 
no + 3 times in AM [0,1 —) between 2 and —2 and is identically zero on 
[1 — e, 1]. Assume that there exists a p € M,(A) such that ||p — glla < 4. 
Use part a] and (6.2.5) to show that p— 7, € M,(A) has more than n 
distinct zeros in [0,1], which is a contradiction. 


(6.2.5) 


The following simple application of Theorem 6.2.9 was pointed out by 
Wojcieszyk: 


e] Suppose A C [0,1] is a measurable set and the left-hand side Lebesgue 
density of A at 1 is 1. Show that there is a constant c > 0 depending only 
on A and A so that 


llPlI[o.1) < €llplla 
for every p € M(A) = span{x*°,2™!,...}. 
Hint: Use the Mean Value Theorem, the Bernstein-type inequality of The- 
orem 6.2.9, and the Chebyshev-type inequality of E.3 f] of Section 4.2. 


f] Use part e] to give another proof of Theorem 6.2.1. 


The following exercise constructs quasi-Chebyshev polynomials P,, for 
M,(A) if the lacunarity constant of A is large: 
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E.7 Quasi-Chebyshev Polynomials in Very Lacunary Mintz Spaces. Let 
Xo = 0, Ay = 2, and Nii | ri > 16 fori =1,2,.... Let 


n 
P,(2) 142) 0(-1)'e%, WH 12st 
j=l 


Let y; := (4A;)~!. Prove the following statements: 

a] ||Prilfoy = 1 and P,(1) = (-1)”. 

b] P, has exactly n zeros, t1) < on <++: <@nn, in (0,1). 
ce] |P1(8)| < 2X, for every € € [tn n, 1]. 

d] We have 


k 


lt 
P,(e) Sz if 1— yor Sa <1- and 1<2k<n 


and 


Pp(z) > 


if 1 yorqi <2<1- Se 


: and 1<2k4+1<n. 


Hint: Part a] is obvious. Prove the rest together, by induction on n. 


The next exercise follows Borwein and Erdélyi [95b]. 


E.8 Products of Mintz Spaces. Associated with A := (Aj)?2o, let 


k 
uty = {o=[]oim enna) Kye 12 aay 


j=1 


Is M?(A) dense in C[0, 1] for A := (j7)%2o? 

Note that M*(A), k > 2 is not the linear span of monomials, and 
Miintz’s theorem does not give the answer. This exercise establishes Remez-, 
Bernstein-, and Nikolskii-type inequalities for M*(A). From any of these it 
follows immediately that if }77°,1/A; < oo and A C [0,1] is a set of 


positive Lebesgue measure, then M*(A) is not dense in C(A). 


Throughout parts a] to d] of the exercise we assume 0 = Ag < AY < +++, 
Dyc1 1/Ay < 00, and s € (0, 1). 


a] Remez-Type Inequality for M*(A). There exists a constant c depend- 
ing only on A, s, and k (and not on g or A) such that 


llpllto,0 < ellplla 


for every p € M*(A) and for every compact set A C [0,1] of Lebesgue 
measure at least s > 0. 
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Proof. Theorem 6.2.2 implies that there exists a constant a > 0 depending 
only on A, s, and k such that 


m({x € [ysl]: p(@)| > a |p(@))}) = 1-9 — = 


for every p € M(A) and y € [0,1—s]. Now let p € M*(A), that is, 
k 
p= |[v- pj € M(A). 
j=l 


Then, for every y € [0,1 — s], 
m({a € [y, 1]: |p(x)| > a~*|p(y)|}) 
k 
=m (te € trl tte > hvca 


j=l 


>1l-y-k2 =1-y- 


S 
Qk 2° 


Hence y € [0,inf A] and m(A) > s imply that 
ie s 
m({x € A: |p(x)| > a*|p(y)|}) = 5 > 0 


and the inequality follows with c = a*. 


b] Solution to Newman’s Problem. Let A C [0,1] be a set of positive 
Lebesgue measure. Then M*(A) is not dense in C(A). 


Proof. This follows from part al. 


c] Bernstein-Type Inequality for M*(A). Suppose 1 > 1. There exists a 
constant c depending only on A, s, and & (and not on g and A) such that 


IlP'lI[o,0) < ellplla 


for every p € M*(A) and for every compact set A C [0,1] of Lebesgue 
measure at least s > 0. 


Hint: Use the product rule of differentiation, and estimate each term sep- 
arately. Proceed as in the proof of part a]. Use Theorem 6.2.2 and E.5 al 
and b] of Section 4.2. 


d] Nikolskii-Type Inequality for M/*(A). There exists a constant c de- 
pending only on A, s, k, g, and w (and not on g and A) such that 


lalla.) <¢ f iee)["w(@) de 
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for every p € M*(A), for every compact set A C [0,1] of Lebesgue measure 
at least s > 0, for every function w measurable and positive a.e. on [0, 1], 
and for every q € (0,00). 


Hint: Use part al. 


e] Associated with 


A= OG eos . FH 2k, 


let 
k 
M(Ay,Ao,..., An) = 4p = ][ py: pj € M(Aj) 
j=l 
Formulate and prove the analogs of parts a] to d] for M(Ay, As,... , Ag). 


E.9 A Weak Converse of Theorem 6.2.9. Suppose A := (\;)%, is a 
(strictly) increasing sequence of nonnegative real numbers with Ao := 0 
and A; > 1. Suppose also that there exists a constant c depending only on 
A (and not on y or the number of terms in p) such that 


lp’ (y)| eer 7 lll, 1] 


for every p € M(A) = span{a*°,x*!,...} and for every y € [0,1). Show 
that there is a constant \ > 1 oo only on A such that A, > A”. 


Outline. Let 
De — Tn{ro, M1, esky ant [0, 1}} 


and denote its zeros in (0,1) by a1,» > %2,n > ++: > &nn. Use the Mean 
Value Theorem and the assumed Bernstein-type inequality to show that 
there is a constant 7 € (0,1) depending only on A such that 


1-—2jn < yO — 2j41,n), j=1,2,...,n-1, neN; 


hence 1—21,, < y”. On the other hand, use the Mean Value Theorem and 
Theorem 6.1.1 (Newman’s inequality) to show that 


n -1 
1— 21m > (+9324) > (9(n+1)An)7? . 
j=l 


Finally, combine the lower and upper bounds for 1 — 21,,, to conclude that 


—n 


2 
> ——_... 
An 2 9 +1) 
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E.10 Polynomials in 2". Given n € N and A, € R, let 
Pn(An) = {pn(2*") : pn € Pn} 
(as in E.6 of Section 4.1). Suppose A, > 1 for all n € N. Let 6 € R be 
defined by 
logn 


n 


li ae : 
im su = —log-—. 
oe ear 
Suppose 6 > 0. 


a] Bounded Remez-Type Inequality. Suppose 0 < 6 <6. Show that there 
exists a constant c depending only on 6 (and not on n, y, or A) such that 


IP) < ellplla 
for every p € U%_)Pn(An), for every A C [0,1] of Lebesgue measure at least 
1 — 0, and for every y € [0,inf A]. 

Hint: Use Lemma 6.2.6 and E.6 a] of Section 4.1. 


b] Mintz-Type Theorem. /f 0 < 6<d and AC [0, 1] is a set of Lebesgue 
measure at least 1— 6, then UP) Pn (An) is not dense in C(A). 


Hint: Use part al. 


“lp rinte 


7 


Inequalities for 
Rational Function Spaces 


Overview 


Precise Markov- and Bernstein-type inequalities are given for various classes 
of rational functions in the first section of this chapter. Extensions of the 
inequalities of Lax, Schur, and Russak are also presented, as are inequal- 
ities for self-reciprocal polynomials. The second section of the chapter is 
concerned with metric inequalities for polynomials and rational functions. 


7.1 Inequalities for Rational Function Spaces 


Sharp extensions of most of the polynomial inequalities of Section 5.1 are 
established for rational function spaces on K := R(mod 27), on the interval 
[—1, 1], on the unit circle of C, and on the real line. The classical inequalities 
of Section 5.1 are then recovered as limiting cases. A sharp extension of 
Lax’s inequality is also given. Essentially sharp Markov- and Bernstein- 
type inequalities for self-reciprocal and antiself-reciprocal polynomials are 
presented in the exercises. 


Let D:= {2 € C: |z| < 1} and OD := {z € C: |z| = 1}, as before. 
We study the rational function spaces: 
t(9) 


Tn (G1, 02,... , don; Sr T, 
Hie oe 
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and 
t(8) 
T, (a1, 42,--. ,dan; K) := ¢ = 7 _: te 7 
aC 1,42 2n ) a sin((9 — ax) /2) | 
on K with aj,a2,...,@an €C\R 
p(2) 
a ede er ae eee at 
Pp (a1, @2,--- 5 An; [—1, 1]) ian ema! o} 
and 
Pe (a1, @2,--. ,@n3[—1, 1]) = et) :pe€ Pe 
n > > ’ ’ > [lp_1(@ — ax) n 
on [—1,1] with a),a2,... ,a, € C \ [-1, Y]; 
Py, (a1, 02,.-.,@n;0D) := {pte :pe Pa 
TTp=1 (2 — ax) 
on OD with ay, a2,... ,@, € C\ OD; and 
x 
Pn(a1,42,... ,@n;R) := {tL pe Pa} 
IT,-1 |@ — ax 
and 
p(z) 
& eee >R) := ¢§ = —_ : pe PS 
Pe (ai, @2, >On ) qn Pp a 
on R with aj, a2,...,@, €C\R. 
The Chebyshev polynomials Te: Us and 
V := (cos a)Ty, + (sin a)Up , aceék 
for the rational function space Tn (a1,@2,... ,@2n; K) are defined in E.3 of 


Section 3.5, and they play a central role in this section. 
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Theorem 7.1.1 (Bernstein-Szegé-Type Inequality on K). Given 
(Cran cc \ R, Im(ax) >0, 


let 
Jet |? 
ES ete = Jetax — @i0/2 . 
Then i - 
f(O + BOPP O) <BLAIflk, EK 
for every f € Tn(a1, @2,... , Gon; K). 


Equality holds if and only if either 6 is a maximum point of \f| (that 
is, f(0) = +||fllx) or f is a linear combination of T, and Uy (with real 
coefficients) as defined in E.8 of Section 3.6. 


Corollary 7.1.2 (Bernstein-Type Inequality on A’, Real Case). Given 
(ax )z21 CC\R, Im(ax) > 0, 

let the Bernstein factor By, be defined as in Theorem 7.1.1. Then 
Ol <BrOliflk, 0EK 

for every f € Tn(ai, G2,... , Gan, KX). 


Equality holds if and only if f is a linear combination of T, and Up 
(with real coefficients) as defined in E.3 of Section 3.5, and f (6) = 


Theorem 7.1.1 and Corollary 7.1.2 can be easily obtained from the extension 
of Theorem 3.5.3 given by E.3 of Section 3.5, which gives explicit formulas 
for the Chebyshev polynomials for these classes Tn (a1, @2,... ,@2n; K). The 
arguments are outlined in E.1. 


The following two results can be obtained from Theorem 7.1.1 and 
Corollary 7.1.2 by the substitution « = cos 6; see E.2. 


Corollary 7.1.3 (Bernstein-Szegé-Type Inequality on [—1,1]). Associated 
with (a,)R_, CC \[-1, 1], let the Bernstein factor B, be defined by 


where the choice of \/az —1 is determined by |ax — \/az —1| <1. Then 
=e) fey +s, @ re) s Belfi #¢€ Ell 
for every f © Pn(a1,a2,.-. ,@n;[—1, 1]). 


Equality holds if and only if either x is a maximum point of |f| (that 
is, f(z) = £\|fll[-1j) or f = cTn with c € R, where Ty is defined as in 
Section 3.6. 
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Corollary 7.1.4 (Bernstein-Type Inequality on [—1, 1], Real Case). Given 
(az )R_, C C\[-1, 1], let the Bernstein factor By, be defined as in Corollary 
7.1.38. Then 


Eales Final Pe (=1,1) 


for every f © Pn(a1,a2,.-. ,@n;[—1, 1]). 


Equality holds if and only if f = cT, with c € R, where T;, is defined as 
in Section 3.5, and f(a) =0. (Note that B,(x) > 0 for every x € (—1,1).) 


By (2x) 
1 


Our next result follows from Theorem 7.1.1; see the hints to E.3. 


Corollary 7.1.5 (Bernstein-Szegé-Type Inequality on R). Given 
(ax)p-1 CC\R, — Im(ax) > 0, 


let the Bernstein factor B,, be defined by 


Then 
f@yP+ Bare) <Bi@ilflk, «ER 
for every f € Pn(a,a2,-.. , Qn; R). 
Equality holds if and only if either x is a maximum point of |f| (that 


is, |f(x)| = £||flle) or f is a linear combination of T, and Uy, (with real 
coefficients) defined in E.5 of Section 3.6. 


Corollary 7.1.6 (Bernstein-Type Inequality on R, Real Case). Associated 
with (ap )p_, C C\R, let the Bernstein factor B, be defined as in Corollary 
7.1.5. Then 


If'@)| < Balz)|lfllk,  ceER 
for every f € Pn(a1,a2,..- , Qn; R). 


Equality holds if and only if f is a linear combination of T, and Uy 
(with real coefficients) defined in E.5 of Section 3.5, and f(a) = 0. 


To formulate our next theorem we introduce some notation. For a 
polynomial 


we define 
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Then 
(7.1.1) lazl=la*)|, 2€ OD. 


The function 


is the Blaschke product associated with (a,)?_,. 


Theorem 7.1.7 (Bernstein-Type Inequality on 0D, Complex Case). Given 
(az )R_-1 C C\ OD, let the Bernstein factor B, be defined by 


B,(z) += max{B; (2), Br (z)} 


with 
BE) i= y, lax! 1 and Bo (z):= S- 1 = |ax| 
7 ta ‘(Ge — 22? : foi ‘|Ge — 2)? 
|ax|>1 lax |<1 
Then 


If'(2)| < Baleyilfllap. z€0D 
for every f € P&(a1,a2,... dn; OD). 


If the first sum is not less than the second sum for a fixed z € OD, then 
equality holds for f = cS* with c € C, where S;* is the Blaschke product 
associated with those a, for which |ax| > 1. If the second sum is not less 
than the first sum for a fixed z € OD, then equality holds for f = cS, with 
c€C, where S, is the Blaschke product associated with those a, for which 
lax| <1e 


Proof. For reasons of symmetry it is sufficient to prove the theorem only 
for z = 1. Without loss of generality we may assume that 


(7.1.2) Re (>: = Zé 


the remaining cases follow from this by a limiting argument. Let Q := OD 
(equipped with the usual metric topology), V := P&(ai,@2,...,@n;0D), 
and L(f) := f'(1) for f € V. We show in this situation that n +1 <r in 
Theorem A.3.3 (interpolation of linear functionals). Suppose to the contrary 
that r <n. By Theorem A.3.3, there are distinct points 71, 22,..., 2, on 
OD, and there are constants c,,¢2,... ,¢Cp € C such that 
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p'(1)q(1) —q')pQ) _< 1, Piee) ‘ 
(7.1.3) ae =e (aK) ; peP,, 
where 
(7.1.4) az) := |] (- a). 


cael 


We claim that 7, 4 1 for each k = 1,2,...,r. Indeed, if there is index k 
such that 2, = 1, then Theorem A.3.3 implies that 


r 


p(z) = (2 +1)" [] (2 - ae) € PS 
k=1 


has a zero at 1 with multiplicity at least two, which is a contradiction. 
Applying (7.1.3) with the above p, we obtain 


p'(1)q(1) — q'(1)p(1) = 0 


and since p(1) #0 and q(1) 4 0, this is equivalent to 


g() _ PQ) 
qa) pd)’ 
that is, in terms of the zeros of py, and qn, 
n r 
1 n—T 1 
7.1.5 = Ae ; 
( ) > 1- ak 2 2 1- Lk 


Since x, € OD and xz 4 1, we have 


1 1 
(7.1.6) Re ( )=5 k =1,2,...,r. 
1-2, 


It follows from (7.1.5) and (7.1.6) that 


which contradicts assumption (7.1.2). Som +1 <r, indeed. 


A compactness argument shows that there is a function a € V such 


that IL(f)| 
\flleo=1 and LF) = ILI s= ymax, 
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Theorem A.3.3 implies | f (xe)| = 1 for every k = 1,2,... ,r. Hence, if 


= 


f=", pers, az)=]] @-a), 
q k=1 
then 
(7.1.7) h(z) := |p(z)/? — |e(z) |? < 0, z€0D 
and 
(7.1.8) h(a) = 0, [igo eae 


Note that t(@) := h(e’®) € Ty, vanishes at each 6,, where the numbers 
6; € [-7,7) are defined by x, = e*, k =1,2,...,r. Because of (7.1.7), 
each of these zeros is of even multiplicity. Hence, n + 1 < r implies that 
t € JT, has at least 2n + 2 zeros and therefore t = 0. From this we can 
deduce that h(z) = 0 for every z € OD, so 


(7.1.9) \p(z)| = la(z)|, z€oD. 


We now have 
2-"p(z)p*(z) = BZ)? = la)? =2-"a(z)g*(2), =z € AD, 


so by the unicity theorem for analytic functions (see E.1 e] of Section 1.2) 


From this, it follows that there exists a constant 0 4 c € C such that 


~ plz) zZ-Q@, 
f(z) = d= eT] ee b] zeéEC, q(z) #0 
q(z) Z— At 
k=1 
with some m <n and 
Ap = Aj, k=1,2,...,m, L<qi <jo<s+<jm <n. 


A straightforward calculation gives that 


POD) es eo 
Fd) Gees =a)| 
lax? 
ese 


which finishes the proof. 


FOI = 


< max{B(z), Br (z)}, 
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Corollary 7.1.8 (Bernstein-Type Inequality on A’, Complex Case). Given 
(ax)72, C C\R, let the Bernstein factor B,, be defined by 


B,,(0) := max{ Bt (6), Bs (6)} 


with 
2n iar |2 2n ian |2 
R+(9) -— leer al a ae 1 — |e’** | 
BrO= > Tam eo Od BRO) Dd) Ta —aeE- 
k= k= 
Im(an)}<0 Wags4 
Then 


IF Ol<BrOliflix, 96K 
for every f € T(a1,42,... dani K). 


If the first sum is not less than the second sum for a fized 6 € K, then 
equality holds for f(@) = cSt, (e’) with c € C, where St}, is the Blaschke 
product associated with those e’** for which Im(ax) < 0. If the second sum 
is not less than the first sum for a fixed 0 € K, then equality holds for 
f(0) = cS5,,(e”) with c € C, where S5,, is the Blaschke product associated 
with those e*** for which Im(ag) > 0. Note that 


S¥(e!) € T,°(a1,02,--- ; Gan; K). 
Proof. Observe that if 
= [Lane —aj;)/2) € Ty 


and t, € 7,°, then there are p € P§,, and q € PS, such that 


#(@) _ ple)e" _ ple”) 


@B) ~ ale*e=m ~ Ge) 


where q is of the form 


with some c € C. So the corollary follows from Theorem 7.1.7. 


Corollary 7.1.9 (Bernstein-Type Inequality on [—1,1], Complex Case). 
Given {ag}~_, C C\[-1,1], let the Bernstein factor B,(a) be defined 


by 
1—|ex? : |cg|~? - 1 
By(« )= max 9 =e? Ss —= ) 


aA le. "=a? 
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where cy, and z are determined by 


Qk i= $ (Ck +¢,'), len] <1; 
wi=g(ztz2'), Im(z) > 0. 
Then (2) 
By(ax 
/ n 
If'(x)| < Vic ael Filan, 2-6 (=1,1) 


for every f € PS(a1,a2,... ,@n;[—1,1]). Note that 


where the choice of \/az —1 is determined by |ax — V/az — 1] <1. 


Proof. The corollary follows from Theorem 7.1.7 by the substitution 
al -1 
g= 5(z+27"). 


Bernstein’s classical polynomial inequalities discussed in Section 5.1 
are contained in Theorem 7.1.7 and Corollaries 7.1.8 and 7.1.9 as limiting 
cases. In Theorem 7.1.7 and Corollary 7.1.9 we take 


(ab af |. ,a™) CC\D 


so that 
lim Ja” | = 00, eS pds. ti) 


moo 
In Corollary 7.1.8 we take 
(a? as. ee ,as™)) cC\R 
so that 


and = lim lIm(a"”)| = 0, Ra 12.851: 
m—->oo 


To formulate our next result we introduce the Blaschke product 


associated with (aj, a2,...,@n) C C\ R. Obviously |Q,,(z)| = 1 for every 
zER 
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Corollary 7.1.10 (Bernstein-Type Inequality on R, Complex Case). Given 
(az )R_, C C\R, let the Bernstein factor B,(x) be defined by 


B,(x) = max{B, (x), By (x)} 


with 
n n 


Bt (a) := S 2 |Im(a;)| ia BGS se 2 |Im(az)| 


|a — az|? |a — az|? 


for every x € R. Then 


If'(«)|< Br@)lifiz,  «cER 


for every f © PS(a1,a2,... , Gn; R). 


If the first sum is not less than the second sum for a fixed x € R, then 
equality holds for f = cQy, with c € C, where Q; is the Blaschke product 
associated with the poles ax lying in the open upper half-plane 


Ht :={z€C:Im(z) > 0}. 


If the second sum is not less than the first sum for a fixed « € R, then 
equality holds for f = cQ, with c € C, where Q;, is the Blaschke product 
associated with the poles az lying in the open lower half-plane 


A” :={z€C:Im(z) < 0}. 


Corollary 7.1.10 follows from Theorem 7.1.7; see E.4. 


The next theorem improves the Bernstein-type inequality of Theorem 
7.1.7 in the case when {a,}?_, C C\ D and f has all its zeros in C \ D. It 
extends Lax [44]. 


Theorem 7.1.11 (Lax-Type Inequality). Given (a,)?_, C C\ D, let the 
Bernstein factor By, be, as in Theorem 7.1.7, defined by 


Then 
Jn'(2)| < FBallAllan, 2 € OD 
for every h € Pé(a1,@2,-.. ,@n;0D) having all its zeros in C \ D. 


Equality holds for h = c(Spn +1) with ce € C, where S, is the Blaschke 
product associated with (az)p_,. 
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Note that B,(z) = |S},(z)|. Note also that 
h:= CS, +1) € Po(ai,a2,... ,a@n; OD), c#0 
has all its zeros on OD. 


Proof. First assume that each zero of h is on OD, the general case can be 
reduced to this (see E.5). Thus let h := p/q, where p € P¢ has all its zeros 
on OD and where 


k=1 
Let 
n 
Q(z) := II (1 — Gz) 
k=1 
We study 
p(e2% eine p(e2) 


u(8) = OO 
( ) |q(e??®)| /q(e#9) /q* (e279) 
for 6 € IR, where the square roots are taken so that ,/q is analytic in a 
neighborhood of the closed unit disk, and ,/q* is analytic in a neighborhood 
of the complement of the open unit disk. Since p € P¢ has all its zeros on 
OD, there exists a0 # 8 € C such that 
t(0) = Boe ye 


is a real trigonometric polynomial of degree at most n (see E.5 al). Also 
\q(e?)| = et?) =I] |1 _ Tper?| 


=1 Thin ~4)/2)), 


where y > 0, 
ee =a, Im(c) >0, &=1,2,...,n 
and 
ee =a? Im(q) > 0, kantl,nt2,...,2n. 
Applying Theorem 7.1.1 to 


Botu € Tn(c1,€2,--- , Can; K), 
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we obtain 
(7.1.10) |u'(0) —iB,(A)u()| < Br()llullk, OEK, 
where 
Sf te 1— |a,|7! d= /leg|>4 
KL Ng ERE || ay | 

3. = 1 — |ag|7 2 len? —1_ 

_ = la, 1 — 2182 => or |ax — 10/2 i 
Observe that 

p(e?9) q(e?**) p(e?9) 6 
7.1.12 u(0) = ee eS, 
OE) WO Ge) Jee) Hem? 
where 
2 

(7.1.13) fr(z) = valet) 


A simple calculation (see E.4. of Section 3.5) shows that 


DR _ iadnke™ ) ) 
(7.1.14) Bn(@) =e Pay OK. 


Also, since |fn(e)| = 1 for every 6 € K, we have 
_ ||P = 
(7.1.45) Julie = [2] = tno. 
Gllap 


Now (7.1.10) to (7.1.15) yield 


Fp ae (e")) -i iv nf") ple) 


S (2D ile cay Sera {a(e)| < Bu()Iblon 
So 
|2ie h! (ce?) f,, (e2#) + tel? f" (el )h(e2*) 
— ie® fi (e®)n(e?”)| < Bn(O)|lhllan - 
Thus 


2|n'(e*"?)| < Bn(O)||hllav , 
which, together with (7.1.11), finishes the proof. 
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Comments, Exercises, and Examples. 


Most of the results in this section have been proved in Borwein and Erdélyi 
[to appear 4] and in Borwein, Erdélyi, and Zhang [94a]. A weaker version 
of Corollary 7.1.9 has been obtained by Russak (see Petrushev and Popov 
[87]). Theorem 7.1.11 contains, as a limiting case, an inequality of Lax [44] 
conjectured by Erdos. Lax’s inequality establishes the sharp Bernstein-type 
inequality on the unit disk for polynomials p € P¢ having no zeros in the 
open unit disk. That is, 


n 
IIP'Ilb < 5 Ilpllp 


for such polynomials. Various extensions of this inequality are given by 
Ankeny and Rivlin [55], Govil [73], Malik [69], and others. We discuss some 
of these in E.16 of Appendix 5. 


E.1 Proof of Theorem 7.1.1 and Corollary 7.1.2. Given (a;,)72, C C\R, 
let 
Tra *= Tn(a1, 42,--- ,d2n3 K). 


a] Show that 7,,. is a Hermite interpolation space. That is, if the points 
%1,02,...,2,% € K are distinct, and m,,mz2,...,m, are positive integers 
with ae m, < 2n-+1, then for any choice of real numbers y;,;, there is a 
function f € 7n,q such that 


f (aa) = vag; i=1,2,...,k, j=0,1,...,m;,—-1. 


Hint: See the hint to E.7 of Section 1.1. 
b] Show that for every fixed 6 € K, the value 


saa £9)? + BRO) F700) 
OAFETn,0 hal 


is attained by an fe Trias 


Hint: Use a compactness argument. 


c] Show that f= cV, where c € R and V is one of the Chebyshev polyno- 
mials for Ty, defined in Theorem 3.5.3 and E.3 of Section 3.5. 


Hint: Use a variational method with the help of part al. 
d] Prove Theorem 7.1.1. 
Hint: Use part c] and E.4 of Section 3.5. 


e] Prove Corollary 7.1.2. 


E.2 Proof of Corollaries 7.1.3 and 7.1.4. 
a] Prove the inequality of Corollary 7.1.3. 
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Hint: Use Theorem 7.1.1 with the substitution x = cos@. Note that 
f © Pn(a1, a2,... ,@n;[—1, 1]) implies 


g(9) = f (cos @) = Tn (C1, C1, C2, C2;- oe Cn, Cn} K), 


where the numbers cy € C are defined by 


ick S562 lar. —1, ak = $(ei 4 e ite), Im(cx) >0. 


Verify that if B,, is the Bernstein factor given in Theorem 7.1.1 associated 
with 
(C1, C1, €2,€2,+-- €ns€n); 


wo) = Sore (VEE) ge K, 


then 


Ap — Ccos@ 


where the choice of \/az — 1 is determined by |a, — /a? — 1| < 1. 


b] Given x € [-1, 1], prove that equality holds in the inequality of Corol- 
lary 7.1.3 if and only if either « is a maximum point of |f| (that is, 
f(z) = +{lfll[-1,4) or f = cT, with c € R, where T,, is defined in Sec- 
tion 3.5. 


Hint: Observe that 


V = (cos a)Ty + (sin a)Up 


is even if and only if V = +T,, and use Theorem 7.1.1. 


c] Prove Corollary 7.1.4. 


E.3 Proof of Corollaries 7.1.5 and 7.1.6. 
a] Prove Corollary 7.1.5. 
ei? 


Hint: Use Theorem 7.1.1 and the substitution 2 = 7 BT 
eo — 


onto RU {oo}. 
b] Prove Corollary 7.1.6. 


, which maps K 


E.4 Proof of Corollary 7.1.10. Prove Corollary 7.1.10. 


Hint: Use Theorem 7.1.7 and the substitution « = i = 1? , which maps 0D 
onto RU {oo}. 


E.5 Completion of the Proof of Theorem 7.1.11. 


a] Show that if p € P¢ has all its zeros on the unit circle, then there 
is a0 4 8 € C such that g(@) := Be~*”’ p(e?"’) is a real trigonometric 
polynomial of degree at most n. 
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For f = p/q with 


and ra 
p(z) =|] (@— os), bh EC, yEC, 
k=1 
we define f* := p*/q, where 


p*(2) := 7] Gd - be). 


k=1 
Let D:= {z EC: |z| < 1}. 
b] Show that |f*(z)| = |f(z)| for every z € OD. 


m<n, 


In each of the remaining parts of the exercise suppose that |a,| > 1 for 


each k. 


c] Show that if « € OD and |by| > 1 for each k, then f + ef* has all its 


zeros on the unit circle. 
d] Show that if |b,| > 1 for each k, then 


If@l<lf"@l,  2€6D. 


Hint: First observe that it is sufficient to study the case z = 1. We have 


n 


(Gan) = fee (Ssr=m) -* (Zr) 


IA 


l| 
w|s 
| 
=e) 
oO 
ao 
Ms 
= 
oo 
o 
~ 
NUL 
+ 
w|s 
| 
aw 
oO 
a oS 


= o£) 
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and 


“ira (=e) . 
f*() 

The result now follows from the combination of part b] and the above two 

inequalities. 


e] Prove that if |b,| > 1 for each k, then 


AFI SIF @I+IF |< Baliiifllen,  2€ 0D, 


where B,(z) is the Bernstein factor defined in Theorem 7.1.11. 


Hint: Use parts c] and d] and the already proved part of Theorem 7.1.11 
(when f has all its zeros on the unit circle). 


f] Show that if |b,| > 1 for each k, then 


FC) < 5Bn(2) (max [A - min |4)1) = € OD, 


ZzE 
where B,,(z) is the Bernstein factor defined in Theorem 7.1.7. This extends 


a result of Aziz and Dawood [88]. 


Hint: Assume that ||f||gp = 1. Let m := minzeap |f(z)|. Let a be a con- 
stant of modulus less than 1. Let g(z) := f(z) — am. Observe that the 
argument of a can be chosen so that 


lg" (z)| = |F*"(2)| — |elmBn(z). 
By Rouché’s theorem, g has no zeros in D. So parts d] and e] imply that 


2|f*'(z)| —2|a| mBn(z) = 2|9"(2)| < |g’ (2) + lo") 
= |f'(2)| +f" (2)| — lalmBa(z) 
< By(z) — |almBn(z). 


Since |a| can be chosen arbitrarily close to 1, the result follows. 


336 7. Inequalities for Rational Function Spaces 


E.6 Extensions of Russak’s Inequalities. 
a] Given (a,)7@, C C\ R, show that 


If'lln.cK) < 20 || flac 


for every f € Tn (a1, @2,-.. , Gan; K) and 


If'IlnacKy) < 40m | fll 
for every f € 7,¢(a1, @2,... ,@an}K). 
b] Given (a,)?_, C C\ R, show that 

fF llc.) <7 || fle 


for every f € Pn(ai,d2,... ,Qn;R,) and 


IIf'llz.ce) < 2am | fle 


for every f € PS(a1,d2,... Gn; R). 
Hint: Use Corollaries 7.1.2, 7.1.8, 7.1.6, and 7.1.10. Write the Bernstein 
factors in a form so that the integral (of each term in the maximum if the 
Bernstein factor is defined by a maximum) can be evaluated by the residue 
theorem (in part a]) and by finding the antiderivative (in part b]). 


c] Are any of the inequalities of parts a] and b] sharp? If so, in which 
cases? 


E.7 Markov-Type Inequality. Given (a;)?_, C R \ [—1, 1], show that 


. 2 
i n 1+ |cg| 
<a 
Ilan S$ (>: er) lla 
for every f € PS(a1,@2,... ,@n3[—1, 1]), where the numbers cy are defined 


by 
= apa a=, an =4(ch +c), [eee 


Proceed as follows: 
a] Given (a,)?_, C R\[-1, JJ, let 


2 ie 
go) af Oapea 
l+y  1+y Sates 
a oa ey eee et 
+ — if -l<y<0 
Lay ey i 


and let cz (y) be defined by 
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an(y) =: (cry) +ee(y)7"), ex) <1. 
Show that ; 
! 2 . 1+ ce(y) 
FOls ao (>: pit) flan 
for every f € P&(a1,d42,... ,@n;[—1, 1]). 


Hint: Show by a variational method that 


AED ' 
= |T, (4), 
“Fla 1,1] _ 
where the maximum is taken for all 0 #4 f € Pr(ai,az,.-. ,@n;[—1,1]), 


and T;, is the Chebyshev polynomial for P,(a1,a2,... ,@n;[—1,1]) defined 
in Section 3.5. Now the result follows from E.1 c] of Section 3.5 by a linear 
shift from [—1,1] to [-1, y] if 0 < y <1, or to [y, l] if -l<y <0. 


b] Given (a,)?_, C R\ [1,1], show that 


Ols alfa, ye LY) 


for every f € Py(a1,d2,... ,@n;[—1, 1]). 

Hint: When y = 0, this follows from Corollary 7.1.3. When y € (—1,1) is 
arbitrary, use a linear shift from [—1,1] to [2y — 1,1] if 0 < y < 1, or to 
[-1,2y+l)if-lL<y<0. 

c] Prove the Markov-type inequality of the exercise. 


Hint: Combine parts a] and b]. Note that 


lan(y)] > lax] and —ex(y)| Slenl< 1, k=1,2,...,0 


holds for every y € [—1, 1]. 


E.8 Schur-Type Inequality. Given {a,}?_, C R\[-1, 1], show that 


I fllt—1aj < max{|Un(1)|,|Un(-DI}- [F@)V1-27|) ay 


for every f € Py(a1,G2,... ,An;[—1, 1]), where U, is the Chebyshev poly- 


nomial (of the second kind) for P,(a1,@2,... ,@n;[—1, 1]) defined in Section 
3.5, and 
/az 
n(+1)| = SS 


with the choice of \/a? — 1 determined by |ay — \/az — 1| < 1. Show that 
equality holds if and only if f =cUn, cE R. 
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Hint: First show that if fe Pn(a1,@2,.-. ,@n;[—1, 1]) is extremal for 
wee 
PFO VT= 2a | 
where the maximum is taken for all 0 #4 f € Pr(ai,ae,.-. ,an;[—1,1]), 


then f = cU, with some c € R. Observe that U,(+1) can be evaluated by 
L’Hospital’s rule since 
Lae. 

1-2 ° 
hence |U,(#1)|? = |T)(+1)| = |Bn(£1)| - |Un(+1)| with the notation of 
Section 3.5. Thus |U,(+1)| = |Bn(41)|. 


If y € [-1, 1] is arbitrary, then use a linear shift from [—1, 1] to [-y, y] 
(some caution must be exercised about the change of poles). 


Un(x)? = 


E.9 Extension of Lax’s Inequality on the Half-Plane. Associated with 
(ag )R_, C H* := {z € C: Im(z) > O}, let the Bernstein factor B, be, as 
in Corollary 7.1.10, defined by 


“ee 2 Im( (ax) 
“|x — ax? —az|? 
Show that 

|n'(a)| < >Bn(a)|lhlle,  «®eER 


for every h € PS(a1,@2,-.. ,@n;R) having all its zeros in H*. 
Equality holds for h = c(S, +1) with c € C, where S,, is the Blaschke 
product associated with (a,)?_,. Note that B,(z) = |S!,(z)|. Note also that 
h=c(S +1) € P&(ay,a2,... ,an;R), c#0 


has all its zeros on R. 


1 
ine Use Theorem 70-1 | a eh aubentukion ea . 
os 


E.10 Remarks on Theorem 7.1.7 and Corollary 7.1.10. 


a] Given (a,)f_, C D and z € OD, show that equality holds in the in- 
equality of Theorem 7.1.7 if and only if f = cS, with c € C, where Sj, is 
the Blaschke product associated with (az)?_,. 


Hint: Analyze the proof of Theorem 7.1.7. 


b] Given (a,)R_, C Ht = {z € C: Im(z) > 0} and z € R, show that 
equality holds in the inequality of Corollary 7.1.10 if and only if f = cQp, 
with c € C, where Q, is the Blaschke product associated with (a,)?_,. 

Note that the only if parts of E.10 a] and E.10 b] above are not claimed 
in the general case of Theorem 7.1.7 and Corollary 7.1.10 (why?). 
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E.11_ Markov-Bernstein-Type Inequality for SR¢ and ASRS. Let SRS 
denote the set of all self-reciprocal polynomials p € P¢ satisfying 


p(z) = 2"p(z~*). 


Let SR, denote the set of all real self-reciprocal polynomials of degree at 
most n, that is, SR» := SR& Py. For a polynomial p € PS of the form 


(7.1.16) p(z) = So ge! cf EC, 
j=0 


p€SR¢ if and only if 


Cj = Cn—j, j3=0,1,...,n. 


Let ASR§ denote the set of all antiself-reciprocal polynomials p € P¢ 
satisfying 
p(z) = —2"p(z7"). 


Let ASR, denote the set of all real antiself-reciprocal polynomials of degree 
at most n, that is, ASR, := ASRONP,. Let ASR, := ASRO MP». For a 
polynomial p € P¢ of the form (7.1.16) p € ASR& if and only if 


Cj = —Cn—j, j3=0,1,...,n. 


a] There exists an absolute constant c such that 


: e€ 
|p’ (a)| < enmin § (1+logn), log ——s ) p llelli-aay 
1-2 


holds for every « € [—1, 1] and for every p € P¢ satisfying 
(7.1.17) p(x) < 1+ [elipllay, © eR, 


in particular, for every p € SR& and for every p € ASRS. 
The inequality 


Ip'(x)| < en(1 + logn) |lpl|t-1,1 


for all p € SR, and for all p € ASR, was first obtained by Kroé and 
Szabados [94a]. They also showed that up to the constant c > 0 the above 
inequality is sharp for both SR, and ASR,. Here we present a distinct 
proof. The sharpness is studied in E.12 f]. 
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Outline. Suppose p € PS satisfies (7.1.17). Then 


_ p(2) 
(7.1.18) f(a) := >a 
satisfies 
(7.1.19) lf lle < 2 ||pl|t—1,1) - 
Let 
(7.1.20) ap = eb PhD /Q2n) | k=1,2,...,2n 


be the zeros of the equation z?” + 1 = 0. Now Corollary 7.1.10, together 
with (7.1.18) to (7.1.20), yields that 


= Im( (a 
aa) (fel <2( ee Ist 
“|x = a4 | 
7 Im( (a 
ca(Se me 2 ee) os. ceR. 


Show that ifn € N and « € [—1,1], then 


n 
Im(ax) . e 


< |x — a4? 


where here the ~ symbol means that there are absolute constants c, > 0 
and cy > 0 (independent of n € N and x € [—1,1]) such that the left-hand 
side is between c, times the right-hand side and cy times the right-hand 
side for every n € N and « € [—1,1]. Combining (7.1.18), (7.1.21), and 
(7.1.22), we conclude that there is an absolute constant c2 such that 


pe) 2na®™—1_ p(x) 
1+a??) 14a?" 1442” 
<eonmin{ (1+1ogn), tog( =) bipllan, ce R. 


So if # € [-1, 1], then 


Ip'(a)| < (een min } (1+ logn), log (—— } } + 2n J |Ipllp—aa 
l-2z 


and the proof is finished. 


b] There exists an absolute constant c > 0 such that 


| p'(2) | p(2) 


LP ae |e Nee a |r 


cn(1 + log n) 


for every p € P5,,. 
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Proof. Associated with p € P§,,, let 


en D@) 
f(x) eo 1 + y2n 
Let. 
ap = eb 2A-V)a/2n) | k=1,2,...,2n 


be the zeros of the equation z?” + 1 = 0. Using Corollary 7.1.10, we can 
deduce that there are absolute constants c, and cy such that 


Ife < (3o2hmman) fll <1 (>: (=) fle 
k=1 k=1 


< egn(1 + logn)|| fle - 


Therefore 
p (x) 2na?"-1 p(x) p(x) 
Oe a A! | Ee ee 
Fess ih Se il oe sont een) 1+27" Ip 
for every « € R, which implies 
p(x) p(a) 
| i¢2™|, < (con(1 + log n) + 2n) | T+,’ 


and the result follows. 


c] For every m € N, there exists a constant c(m) depending only on m so 
that 
IP II-a,4y < e(m)(n (0 + logn))™ [ella 


for every p € P& satisfying 


(7.1.23) 


p(x)| < A+ [e|")Ilpllt—aay - 


Proof. Using part b] and induction on m, we see that there exists a constant 
ci(m) depending only on m such that 


p\™) (a) 
Le 


m ||_p@) 
ee) lee) Fess 


R 


for every p € P§,,. Note that if p € P§ satisfies (7.1.23), then 


| p(a) 


i occas 


< 2\lpl|[-1,1), 
R 


< | p(x) 
R T+ \e|* 


and the result follows. 
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E.12 Quasi-Chebyshev Polynomials for SR2,, and ASRo,. Let 
ap = eb 2h-Dn/Qn) | k=1,2,...n 


be the zeros of the equation z?” + 1 = 0 in the upper half-plane. Let 


n 

Mon(z = |[< z—ag)’, z€éEC, 
k=1 

Pop (a ): =Re Moy (x y), LE R, 


and 


Qon(x) :=Im(Mop(2)) , ceER. 


a] Show that ifn is even, then Po, € SRop and Qa, € ASRa»p, while if n 
is odd, then Qan € SRop and Poy € ASRop. 


b] Show that 


|Mon(x)| =14+ 27", xeER 

and 

Pan (x)? + Qan(a)? = (1+ 2")? , ceR, 
in particular 

| Panl|f—1,1) < 2 and Qen|l[-1,1) < 2- 
Proof. Note that 

Mon (x) ST eS ay 

7.1.24 = 
( ) ee og U x — Gp 


which implies the first equality. The rest is straightforward from the defi- 
nitions. 


c] Show that there are extended real numbers 


CO 2% > 21 >: D> Zan = -— OO 
such that utes 
Qn 25 ; ‘ 
—- = (-1)4 = Oye oe 52 
Dae ( ae Jj .9 »4n 


(the value of the left-hand side at +o is defined by taking the limit when 
x —» too). 


Hint: Use (7.1.24) and the argument principle (see, for example, Ash [71)]). 
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d] Let n € N be even. Show that there exist 
l=%0 >y1 >%1 > 92 >°+' > 4n-1 > Yn > fn = -1 


such that 


T+ am (1), Qon(#;) =0, j3=0,1,... 52 


and 


j 


Formulate the analog statement when n € N is odd. 


e] Show that there exists an absolute constant c > 0 such that 


|P3,(x)| + |Q5,(x)| > en min {a +logn), log (<5) } 


for every n € N and « € [-1,]]. 
Proof. If x € [—1, 1], then 


Me 


|Pon(2)| + |Qon(#)| > [Mon (x)| = [Mon (2)| 
(x) =|> ier Im(az) 
ae x) t— ar |x — ag|? 


> cn min {a +logn), log (=) } 
—2£ 


with an absolute constant c > 0, where the last inequality follows from 
(7.1.22). 


The next part shows the sharpness of the inequality of E.11 al. 


f] Let c > 0 be the same absolute constant as in part e]. For the sake of 


brevity let 
: -1 
ba oa= (cn min {a +logn), log (<s) }) . 


Show that for every interval 


In,2 *= [v,¢ + 86, (2)] C [0,1], 
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there exist yi € In,, and ye € In,, such that 
[Pan(yi)| > Fon(a)~“* and = |Q4,,(y2)| > Fdn(x) 


Proof. Suppose that 
|Pan(y)| < 5n(x)7" 
for every y € In,z. Then, from part e] we can deduce that 


lQon(y)| > 55n(a)* 


for every y € In,z. Therefore 
Q2nllay > FSi, , Oonly)| dy > $86n(2) F5n(2)~* = 2, 


which contradicts the last inequality of part b]. This finishes the proof of 
the first inequality. The second inequality can be proven in the same way. 


g] Show that 


for every p € SR&. 


By using the quasi Chebyshev polynomials for SR2, and ASRap»p, it can 
be shown that the inequality of E.11 c] is essentially sharp for the classes 
SR, and ASRo, for every m. This has been pointed out to us by Szabados. 
The argument requires some more technical details than the proof in the 
m = 1 case discussed in the above exercise. 


7.2 Inequalities for Logarithmic Derivatives 


We derive a series of metric inequalities of the form 


m({eer: Oo — \) <2, ara, 


where r is a rational function of type (n,n) and c is a constant independent 
of n. Here m is the Lebesgue measure, although, since the sets in question 
are usually just finite unions of intervals, this is mostly a notational con- 
venience. One of the interesting features of these inequalities is their easy 
extension from the polynomial case to the rational case. 


The basic inequality is due to Loomis [46]. Note the invariance of the 
measure of the set in this case. 
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Theorem 7.2.1. If p € Py, has n real roots, then 


m(frer: Da >ah)=2, ao. 


Proof. By considering a~'p instead of p, it is sufficient to prove the theorem 
for a = 1. We first consider the case where p has distinct roots, which are 
denoted by a, < ag < +++ < ay. Then 


p(x) 2 1 


p(t) 


Let 61 < Bo < +++ < By be the roots of p — p', which must all be real. Note 
that these are the points where p'()/p(x) = 1. It is now easy to see from 
the graph that 


{2 ER: p(x) > i} = [ay, 81] U faz, B2]U-+-U lan, Br] 


and 


m({rer: Do >1}) =D8- Da. 


p(x) 


However, if p(x) := 2" +a@n_12"—! + +++ +49, then 


while 


is —1 times the second coefficient of p — p’. 


This gives the result for distinct roots. The case when some of the roots 
of p are repeated can be handled by an easy limiting argument. 


Corollary 7.2.2. If a; € R, c > 0, i = 1,2,...,n, and jy, a = 1, 


then 
2 Cj 1 
ER: > ——a >0. 
m({. yal ag 


Proof. For c; rational this follows immediately from Theorem 7.2.1 on clear- 
ing the denominators of c; by multiplying by an integer. The real case is 
an obvious limiting argument. 


In order to extend Theorem 7.2.1 to arbitrary polynomials we need 
the following generalization of E.3 of Section 2.4 due to Videnskii [51]. The 
proof is indicated in the exercises. 


346 7. Inequalities for Rational Function Spaces 


Lemma 7.2.3. If p € Pp is positive on [a,b], then there exists q,s € Pr 
nonnegative on [a,b] with all real roots (in [a,b]) so that 


p(x) = q(x) + s(2). 
We now prove the unrestricted case of Theorem 7.2.1. 


Theorem 7.2.4. Let p € Py. Then 


m({eer: D2 > ah) <™, a0: 


Proof. Let a > 0 and let pn € Py. Choose a and b such that 


jeer: DS > ah cal, 


By Lemma 7.2.3 we can find polynomials g € P2, and s € Pz, such that 
p*() = q(x) + s(x) 
where, for x € [a,b], 
O<a(a)<p (2) and 0< s(x) < p*(a) 


and both q and s have only real roots. Now 


{oem 22 > ah = {rem 2S sah 


Also, 


holds exactly when 


By Theorem 7.2.1 


v( {ret tiem} =m(frer tem} =f 


Since q and s are nonnegative on [a, }], it follows that 


m({x € [a,b] : q(x) +. s'(x) > 2a(q(x) + s(x))}) < 


and the proof is finished. 


It can be shown that this inequality is asymptotically sharp to the 
extent that the constant 2 cannot be replaced by any smaller constant for 
large n; see Kristiansen [82]. 


Theorem 7.2.4 extends easily to rational functions. 
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Theorem 7.2.5. If r = p/q, where p,q € Pn, then 


m(f{rer: To sab) <@, aro. 


a 


Proof. We have 


pee es 
and for a > 0, : ’ 
{pero zapc {rem oe > Speyer a a 


By Theorem 7.2.4 


and with s(x) := q(—2), 


mee Baas 3) Ue agi 


It follows that 


for every a > 0. 


This inequality probably does not have the exact constant. It can be 
shown (see Borwein, Rakhmanov, and Saff [to appear]) that the constant 8 
cannot be replaced by any constant less than or equal to 27. 

Comments, Exercises, and Examples. 


Many variants on the inequalities of this section are presented in E.2, E.3, 
E.4, and E.5. Some of these are in Borwein [82]. 


E.5 explores some metric properties of the lemniscate 
E(p) := {z €C: |p(z)| < 1} 


of a monic polynomial p € P& of the form 
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The reader is referred to Erdés, Herzog, and Piranian [58] for many results 
and open problems concerning the lemniscate of monic polynomials. One 
in particular, which is still open, conjectures that for monic polynomials 
p € Pé, the length of the boundary of E(p) is maximal for p(z) := z” — 1 
and so is O(n). Pommerenke [61] has shown that this length is O(n”). 
Borwein [95] improves this to O(n); see E.7. E.9 solves another problem 
of Erdés, namely, the diameter of E(p) for a monic polynomial p € P¢ is 
always at least 2. 


Erdés [76] contains several other related open problems. 


E.1 Polynomials as Sums of Polynomials with Real Roots. 


a] Suppose p € P2, \ Pan—1, and suppose that p > 0 on [a,b]. Then 
p(#) = (@ — a)(b— au? (a) + v7 (x) 


for some u € Pp-1 and v € Pp, which have all their zeros in [a, }]. 


b] Suppose p € Pon4i \ Pon and suppose that p > 0 on [a,b]. Then 


for some u,v € Pn, which have all their zeros in [a, 6]. 


Hint: Let p be a polynomial of degree 2n that is strictly positive on [a, b]. 
Let T;, be the Chebyshev polynomial for the Chebyshev system 


1 x a” 
{as Jp)” Fa} , 


Then T,,(2) = v(x) /./p(a) with some v € P,. Show that, for part a], v and 
u defined by 


(x — a)(b — 2)u*(2) = p(x) — v*(2) 


are the required polynomials. Use a similar construction for part b]. 


E.2 Various Specializations. For the next exercises we use the notation 
P; to denote the polynomial of degree at most n with nonnegative coeffi- 
cients, and P! to denote those elements of P, that are nondecreasing on 
[0, 00). 


a] Ifr = p/q, where p,q € Py, and both p and q have only real roots, then 


m(frer: D2 oabl<B, aso. 


r(a) Q 
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b] Let r(z) := 2" /(4n — x)". Then 


m ({# ER: a > i}) =4n. 


c] If r= p/q, where p € Py and q € Pf, then 


m({er0: 7 sal) <=, a>0. 


r(x) ~ Q 


d] If r=p/q, where p€ Pt and qé€ P}, then 


m({ero:T) sah) <2, a>0. 


e] Let r(x) := a2". Then 


m({e>o: 2) > ah) =%, 20: 


E.3 Another Metric Inequality. If p € P, has n real roots lying in the 
interval (a,b), then 


m({reR: 


Outline. Prove that 


p'(«) 


p(x) 


<qecouca)— a 2>° 


7 = U 
m({reR:o< Soa) alt i <al)=2 
p(2) n 
and ; ; 
m({reR:0> G92) 5 _ah) an. 
p(2) n 
First consider the case when p has distinct zeros. Let yo < yr < +--+: < Yn 


denote the n + 1 roots of (x — a)(b— x)p'(a), and let x9 < 41 < +++ < @y-1 
denote the n roots of p(x). Then 


Yo <@o < Yr <6 Bn-1 < Yn <Iy i= OO. 


Since 


ab — 2) 2 = 00 
_lim (a —a)(b a) 


we can deduce that for each interval (y;, 2;) there exists a point 6; € (yi, 2;) 
such that 


(6; — a)(b — 6;)p' (di) = —ap(0i) - 
Since the above equation can have at most n + 1 solutions, we have 


m({rem:o> S-C—2) > ah) — 706, -w. 


p(2) =a 


Now proceed as in the proof of Theorem 7.2.1. 
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E.4_ Extensions to P.. 
a] Ifpe PS, then 


m({rer: 


Hint: Write p as the sum of its real and imaginary parts. 
b] Ifr =p/q with p,q € PS, then 


m({reR: wm) >a}) < Ben a>0. 


r(x) a? 
E.5 On the Lemniscate E(p). Let 


D 
> ah) <n, a>0. 


a 


p' (x) 
( 


p(x) 


and let 


a] Show that 
m(E(p) MR) < 4-27-¥/” 


with equality only for the Chebyshev polynomial of degree n normalized to 
have lead coefficient 1; see Pélya [28]. 


Hint: Analogously to the proof of the Remez inequality of Section 5.1, show 
that the Chebyshev polynomial transformed to an interval of length 4 is 
extremal for this problem. 


b] Let mz2(-) denote the planar Lebesgue measure. Show that 
m2(E(p)) < 4m. 
(In fact, m2(E(p)) < 7, which is exact for z"; this is due to Polya [28].) 


E.6 Cartan’s Lemma. Let 
n 
p(z) = |[ @-4), zp EC 


and B > 0 be fixed. Then there exist at most n open disks, the sum of whose 
radii is at most 2G, so that if z € C is outside the union of these open disks 


then . 
l> (2) 
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Prove Cartan’s Lemma as follows: 


a] Let aj,@2,...,a, be fixed complex numbers. Let 6 > 0. Show that 
there exists a positive integer yu less than or equal to v for which there 
exists an open disk with radius 43/n containing a; for exactly ms distinct 
values of 7 =1,2,...,v. 


Hint: Suppose to the contrary that there is no such positive integer p. 
Show that this would imply the existence of an open disk with radius v6 /n 
containing a; for at least v + 1 distinct values of j =1,2,...,v, which is a 
contradiction. 


b] Show that there exist open disks D,, Dz,... , Dx and positive integers 
m1,™Mm2,-...,M, with the following properties: 
k 
(1) Deja M5 =n, m2M22++' 2M; 
m,B 


(2) D,; has radius ; 
n 


3) D;N£; contains exactly m; zeros of p, where 
j j j 


EB; = C\ (Di U D2U...U D;-1); 


(4) for every integer m > m,, no open disk of radius mb contains exactly 
m, zeros of p in Ej. 


Hint: Use part al. 


ec] Let Dy, D2,...,D, be the open disks specified in part bj. For 
j = 1,2,...,k, let Dj be the disk with the same center as D; and with 
twice its radius. Show that for every 


2€ E*:=C\ (DI UDZU---UD;) 
there is a permutation 21, 22,..., 2 of the zeros 21, 22,... , Zn such that 


e-al> 2, j=1,2,...,n. 


Hint: Let z € E* be fixed. Show, by induction on i, that for every i = 
0,1,...,n—1, there are at least i+ 1 zeros of p outside the open disk with 
center z and radius pe Distinguish the cases 


(1) n-i>m; 
(2) Mj >N-t> M41, j=1,2,...,k-1; 
(3) mp >n—-i>0. 


d] Finish the proof of Cartan’s lemma. 


352 7. Inequalities for Rational Function Spaces 


E.7 The Length of the Boundary of E(p). Let 
n 
p(z) = [[@-24), 2°E C 
j=l 


and let 
E:= E(p) = {2 €C: |p(z)| <1}. 


Show that the boundary OF of E is of length at most 4emn. (In fact, with 
E.10 a], the estimate can be improved to (5.2) zn.) 

Outline. Proceed as follows: 

a] Let LZ be an arbitrary line in the complex plane. Show that the set 
OE L contains at most 2n distinct points. 


Hint: By performing a translation and a rotation, if necessary, we may 
assume that L = R. Now observe that there is a polynomial P(x, y) of 
degree at most 2n, in two real variables x and y, with complex coefficients, 
such that 


OF ={zeEC: |p(z)P? =} 
= {2 €C:p(2)p@) = 1} 
={z=ar+iy:2,yER, P(z,y) =1}. 


Hence 
ENR={a#€R: P(z,0) = 1} 


and since P(x, 0) € PS,,, the result follows. 
b] For a€C andr > 0, let Q be the square 


Q:= {z€C: |Re(z -a)| <r, |Im(z-a)| <r}. 


Show that QM OF is of length at most 8rn. 


Hint: Divide QM OE into subcurves C,,C2,... ,Cm so that every vertical 
and horizontal line contains at most one point of each C’;. Let I and iG ) 
denote the length of the interval obtained by projecting C’; to the x axes 
and y axes, respectively. Let 


i= So) ands) Ay Yo, 
j=1 j=l 


Use part a] to show that J, < 4nr and l, < 4rn. Hence, if | denotes the 
length of QN OE, then 


[<l, +l, < 8rn. 
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c] Show that the boundary OE of F is of length at most 16en. 


Hint: Combine Cartan’s lemma (see E.7) and part bj. 


The rest of the exercise is about improving 16en to 47en. 


d] Let B be the open disk with center a € C and radius r > 0. Show that 
BQOOE is of length at most 2rrn. 


Outline. Let Q be the square 
Q :={z€C: |Re(z)| <r, |Im(z)| <r}. 
For a € [0, 27) let Qq be the square 
Qa := {ate™(z—a):z€Q}. 


Let l(a) denote the length of Q, NOE. Let I, (a) and l,(a) denote the total 
length of the intervals obtained by projecting Qg MN OF to the lines 


{z =re:re R} and {z = pelett/?) ip € R} ; 


respectively (counting multiplicities). The precise definition of 1,(a@) and 
l,(a@) can be formulated in the same way as in the hint to part b], which is 
left to the reader. Use part a] to show that 


le(@) +l, (a) < 8rn, a € [0,27). 


Hence 
4 1 2a . 
—1(0) = — 1(0)(| sin a| + | cosa|) da 
T 27 Jo 
1 20 


——— (1, (a) + ly(@)) da < 8rn, 
2m Jo 


and 1(0) < 2zrn follows. 


e] Prove the initial statement of the exercise. 


Hint: Combine Cartan’s lemma (see E.6) and part d]J. 


E.8 On the Length of Another Lemniscate. Suppose p € P¢. Show that 
the length of the lemniscate 
U 
p'(z)| _ n} 
Plz) 


is at most 16n(1 + logn) (actually at most 47n(1 + logn)). 


F=Fi)i={zeC:| 


Hint: The arguments are very similar to those given in the outline to E.7. 
First show that if L is an arbitrary line in the complex plane, then FN L 
contains at most 2n distinct points. Next prove that if D, is an open disk 
of radius r in the complex plane, then D,1 F is of length at most 8rn 
(actually at most 27rn). Now use E.6 c] with 8 = 1+ logn. 


The proof of the following exercise requires some familiarity with har- 
monic functions. 
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E.9 On the Diameter of E(p). The diameter diam(A) of a nonempty set 
A C C is defined by 


diam(A) := sup{|z1 — 22| : 21, 22 € A}. 


Let p € PS be an arbitrary monic polynomial of degree n, that is, 


p(z) = [[@-~), 2,€C. 


is at least 2. 
Proceed as follows: 
a] Let . . 
C:= CU {oo} and = A:={zeEC:|z|>1}. 


Let p € P¢ be monic. Let F := co(E(p)), that is, the convex hull of E(p). 
Use the Riemann mapping theorem (see Ahlfors [53]) to show that there 
exists a function g of the form 


g(z) = bz + S° bj24, z€A, b,b;EC 
j=0 


such that g is analytic and one-to-one on A, and 


Hint: Note that C \ E is simply connected. 
b] Let b be the same as in part a]. Show that |b] > 1. 


Outline. Because of the definition of EL, for every ¢ > 0 there exists a 6 > 0 
such that 
—€ <log|z"p(g(z))|,  Jz| = 1 +6. 


Since G(z) := log |z~"p(g(z))| is harmonic on A, we have 


1 20 


i —E 
)= ae A G((1 + d)e’*) dd > = 


Gee a) 


for every € > 0, so G(oo) > 0. On the other hand, since p € PS is a monic 
polynomial of degree n, 


7.2 Inequalities for Logarithmic Derivatives 355 


G(co) = log |b|” = n log |8 , 


from which || > 1 follows. 


c] Show that diam(F) > 2. 


Outline. Assume to the contrary that diam(F) < 2. Then there exists a 
d > 0 such that 


Je" (gz) — g(-2))| <2, Jzl=1 +e. 
Since 
F(z) := 271 (g(z) — g(—2)) = 2b + 2b127? + 2bgz74 + 
is analytic on A, the maximum principle (E.1 d] of Section 1.2) yields 


2Ib] = |F(00)| < max |F(2)| = max, |2-'(a(2) ~ 9-2) <2. 


that is, |b] < 1, which contradicts part bl]. 


d] Note that diam(A) = diam(co(A)) for every nonempty A C C, in 
particular, diam(F(p)) = diam(F). 

The more general result that diam(A) > 2cap(A) for every nonempty 
A C C is observed in Pommerenke [75]. 


E.10 More on E(p). Suppose p is a monic polynomial with complex co- 
efficients. As before, let 


B = E(p) = {z €C: |p(z)| <1}. 


a] It follows from E.6 (Cartan’s lemma) that the set E(p) can be covered 
by disks the sum of whose radii is at most 2e. It is conjectured in Erdés, 
Herzog, and Piranian [58] that the correct value in this problem is 2. (The 
current best constant is less than 2.6.) 


b] If E(p) is connected, then it is contained in a disk with radius 2 centered 
at + 0p _1 Zk, Where 21, 22,... , Zn are the zeros of p. 


Proof. This is conjectured in Erdés, Herzog, and Piranian [58] and proved 
in Pommerenke [59b]. 


c] If E(p) is connected, then its circumference is at least 27. 


Proof. This is also conjectured in Erdés, Herzog, and Piranian [58], and 
proved in Pommerenke [59b]. 
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Algorithms and 
Computational Concerns 


Overview 


Appendix 1 presents some of the basic algorithms for computing with poly- 
nomials and rational functions and discusses some of the complexity issues. 
Included is a discussion of root finding methods. It requires very little back- 
ground and can essentially be read independently. 


Algorithms and Computational Concerns 


Polynomials lend themselves to computation perhaps more than any other 
object of analysis. Algorithms that involve special functions, differential 
equations, series, and the like usually must reduce at some point to a 
finite polynomial or rational approximation or truncation. This often al- 
lows analytic problems to be reduced to algebraic ones. This appendix will 
present, as a series of exercises, some of the principal algorithmic concerns. 
The reader is encouraged to experiment with the algorithms. With current 
technology this is most comfortably done in any of the large symbolic ma- 
nipulation packages available. Code, actual or schematic, is not presented. 
Indeed, methods rather than algorithms are presented. Current “practical” 
best methods date quickly in this rapidly evolving area. It is also the au- 
thors’ belief that today’s theoretical curiosities may be vital for tomorrow’s 
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algorithms as larger instances are calculated on faster machines. Histori- 
cally we have already seen this happen repeatedly with algorithms such as 
the fast Fourier transform algorithm. 


One of the most interesting lessons to be learned from the last few 
decades of revitalized interest in computational mathematics is that many 
of the most familiar mathematical algorithms, such as how to multiply 
large numbers, were very poorly understood, and indeed, still are in- 
completely analyzed. Very many of the familiar processes of mathemat- 
ics, such as multiplication of large numbers or computation of determi- 
nants, can be computed far more expeditiously than allowed by the usual 
“school” algorithms. See, for example, Aho, Hopcroft, and Ullman [74]; Bini 
and Pan [92]; Borodin and Munro [75]; Borwein and Borwein [87]; Brent 
[74]; Knuth [81]; Pan [92]; Smale [85]; and Wilf [86] for the complexity side 
of the following exercises. 


E.1 Complexity and Recursion. We are concerned with measuring the 
size of an algorithm given an input of a certain length. Unfortunately, there 
are many different ways of measuring this. (One could, for example, use the 
length of the tapes of some well-defined instantiation of a Turing machine.) 
We will settle for less. The measure of input size will usually be chosen to be 
a natural one, so for polynomials of degree n, the measure will often be n. 
The complexity measure then depends a bit on the problem. For example, it 
might count the number of additions of coefficients (we do not distinguish 
subtraction from addition) and multiplications of coefficients required to 
evaluate the polynomial at a point. (So, for example, by Horner’s rule O(n) 
operations suffice.) Care is already required to count naturally. Note that 
we have not specified the size of the coefficients (this may or may not be 
reasonable) and so we could cheat on addition of coefficients by doing two 
additions as one addition of twice the length. (Since a+ b and c+ d can be 
decoded from (10a + c) + (1065+ d), where m is larger than the number 
of digits in any of a, b, c, or d.) It is more reasonable in this context to 
fix a precision (or to think of working to infinite precision or over some 
polynomial ring). Our cases are fairly simple, and the measures should be 
clear in context. 


We adopt the following notations: 


f(n) = O(g(n)) means Himenp < 00 
and 
f(n) = 2(g(n)) means lim sup g(r) < oo. 


Parts of these exercises are reprinted from Borwein and Borwein [87], with permis- 
sion from Wiley. 
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So the first measure gives an upper bound, while the second gives a lower 
bound. 


Many algorithms are analyzed recursively. For example, addition of two 
polynomials of degree at most 2n reduces to two additions of polynomials of 
degree at most n, plus perhaps an “overhead” for reassembling the pieces. 
In other words, for the complexity of addition, we have 


A(2n) < 2A(n) +c, 


from which one can deduce that 


This general recursive strategy of breaking a problem in half is often called 
“divide and conquer.” 


We introduce the following functions. Here n is the maximum degree 
of the polynomials p and qg. Additions, multiplications, and so on are per- 
formed in the underlying field of coefficients (in our case C or R) and are 
all performed to some predetermined fixed precision (possibly infinite). 


A(n) := the maximum number of +, x, +, to compute p+q; 
M(n) := the maximum number of +, x , +, to compute pq; 
e(n) := the maximum number of +, x , + ,to evaluate 


p(a) for an arbitrary fixed a € C; 
E(n) := the maximum number of +, x , +,to evaluate 


p(ai),...,p(@n) for arbitrary fixed aj,...,Q, € C. 


These are the complexity functions for polynomial addition, polynomial 
multiplication, polynomial evaluation at a single point, and polynomial 
evaluation at n points, respectively. The input for the computation is the 
coefficients (and the evaluation points for e(n) and E(n)). So the input 
may be considered to be in C”*! (or more generally an (n + 1)-dimensional 
vector space over an infinite field). In the first two cases the output is the 
sequence of coefficients. In the last two cases, respectively, the output is the 
evaluation and the sequence of evaluations. 


a] Show that usual algorithms give 


A(n) < 2n+2=O(n), 
M(n) = O(n’*), 

e(n) = O(n) (Horner’s rule) , 
E(n) = O(n’). 


E.2 and E.3 of this appendix provide better upper bounds for the last three 
functions above. 
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b] Show that 


A(n) >n+1, 
M(n)>n+1, 
e(n)>n+1, 
E(n) >n+1 


Hint: In all cases this is a uniqueness argument. At least one operation 
must be performed for each coefficient, otherwise the algorithm will not 
distinguish various different sequences of input. 


c] Some Recursive Bounds. Let a,b > 0 and c,d > 1. Suppose that f is 
monotone on (0, 00). 


If f(n) < af(n/c) + bn, then 
f(n) = O(n) ifa<c, 
f(n) =O(nlogn) ifa=c, 
f(n) = O(n") ifa>c. 
If f(n) < df(n/d) + bn(logn)*—?, then 
f(n) = O(n{logn)*) . 


Hint: Analyze the equality case. Then establish the general principle that 
the equality solution is the maximal solution. 


E.2 The (Finite) Fast Fourier Transform (FFT). This is undoubtedly one 
of the most widely used algorithms. It has, in its various forms, tremendous 
practical and theoretical applications. 


Let w be a primitive (n + 1)th root of unity in either C or a finite field 
Fi, that is, w’t! = 1 and w* £1 for k =1,2,... ,n. In the complex case 
we may take w := e?7*/("+1)_ Consider the following two problems. 


Interpolation Problem. Given n+ 1 numbers, ao, Q1,... ,Qn, find the co- 
efficients of the unique polynomial 


p(z) = ag tare +++: + Gn2z” 
of degree n that satisfies 


p(w") = ag, k= Oslo. 4: 


Evaluation Problem. Given the coefficients of a polynomial p, of degree 
at most n, calculate the n + 1 values 


p(w") , b= 05 Laem 
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These are the two directions of the (finite) Fourier transform. The 
classical approaches to either part of the Fourier transform problem have 
complexity at least cn”. This is the complexity, for example, of evaluating 
Pn at n+ 1 points using Horner’s rule. Both directions can, however, be 
solved with complexity O(n log n). 


a] Ifm+1=2™, then both the interpolation and the evaluation problem 
have complexity O(n log n). (Here we are counting the number of additions 
and multiplications in the underlying coefficient field, which for most of our 
purposes is C.) 


Outline. We treat the evaluation first. Suppose 
p(@) = ap taya +--+ +an2”. 


Let 
1 


g(a?) := ag +a2x? + aga*t +++) + Gna" 
and 
rr(x*) := 2(a, +4327 ++*++anz""). 


Then, with y := 2”, 


p(x) = xr(y) +qly), 


where r and gq are both polynomials of degree at most 2”! — 1. The 
observation that makes the proof work is that for w an (n + 1)th root of 
unity, 

(w*)? = (wirt)/2+ ky? 


Hence, evaluating p(x) at the n + 1 roots of unity reduces to evaluating r 
and q each at the $(n + 1) points (w?)!, (w?)?,... ,(w?)("+)/? and amal- 
gamating the results. Observe that w? is a primitive (2’"—!)th root of unity, 
so we can iterate this process. Let F(2™) be the number of additions and 


multiplications required to evaluate a polynomial of degree at most 2™ — 1 


at the 2” points w*, k =1,2,...,2™, where w is a primitive (2”)th root 
of unity. Then 
FOujei and FOS 2FO") 42.2". Th Ny De ole 


The second term comes from the single addition and multiplication required 
to calculate each p(w") from r(w?*) and q(w?*). This recursion solves as 


BO") Son, 


and the bound for the evaluation problem is established. 


The interpolation problem is equivalent to evaluation. This can be seen 
as follows. Let w be a primitive (n + 1)th root of unity, and let 
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1 1 1 1 
1 w w? w"” 
w-=|1 ig? apt w2? 
1 w" ww? ww 
Then 
1 1 1 ae 1 
Low wt... ow 
a 1 1 owe? wet... we” 
“nti : 
1 wo? won Zacsd wo 


and w7? is also a primitive (n+1)th root of unity. The interpolation problem 
can be formulated as follows. Find (ao,... , @n) so that 


W (ao, @1,--- 5 Qn) = (Q0,01,--. , Qn). 
However, this can be solved by 


W (ap; 04 2<s Qn) = (0950152 << 5.0a) ; 


which is exactly the evaluation problem. 


See Borodin and Munro [75] and Borwein and Borwein [87]. Versions 
of FFT exist in a plethora of shapes and sizes. We have just exposed the 
tip of the iceberg. 


As an application we construct a fast polynomial multiplication. 


b] Fast Polynomial Multiplication. Suppose the polynomials p, q of degree 
at most n—1 are given. Compute the coefficients of the product pq as follows: 


b1] Use an FFT to evaluate p and q at the primitive (2n)th roots of unity 


wiyw?,...,w”. 


b2] Form 
plw*)q(w*),  &=1,2,...,2n. 


b3] Find the coefficients of the product pq by solving the interpolation 
problem once again by using the FFT. Show that this algorithm requires 


O(n log n) 


additions, multiplications, and divisions (of complex numbers) and there- 
fore M(n) = O(nlogn). 

This is the best-known upper bound on the serial complexity of poly- 
nomial multiplication. The only known lower bound is the trivial one O(n). 
In parallel (on a PRAM) polynomial multiplication can be done in O(log n) 
time on O(N) processors; see Pan [92]. The same bounds apply for the FFT 
in al. 
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E.3 Other Elementary Operations. 


a] Fast Polynomial Division. For polynomials p of degree n and q of degree 
m <n, it is possible to find polynomials u and r with deg(r) < deg(q) 
such that 

p(x) = u(x)q(z) + r(x) 


in O(nlog n) additions and multiplications (of complex numbers). 


Outline. Simplify by observing that it suffices to calculate u since r may 
then be computed by E.2 b]. If we replace « by 1/a then 


p(a—') ai TE) 
= Ue + 
ga) + Ge) 
and so, for some h > 1, 
p* (2) * fait) * deg(v) -1 
—— =u(r4)+2 —_, where v* (x) = 28 U(a)-. 
Tee) ne () (e) 


To calculate u* (and hence to calculate u) it suffices to calculate the first 
n—m (= deg(u)) Taylor coefficients of 1/q*. This can be done by Newton’s 
method (see the next exercise) as follows: Suppose deg s; = 7 — 1 and 


— s;(x) = O(a). 
Establish that 


1 2 _ te 
FG) = [2s;(z) — s(x)q (x)] aa) 


Note that we may assume q*(0) 4 0. Now the computation of 
Si41 = 28; — 82 q* 


can be performed by using an FFT-based polynomial multiplication and it 
needs only be performed by using the first 27 — 1 coefficients of q* and s;. 
By starting with an appropriate first estimate of so (say, s9(x) := 1/q*(0)), 
and proceeding inductively as above (doubling the number of coefficients 
used at each stage) we can show that the required number of terms of the 
expansion can be calculated in O(n log n) additions and multiplications (of 
complex numbers). 


b] Fast Reversion of Power Series. Let 


f(x) = So aga’, ag #0 
k=0 
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be a formal power series with given coefficients. Show that the first n coeffi- 
cients of the formal Taylor expansion of 1/f can be computed in O(n log n) 
additions, multiplications, and divisions (of complex numbers). 


c] Fast Polynomial Expansion. Given a),Q2,...,@p show that the co- 
efficients of []j_,(z — a;) can all be calculated in O(n(log n)?) additions, 
multiplications, and divisions (of complex numbers). 


Hint: Proceed recursively by dividing the problem into two parts of roughly 
half the size. Recombine the pieces using part b] of the previous exercise. 


d] Fast Polynomial Expansion at Arbitrary Points. Given a polynomial 
p of degree at most n, and n+ 1 distinct points 79,21,... , Zn, show that 
p(x), p(#1),--. , p(n) can all be evaluated in O(n(log n)”) multiplications 
and additions. 
Hint: Let 
[n/2|-1 
a(e):= J] @-2) 
i=0 
and let 7; be the remainder on dividing p by q. Note that r1(a;) = p(x;) 
for each i < n/2. Similarly, use 


n 


qo(x) = I] (a — 2). 
[n/2] 


Thus two divisions reduce the problem to two problems of half the size. 


e] Extend d] to rational functions. 


f] Evaluation of x”. The S-and-X binary method for calculating x” is 
the following algorithm. Suppose n has binary representation 696162 .. . dg 
with 69 = 1. Given symbols S and X, define 


a if 6; =1 
‘|S if 6; =0 


and construct the rule 
S1 S++: Sp. 


Now let S be the operation of squaring, and let X be the operation of 
multiplying by x. Let 5 S52 ---S, operate from left to right beginning with 
x. For example, for n = 27, 


6061626364 = 11011 


nd 
° $1$953S4 = (SX)(S)\(SX)(SX). 
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The sequence of calculations of x?” is then 


fl] Prove that the above method computes x” and observe that it only 
requires storing x,n, and one partial product. 


f2] Show that the number of multiplications in the S-and-X method is less 
than 2|log, n|. 
f3] Show that the S-and-X method is optimal for computation of 2?” 
(considering only multiplications). 
f4] Show that the S-and-X method is not optimal for computing 2°. 

An extended discussion of this interesting and old problem is presented 
in Knuth [81]. 


Much further material on the complexity of polynomial operations 
and complexity generally may be found in Aho, Hopcroft, and Ulman [74]; 
Borodin and Munro [75]; Pan [92]; and Wilf [86]. 


E.4 Newton’s Method. One of the very useful algorithms, both in theory 
and practice, for zero finding is Newton’s method. 


a] Suppose f is analytic in a (complex) neighborhood of zo, and suppose 
f (zo) =0 and f'(zo) 4 0. Show that the iteration 


In41 t= In — fila ) 
n 


converges locally uniformly quadratically, that is, with a constant c inde- 
pendent of n, 


|tn41 — 20| < clan — 20]" 


for initial values x9 in some neighborhood of zg. As before, we call this 
locally quadratic convergence. 


Hint: Note that 
f(@n) = f (20) + (an — 20) f' (zo) + O((@n — 20)”) , 
which implies 


tna ~ 20 = (ty ~ 20) [APF 5 oe — 20). 
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b] Show that the iteration 


f'(&n) 


converges locally quadratically to the simple poles of a meromorphic func- 
tion f. Note that this is Newton’s method with the sign changed. 


Inti [= In + 


c] The iteration 


heen, Sen) f"(en) 
Rae 7 f'(an)? — flan) f" (tn) 


converges locally quadratically to a zero of an analytic f independent of its 
multiplicity; see Henrici [74]. 


d] Let g:= f~'. The iteration 


(n) 

ioe g (£n) 
In+1 := In + (n + 1) gD (an) (xn) 
converges locally uniformly to a zero of an analytic function f with 
(n + 2)th order. Newton’s method is n := 0; Halley’s method is n := 1 
(see Householder [70]). 


Newton’s method and its variants work tremendously well provided 
that a good starting value can be found. This is a problem. On a real 
interval a bisection method can be used initially to localize the zeros. In 
the plane, life is more complicated as is seen in the next exercise. Another 
drawback to Newton’s method is the need to compute the derivative. Of 
course, this is not a problem for polynomials, but in a general setting it is 
usually replaced by an approximation such as 


f(@n) = F(@n—1) 


In — In-1 


(which yields the so-called secant method). 


e] Consider Newton’s method for computing x starting with x := 1. 
This gives 
1 x 
Inti i= 7 |wen +— 2 
2 Ln 
Show that rp(v) := @n41 is a rational function in x with numerator of 


degree 2” and denominator of degree 2” — 1. Show that r,(x) — /z has a 
zero of order 2”! at 1. So rp is in fact the (2”,2” — 1) Padé approximant 
to zx. (This implies, though not obviously, that r, has all real negative 
roots and poles.) 
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An attractive feature of Newton’s method is that it is “self-correcting.” 
So, for example, to compute a root to a large precision, one can start at 
a small precision and double the precision at each iteration. This is a sub- 
stantial savings both practically and theoretically. The same feature applies 
to Newton’s method solutions over formal power series, as in E.3 a]. This 
allows for doubling the number of terms used at each stage. Much addi- 
tional material on Newton’s method is available in Borwein and Borwein 
[87], Henrici [74], Householder [70], and Traub [82]. 


E.5 Newton’s Method in Many Variables. 
a] Let f:C” + C”, and suppose f has Jacobian 


where f := (fi, fo,---,fn) with f;:C” > C. Let 
K = (21, %2,---,%n) EC”. 


The function J(x) is the Jacobian evaluated at x. Then Newton’s method 
becomes 

Xk+1 = Xk — Sk 
where sz solves J(xz)s, = f (xz). This iteration converges locally uniformly 
quadratically to a zero zo of f, that is, with a constant c independent of n, 


IXn41 — Z| <¢|Xn — Zo|? 


for initial values x9 in some neighborhood of zo, provided in a neighbor- 
hood of zo, f is continuously differentiable, J—~! exists and is bounded in 
norm, and J satisfies a Lipschitz condition. We call this locally quadratic 
convergence. For a polynomial f, we require only that J—! exists in a neigh- 
borhood of the zero zo. (For examples and detail, see Dennis and Schnabel 
[83].) 

b] Finding All Zeros of a Polynomial. Let 


p(z) = ao Fayz +++ +an2”, Qn i= 1. 


Let fi(vi,...,2n) be the ith coefficient of 


and let 
Fe) = Chis fayax- stale 
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Then the iteration of part a] applied to f converges locally quadratically to 
Zo = (21, 22,--- ,2n), where 21, 22,... , Zn are the zeros of p, provided the 
zeros of p are distinct. 


c] Another Approach to Finding All Zeros. Let 2;(k) denote the kth 
approximation to the jth root of p, where p is a polynomial of degree n 
with n distinct roots. Let 


p(x;(k)) 
Miz, (i(k) — 2i(2)) 
Show that for sufficiently good choice of (o(1),... , 2o(k)), the above iter- 


ation converges locally quadratically to a sequence of the n distinct zeros 
of p. 


uj(k +1) =24,;(k) - ie ers 


Hint: This is really just the single variable version of Newton’s method for 
each root, where the derivative is approximated by the derivative of the kth 
estimate. 


d] Observe that the iteration of part c] fails to converge for p(x) := 2" —1, 
n > 2, if the starting values are all taken to be real. 


In practice, the iteration of part c] works rather well for reasonably 
chosen starting values. One can use the techniques of the next exercise to 
localize the zeros first. With care, an algorithm can be given that computes 
a zero of a polynomial with an error < 2~° in O(nlog blogn) time and all 
zeros in O(n? log blog n) time; see Pan [92]. On a parallel machine (PRAM) 
an algorithm requiring O(log?(nb)) time and O(nb)°™ processors can be 
given for computing all zeros. 


e] Modify the iteration of E.4 c] as given in the previous exercise to get a 
method that computes all roots even in the presence of repeated roots. 


For further discussion, see Aberth [73], Durand [60], Kerner [66], and 
Werner [82]. 


E.6 Localizing Zeros. 


a] Cauchy Indices. Let r be a real rational function with a real pole a. 
The Cauchy index of r at a is 

1 if limgse-r(#) = -oo and limgsa4 r(x) = co 

—1 if limgse-r(#)=co and limy+4a4 r(x) = —0o 

0 otherwise . 
The Cauchy index of r on an interval [a, b] is the sum of the Cauchy indices 


of the poles of r in (a,b). (We demand that neither a nor b be poles of r.) 
We denote this by I°(r). 


b] The Euclidean Algorithm. Let po and p; be nonzero polynomials. 
Define polynomials po, p1,.-. ;Pm and q1,q2,--- ,Qm (by the usual division 
algorithm) so that 
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po(z) = pi(z)qi(z) — p2(z), — deg(p2) < deg(p1) ; 
pi(z) = pa(z)q2(z) — ps(z), deg (p3) < deg (pz) ; 


DPm—1(2) = Dm(Z)am(z) — 0; 


the algorithm stops the first time that the remainder is zero. This is called 
the Euclidean algorithm. Show that pm is the greatest common factor of po 
and Pi. 

c] Let po,p1,.-. ,Pm be the polynomials generated by the Euclidean algo- 
rithm in part b]. Let P; := p;/pm, i =0,1,... ,m. Suppose po(a)po(b) 4 0. 
Show that if P,(y) = 0 for some k anda <¥ < 6, then 


Pi(y) 40 if k=0 
and 
Py-i(y)Pesil?) <0 if 1<h<m-=1. 


d] Show that for real polynomials pp and p; with po(a)po(b) 4 0, 


Ty(p1/po) = v(a) —v(b), a <b, 
where v(a) is the number of sign changes in the sequence 


(po(@),p1(@),.-. ;Pm(a)) 


and where the polynomials p; are generated by the Euclidean algorithm as 
in part b]. (As before, by a sign change we mean that p;(a)pi+4(a) < 0 and 
pit1(@) = pit2(a) = +++ = pit e-1(@) = 0.) 

Hint: Without loss of generality, we may assume that pm = 1 (why?), so 
P, = px for each k. First, note that v(x) may change magnitude only if 
p(x) = 0 for some i. By continuity of the polynomials p;, and by part cl, 
v(x) is constant on any subinterval of [a,b] that does not contain a zero of 
Po- 

We are now reduced to considering the behavior of v(x) at the zeros of 
po. Consider the various possibilities for the behavior of p1/po at the zeros 
of po by considering the four possible changes of signs of po and p, at the 
zeros of po and the effect this has on the Cauchy index and the increase 
and decrease of v(x). (Note that v(x) decreases by 1 if the Cauchy index is 
1 while v(x) increases by 1 if the Cauchy index is —1.) 


e] Zeros on an Interval. Suppose p is a real polynomial and p(a)p(b) 4 0. 
Then 1(p'/p) equals the number of distinct zeros of p in [a,b]. This also 
equals u(a) — v(b), where v(a) is as in d] with po := p and p, := p’. 
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Hint: Use 


p'(z) = - Mk 
7 z2— Ck 


and note that each distinct pole in (a,b) contributes +1 to the Cauchy 
index. 


f] Show that the number of zeros of a real polynomial on the real line 


equals 
tim (v(—a) — v(a)). 

where u(x) is computed as in part e]. (That is, v(x) is the number of sign 
changes in the sequence (po,p1,--- ,Pm) generated by the Euclidean algo- 
rithm with po := p and p; := p’.) 

g| The Number of Zeros in H := {z € C: Im(z) > 0}. Suppose that the 
monic polynomial p € P¢ has (exactly) k real zeros counting multiplicities. 
Write 

p(x) = r(x) +is(x), r,5€ Py. 


Then the number of zeros of p in H is 


5 [n —k- I.(s/r)| , 


and this can be computed as in part d] by using 
I%,,(s/r) = lim I24(s/r).. 


Hint: First consider the case where k = 0. Consider p on a counterclockwise 
semicircular contour with base [—a, a] and radius a. Consider the argument 
of p as the contour is traversed. On the half-circle, for large a, the argument 
increases by naz asymptotically; while on the axis the change is —rI%,(s/r), 
from which the result follows. 


h] Budan-Fourier Theorem. Let p € P,. Let V(x) be the number of sign 
changes in the sequence 


(p(x), p'(z),... ,p'(a)). 
Then the number of zeros of p in the interval [a,b], counting multiplicities, 
is V(a) — V(b) — 2m for some nonnegative integer m. 
We have followed Henrici [74] in this discussion. 
E.7 Zeros in a Disk. 


z+t eee , 
a] The transform Tage es the unit circle to the real axis and maps 
tz 


the open unit disk D to the upper half-plane {z € C : Im(z) > 0}. So the 
algorithms of the previous exercise apply after transformation. 
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b] Zero Counting by Winding Number. Let w,, := e2ti/m where m is a 
positive integer. If p € PS then 


1 f pv) Sk Bi (win) 
QS dz ~ Wm, 
z 2ni Jap Plz) du P(wm) 


counts the number of zeros of p in the open unit disk D (assuming no zeros 
on the boundary 0D). More precisely, we have 


(Note that this lends itself to rapid evaluation by FFT methods.) 
c] Show that 


i 1 3 woe eee) 
—, — € Qa), 
2ni Jap 2—a remo - 
where 
Qa m—-1 
Em(a) < oan if la|<1 
and 
a —m-1 
em(a) < fob = if |a|>1 
Hint: Write 
1 14 
Sy ae yk 
zZ-a a fs 
and use the fact that 
m 
=f ple)de = Yukat) 
aD FS 


for every p € Pe_y. 


d] If p € P¢ has no zeros in the annulus ¢ < z < 1/¢ and if m in part b] 
is greater than 


then the error in estimating z, by the sum is less than 1. So this provides 
an algorithm. 
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E.8 Computing General Chebyshev Polynomials. Given a Chebyshev 
system M := (fo,-.-,fn) of C functions on, say, [0,1] how does one 
compute the associated Chebyshev polynomial T;,? That is, how does one 
find the unique equioscillating form T := 77" aif; of Section 3.3? 


a] The Remez Algorithm 
Step 1. Choose 
Xo := (0 =: ao) < 2) Kid 0) = 1) 
and find Po € span M such that 
Po(x) =(-1)', = i= 0,1,... ,n. 


i 
Step 2. Inductively set Xm := (0 =: 20") < al” <... <a” := 1), where 
Pp! 


m-1 


(of) =0, ¢=1,2,...,n—1. 


i 
(That is, find the extrema of P-1.) 
Step 3. Find P,, € span M with 


P(x) = (-1)', i=0,1,...,n. 


Then, provided the initial estimate xo is sufficiently good, Pn —- Th 
quadratically (see Veidinger [60]). 


This is reasonably easy to code. It involves solving an interpolation 
problem in Steps 1 and 3. The zero finding at Step 2 can be done quite 


easily since one can find very good starting values for Newton’s method, 
(mola 


namely (2; ee 


b] This algorithm modifies to solve the best approximation problem 


pemnin lop — Fla. 


for w, f € Cla, b], where w is positive on [a, b]. One uses the Remez agorithm 
to find an equioscillating form 
n 
P(e) = fle) — ler) So efile) 
i=0 
at n +2 points. To do this, one solves the system 
n 
f (xn) —w(an) >> cifi(ze) + (-D)A, fo Onl ee ntl 
i=0 
for both the c; and \. (This works reasonably well, provided that at each 
stage || P||[a,») occurs at one of the x,. If not, an extra point must be inserted 
where the maximum norm occurs and one of the original points must be 
dropped. This is effected in such a way as to maintain the alternations in 
sign of the error.) For details see Cody, Fraser, and Hart [68] and Veidinger 
[60]. 
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A2 
Orthogonality and Irrationality 


Overview 


This appendix is an application of orthogonalization of particular Miintz 
systems to the proof of the irrationality of ¢(3) and some other familiar 
numbers. It reproduces Apéry’s remarkable proof of the irrationality of 
¢(3) in the context of orthogonal systems. 


Orthogonality and Irrationality 


Apéry’s wonderful proof of the irrationality of ¢(3) amounts to showing 
that 
0< |d),an¢(3) —b,n| > 0, 


where b, is an integer, 


and 
dy, := lem{1,2,...,n}. 


Here lcm denotes the least common multiple; see van der Poorten [79] and 
Beukers [79]. In [81] Beukers recast the proof using Padé approximations. 
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Many, maybe most, irrationality proofs may be based on approxima- 
tion by Padé approximants and related orthogonal polynomials; see, for 
example, Borwein [91a], [92] or Chudnovsky and Chudnovsky [84]. It is the 
intention of this appendix to try to put the proof of the irrationality of ¢(3) 
into the framework of orthogonality. From the general orthogonalization of 
the system 

ee) 


on [0,1], where the numbers \,; are nonnegative and distinct, specializing 
to the case when 


(2*° ; pel : ye? 


A2j = and A2j41 =Jt+E, j =0,1,... 


where € decreases to 0, is a very natural thing to do. This is how one 
should interpret orthogonalizing the system (x°,x°,x!,x!,...). This leads 
to orthogonal functions that generalize the Tapenade polynomials and are 
of the form 

Pn(x) log z + dn(z) 


with polynomials py, gn € Pn of degree n. Legendre polynomials are closely 
tied to irrationality questions concerning log (see Borwein and Borwein 
[87], Chapter 11), and higher-order analogs prove to be the basis of dealing 
with the irrationality of the trilog (0>° , x"/n®) for some values of x. We 
think that the proof of the irrationality of ¢(3) flows quite naturally from 
this point of view. Although in the end (Lemma A.2.3) we get back to 
Beukers’ integral approach to the irrationality of ¢(3) (as indeed we must). 
What follows, up to one application of the prime number theorem, is a 
self-contained proof of the irrationality of ¢(3). 


The orthogonalization in question is the content of the first theorem. 


Theorem A.2.1. Let 


= Teco + +1)? 
Galea os fe ieee 


where I is any simple contour containing t = 0,1,...,n. Then 


Gn(x) = p(x) log + dn(z), 


(t-+n+ 1a‘ dt, 


where 


Pn(@) = (0) ("E) eterna! 


k=0 
Furthermore, we have the orthogonality relations 


1 
| Gnla)at de = 0, k=0,1,...,n; 
0 


1 
[ G(x) (log x)a* dx = 0, k=0,1,...,.n-1; 
0 
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and 


2 
[ae = 


Proof. As in Section 3.4, the representation of G', is just the evaluation of 
the integral at the poles, t = 0,1,...,n, by the residue theorem. The proof 
of the orthogonality conditions is a straightforward exercise on evaluating 


iE az* (log x)IGp(a) dx 


by interchanging the order of integration as in the proof of Theorem 3.4.3. 


We need to modify these forms marginally to give a zero at 1, as in 
the next result. 


Theorem A.2.2. Let G, and I’ be defined as in Theorem A.2.1. Then 


1 x 
Fy (a) = mh y"Gn(y) dy 


ehast: Thana (t+ & +1)? x’ dt = An(x)logx + Bn(z), 


= r [Teo (t — k)? 


where ; : 
"(nt+k n\" 4, 
Anta) = ("7") CG) ® 
k=0 
and EB 
B,(2) := YS cxx* 
k=0 
with 
(nth? (WW? [a 2 See 
‘ k k) |akt+i+l Ski 
io ik 
Furthermore, 
. 26 0 ifn#zm 
F,, (2) Fm(x) dx = ——"., bng= 
[ (2) Fen) de (2n + 1)8 ; { 1 ifn=m; 


1 
[ Po@2"(ogey de =0, k=0,1,....n-1, j=0,1; 
0 


and 
F,(1) =0, Ply F'(1) = 2n? +2n—1. 
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Proof. This follows much as in Theorem A.2.1. The fact that F,(1) = 0 is 
just the statement that G,, is orthogonal to «”. 


The fact that F,,(1) = 0 is critical in what follows. It immediately gives 
that B,(«) has a zero at 1, so B,(x)/(1 — x) is a polynomial, as in part c] 
of the following corollary. (This is the only part of the corollary we need, 
but the corollary is of some interest in its own right.) 


Corollary A.2.3. Let F,, be defined as in Theorem A.2.2. Then 

a] F, has 2n +1 zeros on (0, 1]. 

b] A,(x) has all real negative zeros. 

ce] B,(x)/(1—2) is a polynomial with all real negative zeros that interlace 


the zeros of An(x). 


Proof. The orthogonality conditions give 2n zeros of F,, on (0,1) in a stan- 
dard fashion, and there is one zero at 1. The real negative zeros of A,(x) 
and B, (a) and their interlacing follow from the fact that 


B, (2) 
Ay(2) 


loga + 


has 2n + 1 zeros on (0,1], and known results on interpolating Stieltjes 
transforms by rational functions (see, for example, Baker and Graves Morris 
[81] or Borwein [83]). 


One can, from the integral representation, deduce the next corollary, 
which is also not actually needed in the proof of the irrationality of ¢(3). 


Corollary A.2.4. Both F,, and Ay satisfy 
yh 4) = ant Pe) Fes Hea) tO a= Haar) = 0 


From Theorem A.2.2 we obtain (see E.2 b]) the following: 


Corollary A.2.5. Let d, :=lem{1,2,...,n}. Then the polynomial dy, By(x) 
has integer coefficients. 


We get an approximation to ¢(3) by integration over the unit square. 


Theorem A.2.6. 
<5 ff Bacay = Anyc) + Rn, 
2Jo Jo 1-—a2y 


where 2d? Ry, is an integer. 
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$f a == =o) 


Proof. Recall that 


since 
1 pl _9 
i [ (xy)” log(xy) dx dy = (r+)? 
We have 
Fy, An —A,(1 A,(1 Bn 
(2y) _ Any) = An) soca) 4 An toptny) + Baw, 
l—«ay l—ay l—ay l—«ay 


The first term of the last expression is a polynomial multiple of log(zy), 
and the last term is a polynomial. Both have degree n — 1 in ry. Here we 
use part c] of Corollary A.2.3 in an essential way. Integrating the above 
equation with respect to x on [0,1] and with respect to y on [0,1], we get 
the identity of the theorem. The fact that d?R, is an integer can be seen 
as follows. One d,, arises from each of the two integrations of a polynomial 
of degree n — 1 with integer coefficients and one d,, comes from Corollary 
A.2.5. 


Theorem A.2.7. The number ¢(3) is irrational. 


Proof. It now suffices to show that there is an € > 0 for which 


Fey) 1 1 
fe | = (sere) = (ze) 


since by the prime number theorem, lem{1,2,...,n} = O(eC+©”) for ev- 
ery € > 0; see Borwein and Borwein [87, p. 377]. (We use the notation 
bn = O(an) if bp = Endy with limps €, = 0.) This can be proven in a 
number of ways, we chose to connect this proof via Padé approximants to 
the integral estimate due to Beukers. This is the content of the following 
results and, in particular, Lemma A.2.10. From Lemma, A.2.10, the above 
estimates are easy since the integrand in the right-hand side in Lemma 
A.2.10 satisfies 


0< 


tyv(1 — x)(1 —y)(1 —v) aNd 
1-—(1-<«xy)v SWe=1) 


on the open unit cube 0 < z,y,uv <1. 


0< 


The following lemma gives standard representations for the Padé ap- 
proximants to log and can be checked by expanding the integrals; see E.3. 
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Lemma A.2.8 (Padé Approximants). We have 


(n!)? x' dt — (ye — 1)2n42 1 y"(1—0v)" dv 
oa Vale, @ ee [ q=a-an 


= p(x) log « + dn(x) = O((a — 1)?"*"), 
where I’ is a simple contour containing t = 0,1,...,n, and py and qn are 


polynomials of degree n. (So Pr/dn ts the (n,n) Padé approximant to log x 
at 1.) 


Lemma A.2.9 (Rodrigues-Type Formula). With I as in Theorem A.2.1, 
d® d” gy” (ay) dt 
dy” dx” a r IIp-o(¢ — *)? 


= Le ef eyrer ey ye 
(n!)2 dy” da” (1—(—ay)v)t 


Fy, (ay) = 


dv. 


Proof. This follows from differentiating the two representations derived 
from Lemma A.2.8 coupled with Theorem A.2.2. 


Lemma A.2.10. We have 


[Lise 


“ery fw 9) OTSA 


Proof. For k, n nonnegative integers 


i [ ‘(eyy"*#(1— 2)" —y)" de dy 


Pe fps ae ged? - a 
=-aap | [ To ay dy" dan TY) + (ay —1)?*1 da dy. 


though this is not completely transparent; see E.4.) So 


—1)2rtith g d 
(n!)2 wifes n dan yey =) a 


ss [ / fey(1 — 2)(1— y)]" (ey — 1) de dy. 
0 0 


(Both sides equal 
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Hence, on expanding (1 — (1 — zy)v)~"—! in the following integrands, 


1 ‘ 1 d® d® g®y(azy — 1)?" 
2 1— ay dy” da” =a 
(n!)? Jo ay dy” dx” (1 — (1 — zy)v) 


= I 0 ae Sr ty, 


and with Lemma A.2.9 we are done. 


Comments, Exercises, and Examples. 


The approach of this appendix follows Borwein, Dykshoorn, Erdélyi, 
and Zhang [to appear]. Beukers’ [79] very elegant recasting of Apéry’s proofs 
of the irrationality of ¢(2) and ¢(3) is also presented in Borwein and Borwein 
[87]. E.5 recasts the irrationality of ¢(2) = 7? into a form similar to the 
proof of the irrationality of ¢(3). E.6 treats the irrationality of log 2. Mahler 
[31] casts transcendence results for exp and log in terms of general systems 
of Padé approximants. 


E.1 Proof of Corollaries A.2.4 and A.2.5. 


a] Prove Corollary A.2.4 from the explicit representations of Theorem 
A.2.2. 


b] Prove Corollary A.2.5 from the formula for c, in Theorem A.2.2. 


Hint: Observe that if p is a prime and n < p* < n+k for some integer 
a, then p divides Ge a This is fairly straightforward from Euler’s formula 
for the largest power of a prime dividing a factorial. 


E.2 Formulas for ¢(n). 
a] Show that 


* day day «++ dan = = = 1 
[- aie ce ee Gin) = Do a ; 
b] Show that 
1] 2 
if ot ga 
9 l-2« 6 


c] Find a closed formula for 


l 
[- [ if elie top(eite tn) dx, dxz +++ dt 
1—21%2°++Ey 


in terms of ¢(n + 1). 


E.3 Proof of Lemma A.2.8. Give a proof of Lemma A.2.8. 
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E.4 The Identity in the Proof of Lemma A.2.10. Prove the identity 


[ i ‘(Ceuy*#(L = a)"(1— 9)" de dy 


1 rif? ihe oe n+k 2n+1 
Ss iy? [ . = re Gy (zy — 1) dx dy 
_ n(n +k)! \? 
— LQn+k+ I!) ’ 


where & and n are nonnegative integers. Follow parts a] to c]. 


Let & and n be nonnegative integers. 
a] Show that 


An, a. [ (xy)"t*(1 — 2)"(1 —y)” day = (ODE 


b] Let 


d” 
Bnk i= a t* (gy — 1)??*! dz dy . 
= Te at fe aa i aya (zy — 1) x dy 


Show that 


n Bnz =[(n +k)? + (Qn + 1)(2n + 2k +1) + (2n +1)(2n)| Bn—1,442 
— [2(n + k)? + (2n + 1)(2n + 2k +1)]Bn—1,4-41 
+ (n + k)? Bn—1,k 7 


c] Show that Ao, = Bo,,. Show that the values 
Fo niin +k)! \? 
mk \On+k+D)! 
satisfy the recurrence relation established by part b] for the values B,, 4. 


E.5 The Irrationality of t?. Consider 


n! [ait + &) aie 


Fa(®) = oan) Jp Teco — 9? 


where I’ is any simple contour containing the poles at 0,1,...,n. 
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a] Show that 
[ F,,(2) aS nt+k\(n CQ) +R 
@ =a = rere k ae 
where d? Ry, is an integer (d, := lem{1,2,... ,n} as before). 


Hint: Show that 
F,(2) = An(x) loga + By(x), 


where P 5 
a Antik n k 
ante) = ("2") (f) # 
k=0 
and a 
B, (2) := YS cae" 
k=0 
with : 
n+k\ (n as. sew 8D 
cam ( k CQ) {eh a ot 
= itk 
Write 


A, (1) By (x) 
= — 2H — 1 —— + ——. 
l-«x l-«x a Ea 


Show that F;,(1) = 0, hence B,(1) = 0. Recall that 


1 Joga = 
=) fog 


Now the conclusions follow, as in the proof of Theorem A.2.6. 
b] Show that 


cs dom ff FY ae 7 oe: 


Hint: Use Lemma A.2.8. 


c] Show that there exists a constant c independent of n such that 


[ Pale) 


and deduce that ¢(2) = ¢7° irrational. Hence 7 is irrational. 


0< 
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E.6 The Irrationality of log2. Let 


be the nth Legendre polynomial on [0, 1]. 
a] Show that 


1 1 1 
Dn (2) [ Dn (2) — pPn(—1) [ Pp (—1) 
EINES fs AL ee LA bn) 

[ Tee 4 re dx + are rae dx 
= pn(—1)log2+ Ry, 


where d,,R,, is an integer (d, := lem{1,2,... ,n} as before). 
b] Show that 
1 1 un 1—x)” 
[ Pn(x) a -| ee ( a: dz. 
0 1 +2 0 (1 + grt 


c] Use parts a] and b] to show that log 2 is irrational. 


“Tp rinte 


A3 


An Interpolation Theorem 


Overview 


Appendix 3 presents an interpolation theorem for linear functions that is 
used in Section 7.1. From this Haar’s characterization of Chebyshev spaces 
follows, as do alternate proofs of many of the basic inequalities. 


An Interpolation Theorem 


The main result of this section, Theorem A.3.3, is an interpolation theorem 
that plays an important role in Section 7.1. Further applications are given 
in the exercises. 


Throughout this appendix we use the following notation. Let Q be a 
compact Hausdorff space. Let C(Q) be the space of all real- or complex- 
valued continuous functions defined on Q. Let P be a (usually finite- 
dimensional) linear subspace of C(Q) over R if C(Q) is real or over C 
if C(Q) is complex. The function f € C(Q) is said to be orthogonal to P, 
written as f | P, if 


Iflle<|lf+plla for allpe P. 


This is an L., analog of the more usual Lz notion of orthogonality, as in Sec- 
tion 2.2. The following two lemmas give necessary and sufficient conditions 
for the relation f L P. 
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Lemma A.3.1. Let 0 4 f € C(Q). The function f is orthogonal to P if and 
only if there exists no p € P such that 


(A.3.1) Re(f(x)p(z)) > 0 
holds on 
(A.3.2) E:= E(f) = {z€Q:|f(x)| =IIflla}- 


Proof. Assuming there exists p € P satisfying (A.3.1) on E defined by 
(A.3.2), we show that 


If — ella < IIflle 


for some € > 0. Since the set E defined by (A.3.2) is compact, Re(f(x)p(z)) 
attains its positive minimum, say, 26 > 0, on EF, and there exists an open 
set G containing E such that 


Re(f(x)p(z)) > 6 >0, neG. 
Since G° := Q \ G is also compact, there exists an a > 0 such that 


If(@)|<G-a)|lflla, «EG. 


Thus, with a sufficiently small « > 0, 


[f(x) — ep(x)|? < If llQ —2e5 + e*llnllQ < IIfllg, «eG, 
while 

|f(z) — ep(z)| < 1 —a)|fllo + €llplla <Ilflle, «EG. 
Therefore 


If — eplla < IIflle 


if € > 0 is small enough. 


Conversely, if f is not orthogonal to P, then there exists p € P such 
that ||f — plo < IIfIlQ, so 


2Re(f(z)p(z)) > IIpllb>0, ez, 


and the proof is finished. 
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Lemma A.3.2. Let 0 4 f € C(Q) and let P be an n-dimensional linear sub- 
space of C(Q) over R if C(Q) is real or over C if C(Q) is complex. Then the 
function f is orthogonal to P if and only if there exist points x1,%2,... , Xp 
in E(f) defined by (A.3.2) and positive real numbers c1,C2,...,Cr, where 
1l<r<n+l1 when C(Q) is real, and1 <r < 2n+1 when C(Q) is complex, 
such that 


‘ 
(A.3.3) Da cif (xi)p(a;) = 0, peP. 

i=1 
Proof. Suppose (A.3.3) holds with some positive real c1,c2,... , Cp Satisfy- 


ing Dj=1 ci = 1. As | f(x:)| = IIfllq, we have 


FI = >_ cif wa) f (i) = ated — p(xi)) 


i=l i=l 


<Iiflla 4 max [f(2;) ~ pla))| < Iifllallf - plle 
(1, Vsi= 


for every p € P, so f L P. (Note that r<n+lorr < 2n +1, respectively, 
was not needed for this part of the proof, so the sufficiency of (A.3.3) is 
valid with no hypothesis about r.) 


Conversely, suppose f L P. Let {y1,¢%2,...,9n} be a basis for P 
over R (or C, respectively), and consider the map T : Q > R” (or C”, 
respectively) defined by 


T(x) = f(x)(y1(2), G2(x),--- .Yn(a))- 
Observe that the origin is in the convex hull of 
T(E) :={T(x2): 2 € E}, 


otherwise by the principle of separating hyperplanes (a corollary of the 
Hahn-Banach theorem; see Rudin [73]), there would exist complex numbers 
Q1,42,...,@y, such that 


Re (>: TBs) >0, rek. 


Hence, with p:= >;_., aii € P, 
Re(f(x)p(x)) >0, «EE 


and f is not orthogonal to P by Lemma A.3.1, which contradicts our as- 
sumption. 
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Now it follows from Caratheodory’s lemma (see E.1) that there exist 
points 71,%2,...,2, in & and positive real numbers c1,C2,... ,C,, where 
1<r<n+1 when C(Q) is real and 1 <r < 2n+1 when C(Q) is complex, 
such that 


S cif@dva(ai)=0, k= 1,2,...,n. 
i=l 


Therefore : 


> cf (xi) p(a;) = 0, peP, 


i=1 


and the lemma is proved. 


Theorem A.3.3 (Interpolation of Linear Functionals). Let C(Q) be the set 
of real- (complez-) valued continuous functions on the compact Hausdorff 
space Q. Let P be an n-dimensional linear subspace of C(Q) over R (C). 
Let L # 0 be a real- (complez-) valued linear functional on P. Then 
there exist points 1,%2,...,, in Q, and nonzero real (complex) num- 
bers a1,@2,...,@,, where 1 <r<n in the real case andl <r <2n-—1 in 
the complex case, such that 


(A.3.4) L(p) = _aip(ai),  peP 
i=1 
and 
(A.3.5) ZI = So Jail, 
i=1 


where 
|L|| = sup{|L(p)|: pe P, ||pllo < 1}. 


Proof. Because of the finite dimensionality of P, there exists an element 
p* © P (called an extremal element for L) such that ||p*||g = 1 and 
L(P*) = ||£]|. Let Po denote the null-space of L, so 


Po:={pe P:L(p)=0}. 
Now p* is orthogonal to Po because if 

lp" + olla < llp*llg =1 
for some po € P, then g := p* + po satisfies ||g||g < 1 and L(g) = ||Lll, 
which is impossible. Note that the dimension of Py over R is n — 1 in the 


real case and 2n — 2 in the complex case. So by Lemma A.3.2 there exist 
points %1,%2,...,%, in 
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E:={x€Q: |p*(«)| =1} 


and positive real numbers c1,c2,... ,¢p, where 1 < r < n in the real case 
and 1 <r < 2n — 1 in the complex case, such that 


' 
S-cip*(ai)po(@i) =0, po € Po. 


Since L(p)p* — L(p*)p € Po for all p € P, we have 


r 


L(p) - cilp” (a;)|? = Pr) Lere x4) p bi) ; peP. 


i=l 


Since L(p*) = ||L£]| and |p*(a;)| = 1 for each 7, we obtain (A.3.4) by taking 


cip* (ai) i) 
a; = ED yy, 
‘ ee 1&4 


Using the fact that |p*(«;)| = 1 for each 7 in the above formula for a;, we 
get (A.3.5). 


Comments, Exercises, and Examples. 


We have followed Shapiro [71], which gives a long discussion of questions 
related to the best uniform approximation of a function f € C(Q) from 
a (usually finite-dimensional) linear subspace P C C(Q). Some of these, 
together with other applications, are discussed in the exercises. 


E.1 Caratheodory’s Lemma. I/f A C R”, then every point from the convex 
hull co(A) of A can be written as a convex linear combination of at most 
n+1 points of A. 


Proof. Let x € A. After a translation if necessary, we may assume that 
x = 0. Suppose 


“s 
(A.3.6) =). airy, m€A, a >0, r>n4l. 

Since r > n+1, the elements x2, 273,... , 2%, are linearly dependent, so there 
exist real numbers 6;, i = 2,3,...,7r, not all zero, such that 


r 
i=2 


Let 3, := 0. For all  € R, we have 
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r 


= So aia + \S> Bix = S- (Q; + Bi) Xi . 
i=1 i=1 


i=1 


When A = 0, each term in the last sum is positive. We now define 
c := min|a;/B;|, where the minimum is taken for all indices i for which 
6; # 0. If the index j is chosen so that |a,;/3;| = c, and if A := —a;/B;, 
then at least one of the numbers a; + A; is zero, and all are nonnegative. 
Also a; + AB, = ay, > 0. We have thus obtained a representation of the 
same form as (A.3.6), but with s terms, where 1<s<r—1l.Ifs>n+1, 
then the process can be repeated, and after a finite number of steps we 
obtain the desired representation. 


E.2 Reformation in Terms of Integrals. Lemma A.3.2 can be reformu- 
lated as follows. Under the assumptions of Lemma A.3.2, f € C(Q) is 
orthogonal to P if and only if there exists a nonzero nonnegative Borel 
measure p on Q whose support consists of r points of E(f) defined by 
(A.3.2), where 1 < r < +1 in the real case and 1 < r < 2n + 1 in the 


complex case, such that f(x) dp(x) annihilates P, that is, 
(A3.7) [ Fov(e) dpa) =0, ve. 
Q 


This reformation is not only a notational convenience, but it is essential 
in generalizations where P is no longer finite-dimensional. Moreover, (A.3.7) 
with any nonzero nonnegative Borel measure (not necessarily discrete) is 
sufficient for f L P. This is often useful, even when P is finite-dimensional; 
see Shapiro [71]. 


E.3 Haar’s Characterization of Chebyshev Spaces. 


a] Let fo, fi,-...,fn be real- or complex-valued continuous functions 
defined on a (not necessarily compact) Hausdorff space Q. Show that 
P :=span{fo,... , fn}, where the span is taken over R (or C), is a Cheby- 
shev space if and only if there exists no real (or complex) measure on Q 
annihilating P whose support consists of less than n + 1 points. 


Hint: Use Proposition 3.1.2. 


b] Let P be an n-dimensional linear subspace of C(Q), the space of real- 
(or complex-) valued continuous functions defined on a compact Hausdorff 
space Q containing at least n points. The space P is a Chebyshev space if 
and only if for each f € C(Q), there is a unique best uniform approximation 
to f from P. 


Proof. First suppose P is a Chebyshev space of dimension n, and p; and 
p2 are best uniform approximations to some f € C(Q) from P. Then 
p3 1= 5(p1 + p2) is also a best uniform approximation to f from P. As 
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f —p3 L P, Lemma A.3.2 yields that |f(2) — p3(a)| attains its maximum 


on @ at r points, 71,2%2,... ,£,, that support an annihilating measure for 
P, where r > +1 by part a]. Note that 


pi(a;) — f(a@;) = pe(a,;) — f(a;), j=1,2,...,n+1, 


and hence, since P is a Chebyshev space, p; — p2 = 0. 


Conversely, if P is not a Chebyshev space, then there exist n distinct 


points £1, 22,...,£n in Q such that the system of homogeneous linear equa- 
tions 

gi(ti) «gi (Xp) ay 

9n(@1) +++ Gn(Zn) an 
where {91,... , gn} is a basis for P, has a nontrivial solution. Then also the 


homogeneous system formed with the transposed matrix has a nontrivial 
solution, so there exist constants b;, not all zero, so that 


n 
S > bigi(aj) = 0, PS Ags oe ois 
=i 


Thus, with g := )7\_, igi, we have 
g(a;) = 90, ee ee ee 


We may assume, without loss, that ||g||g = 1. Some of the constants 
@1,G2,... ,@n may be zero; however, the set I of indices j for which a; 4 0 
is not empty. By Tietze’s theorem there exists an f € C(Q) such that 
I[fllo = 1 and 


a; 
f(z;) = iad? JE r. 
Setting h(x) := f(ax)(1 — |g(a)|), we have 
G; ‘ 
A(xj) = al’ per? 


We claim that ||h — p||g > 1 for every p € P. Indeed, if ||h — pla < 1 for 
some p € P, then 


|f (xj) — pws)? = |f (as)? — 2Re(p(a;)F(as)) + lp(as)P <1 
for every j € I’; hence 


Re(a;p(x;)) > 0, jel. 
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Since a; = 0 if j ¢ I, we have Re(a;p(z;)) =0 for each j ¢ I. Thus 
n 
Re S> ajp(z;) = 0), 
j=l 
However, if p:= S>;__, cigi, then 
n n n n n 
S- ajp(xj) = ys a; y cigi(xj) = xs bi S- aigi(a;) =0, 
j=l i=l j=l 


j=l i=l 


which contradicts the previous inequality and shows that ||h — pllg > 1 for 
every p € P. 


Finally, for all A € [0,1], Ag is a best uniform approximation to h from 
P because 


|h(a) — Ag(a)| < |F@)IA — lg@)) + Alg@)| 
<1+A-Dig()| <1 


for all x € Q, so the best uniform approximation to h € C(Q) from P is 
not unique. 


E.4 Unicity of the Extremal Function. Assume the notation of Theorem 
A.3.3. Show that if P C C(Q) is an n-dimensional real Chebyshev space 
and r = n, then the extremal element p* € P satisfying ||p*||g = 1 and 
LE(p*) = ||L|| is unique. 

The interesting relations of Theorem A.3.3 to the Riesz representation 
theorem, the Krein-Milman theorem, and the Hahn-Banach theorem are 
discussed in Shapiro [71]. 


E.5 Applications of the Interpolation Theorem. As before, let 
Di={ee Cr l2)< 1} and k:=R (mod2r). 


Prove the following statements. Each of them may be proven by charac- 
terizing the extremal polynomial for the given inequality with the help of 
Theorem A.3.3. A detailed hint is given only to part a]. 


a] Bernstein’s Inequality. 


'(0)| <nlltllk, t€Tr, OER. 


Hint: Let 99 € R be fixed, and study the linear functional L(t) := t'(6o), 
t € J,. Observe that an extremal pin Lemma A.3.3 must satisfy |p(a;)| = 1 
for each i = 1,2,...,r and r must equal 2n. Note that r < 2n holds by 
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Theorem A.3.3, while the argument for r > 2n is similar to the correspond- 
ing step in the proof of Theorem 7.1.7. Finally, show that the extremal 
element t satisfying L(t) = ||Z|| is of the form 


t(0) = cos(né — a) 


for some a € K. 


b] Markov’s Inequality. 
Ip'(1)| <n? |Ipll_-aay DEP». 
c] Chebyshev’s Inequality. 
lp(z)| < |Tr{z)|IIpll-14), PE Pr, 2ER\[-1,]], 
where T;, is the Chebyshev polynomial of degree n defined by (2.1.1). 


d] Bernstein’s Inequality. 


Ip(z)| < |zI"IIpllp , peEPe, z€C\D. 


e] Bernstein’s Inequality. 


'(@l<snlel"lpllb, pePa, z2€C\D. 


Hint: Use Theorem 1.3.1 (Lucas’ theorem). 


f] Riesz’ Identity. There are real numbers a; with 57°", |a;| = n such 
that 


2n 
t'(0) =) ajt(0+0i), tETr, OER, 
i=1 


where 


6, := 17, oo ee! 


(This is, apart from the explicit determination of the number a;, an identity 
discovered by M. Riesz [14].) 


g] Show that in part f], 


1 
eS) ——: (fee le enn 
ae An sin” (6; /2) 


h] Bernstein’s Inequality in Ly. 


Qr Qn 
[ t@pasn | \era, tet, pet. 
0 0 


Hint: Use part f] and Jensen’s inequality (see E.20 of Appendix 4). 


Arestov [81] shows that the inequality of part h] is valid for all p > 0. 
Golitschek and Lorentz [89] gives a simpler proof of this. 


i] Find all extremal polynomials in parts a] to e] and hi. 
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E.6 An Inequality of Szego. If p € Pe and 21, 22,... , Zan are any equally 
spaced points on the unit circle 0D, then 


- 
< > 
IIp'Ilb < ne |p(zx)| 


Proof. See Frappier, Rahman, and Ruscheweyh [85]. 


“Tp rinte 


AA 


Inequalities for Generalized 
Polynomials in Lp 


Overview 


Many inequalities for generalized polynomials are given in this appendix. Of 
particular interest are the extensions of virtually all the basic inequalities to 
Ly spaces. The principal tool is a generalized version of Remez’s inequality. 


Inequalities for Generalized Polynomials in Lp 


Generalized (nonnegative) polynomials are defined by (A.4.1) and (A.4.3). 
The basic inequalities of Chapter 5 are extended to these functions by re- 
placing the degree with the generalized degree. The crucial observation is 
that Remez’s inequality extends naturally to this setting. This Remez in- 
equality then plays a central role in the extensions of the other inequalities. 
These generalizations allow for a simple general treatment of Ly, inequali- 
ties, which is one main feature of this appendix. 


The function 
m 
(A.4.1) f(z) = lol [] le - 29!” 
j=l 


with 0<r; ER, 2; €C, and 0 fw € Cis called a generalized nonnegative 
(algebraic) polynomial of (generalized) degree 
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(A.4.2) N= yor. 
j=l 


The set of all generalized nonnegative algebraic polynomials of degree at 
most N is denoted by GAPy. 


The function 


m 
(A.4.3) F(z) = lw [] |sin((z - 25) /2)|" 

j=l 
with 0<r; ER, 2; €C, and 0 fw € Cis called a generalized nonnegative 
trigonometric polynomial of degree 


1 m 
(A.4.4) Nes Dae 
j=l 


The set of all generalized nonnegative trigonometric polynomials of degree 
at most N is denoted by GTPy. Throughout this section we will study 
generalized nonnegative polynomials restricted to the real line. If the ex- 
ponents r; in (A.4.1) or (A.4.3) are even integers, then f is a nonnegative 
algebraic or trigonometric polynomial, respectively. Note that the classes 
GAPwy and GTPy are not linear spaces. Note also that if f € GAPy or 
f € GTPw is of the form (A.4.1) or (A.4.3), respectively, with all r; > 1, 
then the one-sided derivatives of f exist at every « € R with the same 
modulus, hence |f'(2)| is well-defined for every « € R. We use the notation 
|f'(x)| for f € GAPy or f € GTPy and « € R throughout this section 
with this understanding. If f € GAPy is of the form (A.4.1) or f € GTPy 
is of the form (A.4.3), where the zeros z; € C, j =1,2,...,m, are distinct, 
then r; is called the multiplicity of z; in f. Our intention in this section 
is to extend most of the classical inequalities of Section 5.1 to generalized 
nonnegative polynomials. In addition, we prove Nikolskii-type inequalities 
for GAPy and GTPwy. 


Theorem A.4.1 (Remez-Type Inequality for GAPy). The inequality 
N 
eae (ee 
[— , ] = J/2— Js 
holds for every f € GAPy and s € (0,2) satisfying 
m({x € [-1,1]: f(z) <1}) >2-s. 
E.5 shows that this inequality is sharp. Note that if 0 <s <1, then 
N 
V2+/8 
VATE) <exp(5N V5). 
(3 = Vi 


Throughout this section, as before, K := R (mod 2z). 
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Theorem A.4.2 (Remez-Type Inequality for GTP). The inequality 
Il fllx < exp (N (s + $s7)) < exp(4Ns) 

holds for every f € GTPw ands € (0,7/2] satisfying 

(A.4.5) m({a € [—7,7): f(x) <1}) > Qn s. 


The inequality 


v2+ Jo 
Ilfllx < (Ge 


holds for every even f € GTPw and s € (0,27) satisfying (A.4.5). 


N 
; o = 1-cos(s/2) 


We do not discuss what happens when s € (7/2,27) in the general case 
because the case when s € (0, 7/2] is satisfactory for our needs. 


Proof of Theorem A.4.1. First assume that f € GAP wy is of the form (A.4.1) 
with rational exponents r; = q;/q, where q;,q € N. Let k € N be an integer. 
Then (restricted to R) p:= f7*4 € Porgn and 


m ({x € [-1, 1]: |p(a)| < 1}) > 2-8. 


Hence Theorem 5.1.1 yields 


2+8 ayeea) 
Flltaay = Well? < (Tosa (5*)) | 


Since by E.4, 


44s) in. (tow (348)) "= (BEE) 


the theorem is proved. The case when the exponents r; > 0 are arbitrary 
real numbers can be easily reduced to the already proved rational case by 
a straightforward density argument. 


Theorem A.4.2 follows from Theorem 5.1.2 in exactly the same way 
that Theorem A.4.1 follows from Theorem 5.1.1; see E.6. 


Theorem A.4.3 (Nikolskii-Type Inequality for GTPy). Let x be a non- 
negative nondecreasing function defined on [0,00) such that y(a)/ax is non- 
increasing on [0,00). Then there is an absolute constant c, > 0 such that 


IIx(F)lln,cx) < (eh +g) lx Plz) 


for every f €GTPy and0<q<p<o. If x(x) =2, thence < e(4r)7} 
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Theorem A.4.4 (Nikolskii-Type Inequality for GAPy). Let x be a non- 
negative nondecreasing function defined on [0,00) such that y(a)/x is non- 
increasing on [0,00). Then there is an absolute constant cz > 0 such that 


IIx(f)llzpt—1.4) < (e2(2 + gN))7/9-7/? | XP) ln g(—1.) 
for every f € GAPy and0 <q<p<oo. If x(x) =2, then co < e?(27)7! 


In the proof of the second part of Theorem A.4.4 we will need the 
following Schur-type inequality, which is interesting in its own right. 


Theorem A.4.5 (Schur-Type Inequality for GAPy). The inequality 


WFlleaay Se + aN)||VI=2? Ff") I y 
holds for every f € GAPw and q > 0. 


According to Theorem 5.1.9 (Schur’s inequality), if N € N, f € Pn, and 
q € N, then the constant e in the above inequality can be replaced by 1. 


It is sufficient to prove Theorems A.4.3 and A.4.4 when p = oo, and 
then a simple argument gives the required results for arbitrary exponents 
0<q< p< _o. To see this, say, in the trigonometric case, assume that 
there is a constant C'y such that 


Ix(lle < Cx Ix Alcea) 


for every f € GTPy and 0 <q < ow. Then 


IX AIE, ay = NOC(A))P ll.) 
< Mx(A Ie IXIG cy 
SCONE lee aes 


and therefore eT 
Ix(lz,49 < CNT ilx(llz,.c9 


for every f € GTPy and0<q<p<o. 


Proof of Theorem A.4.3 (when p = co). Since y is nonnegative and nonde- 
creasing and (x(a)/2z)% is nonincreasing on [0, 00), we have 


(x(Ff(4)))" = exp(-aN s)IixAlk 


whenever 
f(9) = exp(-Ns)||fllx - 


Hence, by E.7 b], we can deduce that 
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m({@ € [—1,m) : (x(f(8)))* > exp(-aN8)|Ix(P)Ilk b) = 
for every f € GTPy and s € (0,27). Choosing s := (1+ qN)7!, we get 


m ({6 € [-m, 7) O(F(9)))1 > Ix lk }) = 4+ aN)". 


Hence, integrating only on the subset J of K where 


(x(F(8)))? = eT Ix AIK» 


we conclude that 


lx(A)Il% < 4e(1 + a) | Ox F(0)))" a 


IT 
< de(1 + aN)IIXCAIE, cae) 


and the first part of the theorem is proved. 


Now we turn to the second statement. Let 
Dratee Ce \2\2 1} and =O0D:={z€C: |z|=1}. 


If h is analytic in the open unit disk D and continuous on the closed unit 
disk D, then by Cauchy’s integral formula we have 


(1 [ref )atra) = 5 fa) 


1—rzu 


du 


UTZ 
whenever z € D and r € [0,1). Note that u € OD and z € OD imply 
|1—rZu| = |u—rz| for all r € [0,1). Hence, if P € PS and 0 < q < ov, then 


2 * qd ay * (a4) |4 Mn 
(= P*)IP (re) <5 fh IP (ul a 


whenever z € OD andr € [0,1], where P* is obtained from the factorization 
of P by replacing each factor (z — a) of P with |a| < 1 by (1 — @z). Since 


$(l+r)|z-o| <|rz-o, lol >1, 2z€0D, reé[0,1], 


we have 


1 


Pats =f Pe wit lau 
T JaD 


(1— 17) (QL + r)) 1 


whenever z € OD and r € [0,1]. Maximizing the left-hand side for r € [0, 1] 
and using the fact that |P*(z)| = |P(z)| for z € OD, we conclude that 
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|P(z)|0 < Ct ades Me Me |i ®)I0do, ze OD. 


Hence, by E.8, 


1+qnje / 
|e < Mf iro ao 


for every R € Ty. If f € GTP is of the form (A.4.3) with rational expo- 
nents r; = a;/a, where a;,a € N, then on applying the above inequality 
to R:= f?% € Teen with q replaced by q/(2a), we conclude that 


and the second statement of the theorem is proved. The case when the 
exponents r; > 0, 7 = 1,2,...,m, are arbitrary real numbers can be 
reduced to the already proved rational case by a straightforward density 
argument. 


Proof of Theorem A.4.5. Let P € Py, and 
M:= || V 1-2? IP@)I Nay : 


By E.8 c], there exists an R € Po, such that |R(e)| = |P(cos@)|, 0 € R. 
We define R* € PS,, from the factorization of R by replacing all the factors 
(z — a) of R with |a| < 1 by (1 — @z). Note that |1 — e?| = 2|sin6| and 
|R(e”)| = |R*(e%)| for all @ € R. Hence the maximum principle yields that 


1—(rz)?||R*(rz)|% < 1 — 27||R*(z)|4 
[1 — (rz) |Rrz)[7 < max |1 — 2°||R"(2)| 
= max 2|sin 6||P(cos6)|? =2M. 
6ER 


By E.9 we have 


2 2n 
els () IR*(r2)|, 2 €OD, r€ [0]. 
Tr 
Hence 
92nq 1 
IR*(z)\? < —~____om, 7ze€@D, reé [0,1], 


Chee) Pe Lape 
where the minimum on [0, 1] of the right-hand side is taken at 


eae 
~ 1+qn' 
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Estimating the right-hand side at this value of r, we get 
PU aay = max IRI < e(1 + n)|| V1 = 2 IPI 


If f € GAPw is of the form (A.4.1) with rational exponents r; = a;/a, 
a;,a € N, then applying the above inequality to P = f?* € Poan with q 
replaced by q/(2a), we get 


IIflli aay < eC. + aN) || V1 — 2? f2()|] a) 
[-1,1] [-1,1] 


and the theorem is proved. The case when the exponents r; > 0 are ar- 
bitrary real numbers can be easily reduced to the already proved rational 
case once again by a standard approximation. 


Proof of Theorem A.4.4 (when p = co). Since y is nonnegative and nonde- 
creasing and (x(«)/2z)4 is nonincreasing on [0,00), we have 


(x(F(2)))" > exp(-aN VA IIXCDIlea 


whenever 
f(z) > exp(—Nv)|l fll[-1)- 
So by E.7 a] we can deduce that 


m ({@ €[-1,1]: (e(F(@)))" > exp(-aN Va)llxPILay}) = = 


for all s € (0,2). Choosing s := (1+ qN)~?, we obtain 
1 
= : 1>e1 a 2 
m (fr € [1,1] x F@))" > MDa) = geo 
Integrating on the subset J of [—1,1] where 


(x(F(@)))* > eT NIx(Mlt-an» 


we conclude that 


Ixia $8 + any? f (Fe) ae 


I 
< 8e(1 + aN)" IIx(A)IIb 1.4 : 


Thus the first part of the theorem is proved. 


To show that the given constant works in the case that v(x) = x we use 
another method. Let h € GAP. Then by E.10, g(@) = h(cos#) € GTPy. 
On using the substitution z = cos@, from Theorem A.4.3 we get 
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1 


-1 


If f € GAPn, then A(x) = f(z)(1—2?)/@C9 € GAPy with M = N+q"!, 
so an application of the above inequality yields 


(44.7) |[VI=2?f4(2)||_ 4 y Sem) + aN) L Fiala 


(Note that the weaker assumption h € GAP y instead of f € GAP already 
implies (A.4.7).) 


Now a combination of Theorem A.4.5 and inequality (A.4.7) gives that 
if x(x) = a, then the inequality of Theorem A.4.4 holds with cy := e?(27)7!. 


Now we prove extensions (up to multiplicative absolute constants) of 
Markov’s and Bernstein’s inequalities for generalized nonnegative polyno- 
mials. 


Theorem A.4.6 (Bernstein-Type Inequality for GTPy). There exists an 
absolute constant cz; > 0 such that 


IIf'llx < es Nf llc 
for every f € GTPw of the form (A.4.3) with each r; > 1. 


Theorem A.4.7 (Bernstein-Type Inequality for GAPy). The inequality 


c3N 
If'(z)| < Frail. HE Ca), 


holds for every f € GAPy of the form (A.4.1) with each r; > 1, where cz 
is as in Theorem A.4.6. 


Theorem A.4.8 (Markov-Type Inequality for GAPw). There exists an ab- 
solute constant c, > 0 such that 


WF Ira Sc Flea 
for every f € GAPw of the form (A.4.1) with each r; > 1. 


To prove Theorem A.4.6 we need the following lemma. 


Lemma A.4.9. Suppose g € GTPwy is of the form (A.4.3) with each 2; € R, 
and suppose at least one of any two adjacent (in K) zeros has multiplicity 
at least 1. Then there exists an absolute constant cs > 0 such that for every 
such g there is an interval I C K of length at least c;N~! for which 


i >e! ; 
min g(9) > e lIg|lx 
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Proof. Take a g € GTP wy satisfying the hypothesis of the lemma. Because 
of the periodicity of g we may assume that 


(A.4.8) WT) = |lgllx - 

Define 

(A.4.9) Qnw(9) = Ton (So) 

with 

(A.4.10) n:=|N| and wi=a—(3N)', 


where T2, is the Chebyshev polynomial of degree 2n defined by (2.1.1). 
By E.11 there exists an absolute constant cg > 1 such that Qn.u(7) > ce. 
Introduce the set 


A:= {0 € [t— (83N)', 7 + (3N)~*] : g(0) > e7*g(n)} . 


We study h := glQn.| € GTPoy. The inequality Qnw(7) > ce and as- 
sumption (A.4.8) yield 


h(8) < 99) < cF' Qnwo(m)g(m) = ce IIhll« 


for all 6 € [—w,w] = [-7 + (3N)71, m— (3N)~1]. Further, the definition of 
the set A, the fact that ||Qnwllk = Qnw(m), and (A.4.8) imply that 


(9) < eG) Qnw(m) =e" |AllK 


for all 6 € [x — (3N)~!,7 + (3N)~+] \ A. From the last two inequalities we 
conclude that 


h(O) < cF*|lAllt—a,1] for all 6 € [—7,7]\A, 
where c7 := min{cg,e} > 1 is an absolute constant. Therefore, by E.7 b] 
m(A) > cgN7* with cg := loge; > 0. 


Since g € GTPy is of the form (A.4.3) with each z; € R, and at least 
one of any two adjacent zeros of g has multiplicity at least 1, E.12 and 
assumption (8.1.8) imply that g cannot have two or more distinct zeros in 
[7 — (3N)—1, t +(3N)7']. Hence A is the union of at most two intervals. 
Therefore there exists an interval J C A such that m(I) > cg(2N)~1, and 
the lemma is proved. 
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Proof of Theorem A.4.6. Let f € GTPw be of the form (A.4.3) with each 
r; > 1. Without loss of generality we may assume that |f’(7)| = ||f'llx, 
and it is sufficient to prove only that 


If'(m)| < ea NI If lle - 


By E.13 we may assume that each z; is real in (A.4.3). Hence, by E.2, 
g := |f'| satisfies the assumption of Lemma A.4.9. Denote the endpoints 
of the interval J coming from Lemma A.4.9 by a < 6. We can now deduce 
that 


Il flix 6)| do 


[fi (m 


< oe fy | f/(0)| do = — Mm — f(a)| < c3N||f\lx 
5 Ja - 


with c3 := ecs', and the proof is finished. 


Proof of Theorem A.4.7. The theorem follows from Theorem A.4.6 by using 
the substitution x = cos@ and E.10 bj. 


Proof of Theorem A.4.8. Let a := 1—(1+N)~?. Using Theorem A.4.7 and 
then E.14, we obtain 


IF Wt—aay < eaN(N + DIF lla. 
<e3N(N + Leollfllto,o] < CaN? NF llt—a,ol » 


and then the theorem follows by a linear transformation. 


Now we establish Remez-, Bernstein-, and Markov-type inequalities 
for generalized nonnegative polynomials in Ly. In the proofs we use the 
inequalities proved in this appendix so far, and the methods illustrate how 
one can combine the “basic” inequalities in the proofs of various other in- 
equalities for generalized nonnegative polynomials. First we state the main 
results. 


Theorem A.4.10 (LZ, Remez-Type Inequality for GAP). Let x be a non- 
negative nondecreasing function defined on [0,00) such that y(a)/x is non- 
increasing on [0,00). There exists an absolute constant c < 5/2 such that 


i (lf)? de < (1+ exp (erN'V8)) i. Ox f(a)))? de 


for every f € GAPn, AC [1,1] with m(([-1,1] \ A) < s < 1/2, and for 
every p € (0,00). 
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Theorem A.4.11 (L, Remez-Type Inequality for GTPy). Let x be a non- 
negative nondecreasing function defined on [0,00) such that y(a)/x is non- 
increasing on [0,00). There exists an absolute constant c < 8 such that 


[9 a0 < 1 + exons) f (xi F@))” a0 


= A 


for every f € GTPy, A C [-27, 7] with m([—7,7] \ A) < 8 < 2/2, and for 
every p € (0,00). 


Theorem A.4.12 (£, Bernstein-Type Inequality for GTPy). Let x be a 
nonnegative, nondecreasing, convex function defined on [0,00). There exists 
an absolute constant c such that 


[ xoruroras f 


—1T = 


us 


x(cf(@)") dé 


for every f € GTPw of the form (A.4.3) with each r; > 1, and for every 
q € (0, 1]. 


Corollary A.4.13 (L, Bernstein-Type Inequality for GTPy). The inequal- 
aty 


us 


[ora serne [" sop as 


holds for every f € GTPwy of the form (A.4.3) with each r; > 1, and for 
every p € (0,00), where c is as in Theorem A.4.12. 


Theorem A.4.14 (L, Markov-Type Inequality for GAP). There exists an 
absolute constant c such that 


1 1 
[ fe@rarsettn [sep ae 


for every f € GAPy of the form (A.4.1) with each r; > 1, and for every 
p € (0,00). 


Theorems A.4.1 and A.4.2 can be easily obtained from their Lo, 
analogs, Theorems A.4.1 and A.4.2, respectively; see E.15 and E.16, where 
hints are given. 


Proof of Theorem A.4.12. For n:= |N] let 


n 
5 esé 


jon 


Dy(O) := 


be the modulus of the nth Dirichlet kernel. Choose q € (0,1], and set 
m := 2q7! > 2. Let g € GTPy be of the form (A.4.3) with each r; > 1. 
On applying the Nikolskii-type inequality of Theorem A.4.3 to 
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G := gD? € GTP Nyong-! 5 
we obtain 


(AAA) IgDP[I90 <1 (1g (N + 2ng72)) [gD NZ, cr 
< e1(1+3N) / (g(@)D™ (6))° a6 


=a(1 +3) [ g1(0)D? (0) dé. 


TT 


If g € GTPw is of the form (A.4.3) with each r; > 1, then m > 2 implies 
that G € GTPy is of the form (A.4.3) with each r; > 1 as well. If we apply 
the Bernstein-type inequality of Theorem A.4.6 to G and use (A.4.11), we 
can deduce that 


[9 (@) Dr) + mDp~ A) Dy, (9) 9(9)| x 


< (cs (N + 2nq7"))* |g DIK 
< c§N4(1+2q7')*e,(1+3N) |  91(6)D2.(0) dO 


for every 6 € K (we take one-sided derivatives everywhere). By putting 
6 = 0, and noticing that 
D‘(0)=0 and D,(0)” = (2n+1)?/4 > N2/2, 


we get 
(A.4.12) |g'(0)|2 < cN4 [ g1(9)(27)~' (2n + 1)~' D2 (6) do 


TT 


with an absolute constant c. Now let f € GTP, be of the form (A.4.3) with 
each r; > 1. Let 7 € K be fixed. On applying (A.4.12) to g(9) := f(@+7), 
we conclude that 


oni sent [ " $9(6)(2n)—! (Qn + 1)! D2(0 — 7) dB. 
Hence 


(A413) N-AF(DIT< i cf %(6)(2m)—!(2n + 1)-!D2(6 — 1) dd. 
Since 


(A.4.14) i (20)~*(2n +1) D2 (9-7) db =1, 


mn 
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Jensen’s inequality (see E.7) and (4.4.3) imply that 


Tv 


X(N“ F'(r)I7) < i x(cf4(8))(2m)~* (2n + 1)" D, (0 — 7) dd . 


TT 


If we integrate both sides with respect to 7, Fubini’s theorem and (A.4.14) 
(on interchanging the role of 6 and 7) yield the inequality of the theorem. 


Proof of Corollary A.4.13. If 0 < p< 1, then Theorem A.4.12 yields the 
corollary with g = p and x(x) = x. If 1 < p < ov, then the corollary follows 
from Theorem A.4.12 again with g = 1 and y(x) = 2?. 


Proof of Theorem A.4.14. We distinguish two cases. 


Case 1: p> 1. Let f € GAPy be of the form (A.4.1) with each r; > 1. 
Then by E.10 b], g(@) := f(cos@) € GTPy is of the form (A.4.3) with each 
r; > 1. With the substitution « = cos@, Corollary A.4.13 and Theorem 
A.4.11 imply that 


(4.4.15) f @pa aye? ae 


—1 


IA 


1 
ane prey. a2) ¥? de 
-1 
6 
< & N? exp(cxpNN7}) / fP(a)(1 — a2)? der, 
—6é 


where 6 := max{1—N~?, cos(7/16)} and c; and cz are appropriate absolute 
constants. Since p — 1 > 0, it follows from (A.4.15) that 


é 
(4.4.16) [ Leer ae 
é6 
<a- acme f [papas de 
-6 


6 
< (162) -M PEN? expleap)(1— 8)? [ fP(@) ae 
—6é 
6 
<neinen [ f? (x) dx 
-6 
6 
= ane | f? (a) dz, 
-6 


where c3 is also an absolute constant. Since (A.4.16) is valid for every 
f € GAPy of the form (A.4.1) with each r; > 1, the theorem follows by a 
linear shift from [—d, 6] to [—1, 1]. 
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Case 2: 0 < p< 1. Let f € GAPw be of the form (A.4.1) with each r; > 1. 
Using the inequality |a + 6|? < |a|? + |b|? for p € (0, 1], we can deduce that 


(44.17) / (|f"(cos6)|| sin |'/?*")? a 
A 
< [ |(A(c0s0)| sino)’ |" a8 
A 
+ [ (#(c0s6)p~| sinol?/?-*| cos6))” a8 
A 


for every measurable subset A of [—7,7). Applying Theorem A.4.12 (with 
x(x) = x) to 
g(9) := f(cos6)|sin 6|'/? € GTP nit /p, 


then using (A.4.17) with A := [—6, 6], 6 = 1—(N + 1)~?, we conclude, by 
the substitution x = cos@, that 
5 
(4.4.18) / Lf(@) PL — 22)?/? de 
-5 
1 5 
<aw+tpy? {padres y? [| pra@a—ery "ae, 
4 -5 


where c, is an absolute constant. Note that Theorem A.4.10, 0 < p < 1, 
and the choice of 6 imply that 


(A.4.19) - fP(x) dx <o ‘b f? (a) dx 


with an absolute constant cp. A combination of (A.4.18) and (4.4.19) yields 


6 
(4.4.20) i, Lee de 
6 
<(1—62)-?/? / LF!) P(. — 22)??? de 


—6 


é 
£(1 8)? (eea(N + 1/p)? +971 8)-P7) [pte de 
<2P/?(N + 1)?(cyco(N + 1/p)? +p? 2?/?(N + 1)?) / f? (x) dx 
-6 


6 
< can | f? (a) dz, 
5 


where c3 is an absolute constant. Since (A.4.20) is valid for every f € GAP 
of the form (A.4.1) with each r; > 1, the theorem follows by a linear shift 
from [—6, 6] to [—1, 1]. 
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Comments, Exercises, and Examples. 


Most of the results of this section can be found in Erdélyi [91a] and [92a]; 
Erdélyi, Maté, and Nevai [92]; and Erdélyi, Li, and Saff [94]; however, the 
proofs are somewhat simplified here. For polynomials f € P, and for ar- 
bitrary q € (0,00), Theorem A.4.5 was also proved by Kemperman and 
Lorentz [79]. An early version of Markov’s inequality in L, for ordinary poly- 
nomials is proven in Hille, Szegé, and Tamarkin [37]. Weighted Markov- and 
Bernstein-type analogs of Theorems A.4.6 to A.4.8 are obtained in Erdélyi 
[92b]. Applications of the inequalities of this section are given in Erdélyi, 
Magnus, and Nevai [94] and in Erdélyi and Nevai [92], where bounds are 
established for orthonormal polynomials and related functions associated 
with (generalized) Jacobi weight functions. Further applications in the the- 
ory of orthogonal polynomials may be found in Freud [71] and Erdélyi [91d]. 


Ly extensions of Theorem 5.1.4 (Bernstein’s inequality) and Theorem 
5.1.8 (Markov’s inequality) have been studied by a number of authors. The 
sharp L, version of Bernstein’s inequality for trigonometric polynomials 
was first established by Zygmund [77] for p > 1. Using an interpolation 
formula of M. Riesz, he proved that 


(4.4.21) / "1 (0)|? dO < nP / ON 


TT TT 


for every t € J, (see E.5 h] of Appendix 4). For 0 < p < 1, first Klein [51] 
and later Osval’d [76] proved (4.4.21) with a multiplicative constant c(p). 
Nevai [79a] showed that c(p) < 8p~'. Subsequently, Maté and Nevai [80] 
showed the validity of (A.4.21) with a multiplicative absolute constant, and 
then Arestov [81] proved (A.4.21) (with the best possible constant 1) for 
every 0 < p < 1. Golitschek and Lorentz [89] gave a very elegant proof of 
Arestov’s theorem. 


The Ly analog of Markov’s inequality states that 


‘lk 1 
(4.4.22) / Q'(@)? dx < Pt n2P / \Q(a)|? de 


=7 -1 


for every Q € Py, and 0 < p < ~, where c is an absolute constant. This 
can be obtained from Arestov’s theorem similarly to the way that Theorem 
A.4.14 is proven from Corollary A.4.13. To find the best possible constant 
in (A.4.22) is still an open problem even for p = 2 or p= 1. 


The magnitude of 


LF wlh—1.4y 


A423 
ag) nee 
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(4.4.24) Fw acy, 


I| fwll(—1,1] : a 
and their corresponding L, analogs for f € P, and generalized Jacobi 
weight functions 


k 
(A.4.25) w(z) = II lz — 2;|"9 , 2;€C, 41; € (-1,0) 
j=l 


have been examined by several people. See, for example, Ditzian and Totik 
[88], Khalilova [74], Konjagin [78], Lubinsky and Nevai [87], Nevai [79a] 
and [79b], and Protapov [60], but a multiplicative constant depending on 
the weight function appears in these estimates. The magnitude of (A.4.23), 
(A.4.24), and their L, analogs are examined in Erdélyi [92b] and [93], when 
both f and w are generalized nonnegative polynomials. In these inequalities 
only the degree of f, the degree of w, and a multiplicative absolute constant 
appear. The most general results are the following: 


Theorem A.4.15. There exists an absolute constant c such that 
/ | f'(0)|Pw(@) dd < cP t1(N + M)?(Mp* + ry | | f(@)|Pw(@) de 


and 
Il f’wll_-2,2] < CN + M)(M +1) || fwll—2 a] 


for every f € GTPw of the form (A.4.3) with each r; > 1, for every 
w €GTPw, and for every p € (0,00). 


Theorem A.4.16. There exists an absolute constant c such that 
1 


/ | f!(@)Pw(a) da < P(N + M)?(Mp™! + 1 | |f (@) Pw(a) dx 


24 
and 
If’ wll-1,4) < N+ MY || fully 


for every f € GAPy of the form (A.4.1) with each r; > 1, for every 
w € GAPy, and for every p € (0,00). 


E.1 Another Representation of Generalized Nonnegative Polynomials. 

a] Show that if f = []f_, |Qj|") with each Q; € Pp, and rj; > 0, then 
f € GAPy with N < 1%, rynj. Similarly, if f = []4_, |Q,|"" with each 
Q; € Tn; andr; > 0, then f € GTPy with N < ae rjN;. 

b] Show that if f € GAPy is of the form (A.4.1), then f = []7", |Qj|"1/” 


with each Q; € Pz and 0 < @; on R. Similarly, if f €¢ GTP wy is of the form 
(A.4.3), then f = []j", |Qj|"/? with each Q; € Ti and 0 <Q; on R. 
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E.2 The Derivative of an f € GTPy» with Real Zeros. Show that if 
f € GTPy is of the form (A.4.3) with each r; > 1 and z; € R, then 
\f’| € GTPw is of the form (A.4.3) with each r; > 0 and z; € R, and at 
least one of any two adjacent (in K’) zeros of | f’| has multiplicity exactly 1. 


E.3 Generalized Nonnegative Polynomials with Rational Exponents. Show 
that if f € GAP is of the form (A.4.1) with rational exponents r; = q;/q, 
where q;,q € N, then f*4 € Pogn, while if f € GTPy is of the form (A.4.3) 
with rational exponents 7; of the above form then f?% € Tagn. 


E.4 Proof of (A.4.6). Prove (A.4.6) from the explicit formula (2.1.1) for 
the Chebyshev polynomial T,,. 


E.5 Sharpness of the Remez-Type Inequality for GAPy. Let 


N/n 
2 
7, (**)| EGAPR:.. wW=T12c: 


fn(x) = 2 


Show that 


m({a € [-1, 1]: fa(z) < 1}) = m((-1,1-s]) =2-s 


Nn->oo 


(ea 
V2- Vs} - 


The upper bound in Theorem A.4.1 is actually not achieved by an 
element of GAP; see Erdélyi, Li, and Saff [94]. 


lim fn (1) = ( 


E.6 Proof of Theorem A.4.2. 


Hint: First assume that f € GTPy is of the form (A.4.3) with rational 
exponents r; = q;/q, where qj,q € N. Then p := f*4 € Togn, and the 
desired inequality can be obtained from Theorem 5.1.2 as in the proof of 
Theorem A.4.1. 


E.7 Corollaries of Theorems A.4.1 and A.4.2. 
a] The inequality 


S 
m({a € [-1,]]: f@) 2 exp(-Nvs)llfll-aa}) 2 3 
holds for every f € GAPy and0 <8 < 2. In particular, 

m ({# €[-1,1): f(x) > ef lla }) = (BN? +4)7* 


holds for every f € GAPw. 
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b] The inequality 


m ({0 €[-m,x) : £0) > exr(—Ns)|ifllx}) > 


holds for every f € GTPy and0 <s < 2a. In particular, 
m({0 € [-1, 7): f() > e""Ifllk}) = AWN +1))7* 
holds for every f € GTPw. 


E.8 Nonnegative Trigonometric Polynomials. Part a] restates E.3 c] of 
Section 2.4. Parts b] and c] discuss simple related observations. 


a] Lett E Tn be nonnegative on R. Show that there is a p € PS such that 
t(0) = |p(e%*)|? for every 0 € R. 

b] Let p € Pé and t(0) := |p(e"*)|? for every 6 € R. Then t € 7; and t is 
nonnegative on R. 


c] Show that if ¢ € 7,°, then there is a p € P§,, such that |t()| = |p(e*)| 
for every 6 € R. 


E.9 A Crucial Inequality in the Proof of Theorem A.4.5. Show that 


2 


=) |P(rz)|, z€oD, r € [0, 1] 


Pal < ( 
for every P € P& having all its zeros outside the open unit disk D. 


Hint: Let P(z) = a (z-—2;), where c € C, z; € C\ D, and m < n. 
Show that 


|z — 2;| < 


2 
Sigel ah jg =1,2,...,m, re [0,1]. 


E.10 f € GAPy Implies f(cos6) € GTPy. 
a] Show that if f € GAPw, then g(@) = f(cos@) € GTPy. 


b] Show that if f ¢ GAPy is of the form (8.1.1) with each r; > 1, then 
g(@) = f(cos@) € GTPy is of the form (A.4.3) with each r; > 1. 


E.11 A Property of Qn. Let Qn, be defined by (A.4.9) and (A.4.10). 
Show that there is an absolute constant cg > 1 such that Qnw(m) > ce. 


Hint: Use the explicit formula (2.1.1) for the Chebyshev polynomial T,,. 
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E.12 A Property of the Zeros of ag ¢ GTPy. Assume that g € GTPw 
is of the form (A.4.3) and let 


Show that M < 3Nollgll—1 ne 


Hint: First assume that each r; is rational with common denominator q € N, 
and apply E.12 of Section 5.1 to p:= g*4 € Tagn. 


E.13 Extremal Functions for the Bernstein-Type Inequality. 
a] Let r; >1, 7 =1,2,...,m, be fixed real numbers. Show that there 
exists an f € GTPy of the form 


m 


(4.4.26) fe) =] Isin(e- G/F, Gee 
such that "a: 
fi) I F'(m)| 


= =sup . 
If ll f Ilfllx 


where the supremum in the right-hand side is taken for all f € GTPw of 
the form 


(A.4.27) f(z) = |w| Il |sin((z — z;)/2)|" , z3€C, OFAWEC. 


Hint: Write each f of the form (A.4.27) for which the supremum is taken 


as 
m 


f(z) = |wo| I] lw; sin((z — z;)/2) sin((z — Z;)/2)|"/7 , 


j=l 


where the numbers w; > 0 are defined by 
lu sin((z — 23)/2)sin((2 -%,)/Dlle =1,  G = 1,2... 4m, 


and then use a compactness argument for each factor separately. 


b] Let f be as in part a]. Show that each zero of f is real, that is, G ER 
for each j in (A.4.26). 


Hint: Assume that there is an index 1 < j < m such that ¢; € C\R. Then 


ihe ae = esin?((z — m)/2) “ 
ca i( a ae) ee 


with sufficiently small € > 0 contradicts the maximality of f. 
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E.14 A Corollary of the Remez-Type Inequality for GAPy. Suppose that 
a:=1-—(14+ .N)~?. Show that there is an absolute constant co > 0 such 
that 


IF llt-1.4 < coll Fllt-e,ay 
for every f € GAPn. 
Hint: This is a corollary of Theorem A.4.1. 


E.15 Proof of Theorem A.4.10. 


Outline. For f € GAPwy, let 
T(f) := {@ € [-1, 1]: (x(f(2)))? > exp(—5pN-V2s)||x(F)IP vay} - 
From Theorem 5.1.1, 0 < s < 1/2, and the assumptions prescribed for y 


it follows that m(I(f)) > 2s. Let J := AN I(f). Since m([—1, 1] \ A) < s, 
m(I) > s. Therefore 


x)))Pdx < p ae 
Fp xseomrae s fo Ix aa 
< exp(spvv28) [ (x(F(2)))” de 


I 


< exp(spv38) | (x(f(e))” de. 


E.16 Proof of Theorem A.4.11. 
Hint: For f € GTPy, let 


I(f) = {6 € [—m, m] : (x(F(8)))? > exp(—8PN's)|Ix(f) llc} - 


From Theorem 5.2.2, 0 < s < 7/4, and the assumptions for y, it follows 
that m(I(f)) > 2s. Now finish the proof as in the hint for E.1. 


E.17 Sharpness of Theorem A.4.10. 


a] Show that there exists a sequence of polynomials Q, € Py, and an 
absolute constant c > 0 such that 


1l—-s 


a lQn(x)|? da > s(1 + exp(cpny/s) ) i lQn(x)|? dx 


-1 


for every n € N, s € (0, 1], and p € (0, 00). 


Hint: Study the Chebyshev polynomials 7, transformed linearly from 
[—1, 1] to [-1,1-s]. 
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b] Show that there exist a sequence of trigonometric polynomials tpn € Tn 
and an absolute constant c > 0 such that 


m—s/2 


JF tin(@)l ao > 500+ exp(epns)) [ttn @) a8 


<1 —1m+s/2 


for every p € N, s € (0,7], and p € (0,00). 
Hint: Study Qn. defined by (A.4.9) with w := a — 8/2. 


E.18 Sharpness of Corollary A.4.13 and Theorem A.4.14. 


a] Find a sequence of trigonometric polynomials t, € 7, that shows the 
sharpness of Corollary A.4.13 up to the constant c > 0 for every p € (0,0) 
simultaneously. 


Hint: Take t,(0) := cosné. 


b] For every p € (0,00), find a sequence of polynomials Qn» € Pn which 
shows the sharpness of Theorem A.4.14 up to the constant c > 0. 


Outline. Let Ly € Py be the kth orthonormal Legendre polynomial on 
[—1,1] (see E.5 of Section 2.3), and let 


Gin(2) = cS > L,(1) Lx (a), 
k=0 
where c is chosen so that 
1 
(A.4.28) / G? (x) dx =1. 
“4 


Show that there exist absolute constants c; > 0 and c2 > 0 (independent 
of m) such that 

(A.4.29) IGm(1)| >cim and IG), (1)| > e2m?. 

For a fixed n €N, let u := |2/p| + 1 and m := |n/u]|. If m > 1, then let 
Qnyp = GY, © Py, otherwise let Qn p(x) := & € Py. If m = 0, then the 
calculation is trivial, so let m > 1. Using (A.4.29) and the Nikolskii-type 


inequality of Theorem A.4.4, show that there exists an absolute constant 
c3 > 0 such that 


Al 
(4.4.30) Qt, pla)? de > 2 mn(42)°(1 + pn)-?. 
-1 
Use the inequality 


1 1 1 
=| = = 
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the Nikolskii-type inequality of Theorem A.4.4, and (A.4.28) to show that 
there is an absolute constant cy > 0 such that 


1 
(A.4.31) / lQnp(a) |? da < Bt m-?. 
-1 


Finally, combine (A.4.30) and (A.4.31). Note that if p > 2, then m = |n], 
while if p < 2, then $p(n—1) < m < 2pn. Note also that p? is between two 
positive bounds for p € (0, 2]. 


E.19 Sharpness of Theorems A.4.3 and A.4.4. 


a] Let qg € (0, 00) be fixed. Show that there exists a sequence of polynomials 
Qniq € Pn and an absolute constant c > 0 such that 


lQnallt—1.4) = celta + an)! W]Qnallogt—1,1] 


for every n € N. 


Hint: Study Qn,p with p = q in the hint to the previous exercise. 


b] Let Qn.q € Pn be the same as in part a]. Show that there exist absolute 
constants c; > 0 and cz > 0 such that 


|Qnallte[—1ay > er 20/7 (1 + qn)?/4(1 + pn) -?/? Qn all og t—1.1) 


for everyn € Nand0O<q<p<o. 
Hint: Combine part a] and the Nikolskii-type inequality of Theorem A.4.4. 


c] Let q € (0,00) be fixed. Show that there exists a sequence of trigono- 
metric polynomials tp,¢ € J, and an absolute constant c > 0 such that 


IItnalle > ch M/9(1 + gn)" |[tnallzg(x) 


for every n EN. 


Hint: Let tnq(@) := Qn,q(cos 6), where Qnq are the same as in part a]. Use 
part a] and the Schur-type inequality of Theorem A.4.5. 


d] Let tng € Tn be the same as in part c]. Show that there exist absolute 
constants c; > 0 and cz > 0 such that 


lItmgllo pc) > Cy %cy/P(1 + gn) !/9(1 + pn)? lta all) 


for everyn € Nand0O<q<p<o. 
Hint: Combine part a] and the Nikolskii-type inequality of Theorem A.4.3. 
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E.20 Jensen’s Inequality. Let y be a real-valued convex function defined 
on [0,00), and let f and w be nonnegative Riemann integrable functions 


on the interval [a,b], where if w = 1. Show that 
b b 
x ( [ t@we) i) < [ x(f@))w(e) dr. 


Hint: First assume that w is a step function. Use the fact that the convexity 
of x implies its continuity, and hence the functions y(f)w and fw are 
Riemann integrable. 


E.21 A Pointwise Remez-Type Inequality for GAP y. 


a] Show that there exists an absolute constant c > 0 such that 


Ip(y)| < exp G nn | y €(-1,1] 


8 
FF? s ’ 
vi-¥ 4) 
for every p € P,, and s € (0, 1] satisfying 
m({a € [-1, 1]: |p(x)| < 1}) > 2-8, 


that is, with the notation of Theorem 5.1.1, for every p € Pp(s) with 
s € (0, ]]. 


Proof. Assume, without loss of generality, that y € [0,1]. Let 


a:=y+s(1-y), a := arccosa, 
B := 2arccosy — arccosa, wi=m—3(B-a), 
sin(0/2) 
nw 8) := Tan (| ——— ] , 
Oni) = Ton (Fray) 


where Ty, is the Chebyshev polynomial of degree 2n defined by (2.1.1), and 
let 
Qn,0,8(9) = Qnw ($0 — (2m — (a + 8)))) - 


Associated with p € P,(s), we introduce 
g(8) := p(cos 9)Qn,0,8(9) € Tan- 


Obviously 
IQn,a,8(9)| Sd G€ (0, 27) . (a, 8) 


and 


lQn,a,8ll[0,277] = Qn,0,8 (4(a oF B)) = Qnw (7) : 
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The definition of w implies that there exist absolute constants c; > 0 and 
c2 > 0 such that 


aVl-yw<nr-w<eVl-y?. 


This, together with E.3 c], yields that there are absolute constants c3 > 0 
and c4 > 0 such that 


Qnuw(t) > exp(cgn/T 42) > exp (Snv/3) 
whenever y € [0, 1 — c4s]. It follows now from Theorem 5.1.1 that 
|9(9)| < exp(5nVs) < Qn (7) 
for every 6 € [0,27) \ (a, 8) and y € [0, 1 — c4s]. Furthermore 
|9(9)| < Qnw(m) 
for every 6 € (a, 3) for which |p(cos@)| < 1. Note that 
|cos#] <1-4(1-y), 6 € (a, 8) 


and hence p € P,(s) with s € (0,1] implies that there exists an absolute 
constant c; > 0 such that 


m({@ € (a, 8) : |p(cos@)| > 1}) < Ba. 
1-y? 
Therefore 
f = (Qnw(t))~'9 € Tan 

satisfies 

m({8 € (0,2) :|f()| <1) > 2m -F 
with eis 

o:= y € [0,1 — cas]. 


Applying Theorem 5.1.2 with f and s, we conclude that 
lp(y)| = |p (cos ($(a + B)))| = (Qnuw(m))~"9 ($(a + 8) 


=f (H(a + B)) <exp(4n3) < exp [| 


whenever § € (0,7/2] and y € [0,1 — cas]. If s € (0,1), but § > 2/2 or 
y € [1 —c4s, 1], then Theorem 5.1.1 yields the required inequality. 
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b] Show that the inequality of part a] is sharp up to the absolute constant 
c> 0. 


Hint: Assume, without loss, that y € [0,1]. Show that there exists an abso- 
lute constant c; > 0 such that the polynomials 


2x S 
Wn,y,s (2) =T,) (= + =) €E Pn(s) ; 


where T', is the Chebyshev polynomial of degree n defined by (2.1.1), satisfy 


[Wry (¥)| 2 exp(ciny/s) 


for every n € N, y € [1 — 5/2, 1], and s € (0, 1]. 
If y € [0,1 —s/2], then let 


aimyts, Q@ := arccosa, 
6 := 2arccosy — arccosa, wisn FOS, 
o sin((9 + 7 — (a + 8)/2)/2) 
Qn.a,8(8) = Tan ( sin(w/2) 


Rn,a,8 (9) 2= §$(Qn,a,8(8) + Qnyo,e(—9)) 5 
and we define Wn,y,s for every n € N, y € [0,1 — s/2), and s € (0,1] by 
Rniw,6(9) = Wnyy,s(cos) , Wny,s © Pn- 


Show that Wn y,s € Pn(s) and that there exists an absolute constant c > 0 
such that 


8 
[Wry,s(y)| > exp [ cn =a] 
l-y 


for every n EN, y € [0,1 — 5/2), and s € (0, 1]. 


c] Extend the validity of part a] to the class GAPwy; that is, prove that 
there exists an absolute constant c > 0 such that 


|f(y)| < exp («0m frond i) s- Sele t 
Lay 


for every f € GAPy and s € (0, 1] satisfying 


m({x €[-1,1]: f(@) <1}) 22-s. 


“lp rinte 


A5 


Inequalities for Polynomials 
with Constraints 


Overview 


This appendix deals with inequalities for constrained polynomials. Typi- 
cally the constraints are on the location of the zeros, though various coef- 
ficient constraints are also considered. 


Inequalities for Polynomials with Constraints 


For integers 0 < k <n, let 
Prk i= {p € Pn: p has at most k zeros in D} 


where, as before, D := {z € C: |z| < 1}. For a < 5, let 
Bn(a, b) := {p E Pn: p(x) = +S ~aj(b —2x)i(2-a)"4, a> of : 
j=0 


For integers 0 < k <n, let 
Png (a,b) = {p=hq:h © By_z(a,b), q€ Pr}. 
Two useful relations, given in E.1, are 


Page Ball). and Page Pagl-1y1). 
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Theorem A.5.1 (Markov-Type Inequality for Pn, z). The inequality 
(Ip [I-14 < A8n(k + 2m +1)" |Ipl lta. 


holds for every p € Pag (Sieh). (When m = 1, the constant 18 can be 
replaced by 9.) 


Proof. First we study the case m = 1. Applying Theorem 6.1.1 (Newman’s 
inequality) with 


(Yo, A1,--- An) =(n—k,n —k +1,... ,n) 
and using a linear shift from [0, 1] to [—1, 1], we obtain that 
(A.5.1) p'(1)| < snk + Yilpll-a.y 
for every p € Prt, 1) of the form 
(A.5.2) p(a) = (@ +1)" *¢(2), q€ Pr. 


Now let p € Pigl= iG 1) be of the form p = hq with q € P;, and 
n—-k 
= So aj(1 - 2) (a+ 1)r-k4 with each a; > 0. 
j=0 


Without loss of generality, we may assume that n —k > 1, otherwise The- 
orem 5.1.8 (Markov’s inequality) gives the theorem. Using (A.5.1) and the 
fact that each a; > 0, we get 


(4.5.3) [p'(1) 


| 


=|S~ (aj(1— 2) (@ + 1)"-*4q(a))' (1) 


= diloil 1— 2) (@ + 1)"-*-Jq(a))' (1) 


=0 
n(k + 2) I|(x +1)" ag(x# +1) +a,(1- #))q(x)\| ay 


n—-k 


do aj (1 — 2) (@ + 1)"-*-4 q(x) 


j=0 
< $n(k + 2)||pll—-1,1) - 


lA 
wo “ 


lA 
wo 


n(k + 2) 


[1,1] 


Now let y € [—1,1] be arbitrary. To estimate |p'(y)| we distinguish two 
cases. 
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If y € [0,1], then by a linear shift from [-1, 1] to [-1,y], we obtain 
from (A.5.3) that 


(A.5.4) I'l < a 


for every p € Pnz(—1,y). It follows from E.1 d] that 
Pr(-l, 1) Cc Pr(—1,y) : 
So (A.5.4) holds for every p € Pnx(-l, 1). 


If y € [—1,0], then by a linear shift from [—1, 1] to [y, 1], we obtain 
from (A.5.3) that 


(A.5.5) Ip'(y) 
for every p € Pn,z(y, 1). By E.1 d] again, 
Pra(—l, 1) Cc Pn rly, 1) 


So (A.5.5) holds for every p € Pax, 1), which finishes the case when 
m=1. 


n(k + 2)||pllt—1,y) < 9n(k + 2)Ilpllt—1,4) 


9 
ST nk + 2)|lplltyay < 9n(& + 2)Ilpll 11] 


Now we turn to the case when m > 2. Note that an induction on m 
does not work directly for an arbitrary p € Py,.(—1, 1). However, it follows 
by induction on m that 
(A.5.6) (Io I-11) < (One +m + 1) Mlpll—ay 
for every p € Pail, 1) of the form (A.5.2). Now let p € Pagl=l, 1) be 
of the form p = hq, where q € Pz and 

n—-k 
h(x) = S- a,;l—a«)(@+1)"" with each a; > 0. 
j=0 
For notational convenience let s := min{n — k,m}. Using (A.5.6) and the 
fact that each a; > 0, we get 


(4.5.7) |p) (1)| 


(aj (1 — 2) (1+ 2)" 4 q(2))™ (1) 


n-k 
3 ( 
7=0 
ee ( 
j=0 


(aj(1 — 2) (1 + 2)" “#4 q(a))™ (1) 


D295 (1— 2) (@ +1)" q(x) 


j=0 


< (9n(k +s+m+1))™ 


[-1,1] 


< (9n(k + 2m+ 1))™ j(1 — 2) (a + 1)"-* 4 q(z) 


=0 
= (9n(k + 2m+ 1)" allan 


[-1,1] 
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From (A.5.7), in a similar fashion to the case when m = 1, we conclude 
that 
[1p I-14) < (18K + 2m + 1))™IIplli1.1 


for every p € Pail 1), which finishes the proof. 


Theorem A.5.1 is essentially sharp as is shown in E.2 and E.4 f]. How- 
ever, a better upper bound can be given for [po (y)| when y € (—1,1) is 
away from the endpoints —1 and 1. 


Theorem A.5.2 (Markov-Bernstein Type Inequality for P,,,,). There exists 
a constant c(m) depending only on m such that 


(m) a eee oe vnk+I) |\" 
Ip’ (y)| < ef ( {e+ Jae \) lPl—1,4) 


for every p € Pn, and y € [-1, 1]. 


Theorem A.5.2 has been proved in Borwein and Erdélyi [94]. Its proof 
is long, and we do not reproduce it here. However, the proof of a less sharp 
version, where \/1— y? is replaced by 1 — y?, is outlined in E.4 and E.5. 
The factor \/n(k + 1) in Theorem A.5.2 is essentially sharp in the case that 
m = 1; see E.7. 


Theorem A.5.3 (Markov-Bernstein Type Inequality for 6,,(—1,1)). There 
exists a constant c(m) depending only on m such that 


m 
; n 
p(w) <e(m) (min gn, ES) plan 
V1-y¥? 
for every p € B,(—1,1) (hence for every p € Pn) and y € [-1, ]]. 
Note that the uniform (Markov-type) upper bound of the above the- 
orem is a special case (k = 0) of Theorem A.5.1. Our proof of Theorem 


A.5.3 offers another way to prove the case of Theorem A.5.1 when k = 0. 
First we need a lemma. 


Lemma A.5.4. Forn € N and y € R, let 


_1f{Va-y)* 1 
Ang = 5 (YEE : 


where x* := max{zx,0}. Then 
p(y + i7An,y)| < V2¢ |p (y + se) | 
for every p € B,(—1,1), y € [-1 aoe hee =| , and y € [0,1], where i is 


~ Bn? 


the imaginary unit. The + sign is taken if y € [-1 — =, 0) , and the — 
sign is taken if y € [0, 1+ =| ; 
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Proof. It is sufficient to prove the lemma for the polynomials 
Pa j(@) = (1-2) (2+)4, né€N, j=0,1,...,n. 


The general case when 
n 
p= S- Q5Pn,j with each a; > 0 or each a; < 0 
j=0 


can then be obtained by taking linear combinations. Without loss of gen- 
erality, we may assume that y € [0,1+ +]. Then 


ay <3(S 45) <a e 
from which it follows that 
[png (y +ivyAny)| < lpn ly + tAny)| 
= ((1—y)? +42,)"7 (a+ y)? +22) 
<(-y +h) (Aty)4+ 2h)? 
1 n—-J 
= (1- (y=) (1+)? (ee) 


2n+1\" 
< (+) Pn.i (¥ — 3m) < V2epn,j (y-s), 


2 


and the lemma is proved. 


Proof of Theorem A.5.8. For n € N and y € [-1,]1], let B,,, denote the 
circle of the complex plane with center y and radius Fan ye Using E.4, 
Lemma A.5.4, and the maximum principle, we obtain 


Ip(2)| < V2¢ llpllt-aay 


for every p € B,(-1,1), z € Bny, n € N, and y € [-1,1]. Hence, by 
Cauchy’s integral formula, 


m! p(€) 

onl Je E—ye ® 
m! p(s) 

Qn i? Le =e 
m 


1 1 —(m+1) 
ae TAny (ZAny) Vv 2¢\lpl|[-1,1 


Je Xe 
c(m) (min 45} Il>lh_—1,1] 


for every p € B,(—1,1) and y € [—1, 1], which proves the theorem. 


Ip (y)| = 


IA 


| dg 


IA 
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For r € (0, 1], let 
De :={z€C:|z+(—-r)| <r}. 


r 


Forn € N, k = 0,1,...,n, and r € (0,1), let P*,.. be the set of all 


n,k,r 
p € Py that have at most k zeros (counting multiplicities) in D>, and let 


Pipa Pe NP, 4.r- The following result is proved in Erdélyi [89a]. The 


n,k,r 
proof in a special case is outlined in E.9. 


Theorem A.5.5 (Markov-Type Inequality for P,,,,-). There exists a con- 
stant c(m) depending only on m such that 


k+1)?\” 
hay < elem) (AE) Dothan 


for every p © Pu.zr, m EN, andr € (0, 1]. 


We state, without proof, the L, analogs of Theorem A.5.2 for m = 1, 
established in Borwein and Erdélyi [to appear 2]. 


Theorem A.5.6 (L, Markov-Type Inequality for P,,,,). There exists an ab- 
solute constant c such that 
1 


/ Iwi @)ltde < et (n(k + 0)! / Ip()|? de 


for every p © Pn.~ and q € (0,00). 


Theorem A.5.7 (L, Bernstein-Type Inequality for P,,,,). There exists an 
absolute constant c such that 


/ ipilcos anda ec nee yy | \p(cost) |? dt 


for every p © Pn, and q € (0,00). 


Both of the above inequalities are sharp up to the absolute constant c > 0. 


A Markov-type inequality for polynomials having at most k zeros in 
the disk 
Dp :={zEC: |z| <r} 


is given by the following theorem; see Erdélyi [90a]. 


Theorem A.5.8 (Markov-Type Inequality for Polynomials with At Most k 
Zeros in D,.). Letk € N andr € (0, 1]. Then there exist constants c(k) > 0 
and c2(k) > 0 depending only on k so that 


U 
ci(k)(n + (1—r)n?) < sup Me! < e(k)(n+ (1—1)n?), 
p |lpllt-1,1) 


where the supremum is taken for all p € Py, that have at most k zeros in 
D,. 
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Comments, Exercises, and Examples. 


Erdés [40] proved that 


-1 

tolling <2 (25) olay < Sella 
mt 2A\n-1 ; 2 : 

for every p € Pn n > 2, having only real zeros. In this result, the assump- 

tion that p has only real zeros can be dropped. In E.11 we outline the proof 

of the above inequality for every p € Pno, n > 2. The polynomials 


Pn(z) = (29 +1)"-1(1 — 2), WS Lede hod 


show that Erdés’s result is the best possible for P,,o. Erdés [40] also showed 
that there exists an absolute constant ¢ such that 

; c/n 

Ip'y)| < G-,pp Ilpll[—1,1) 


for every p € Pyro having only real zeros. Markov- and Bernstein-type 
inequalities for B,(—1, 1) were first established by Lorentz [63], who proved 
Theorem A.5.3. Lorentz’s approach is outlined for m = 1 in E.8. The proof 
presented in the text follows Erdélyi [91c]. Up to the constant c(m) > 
0 Theorem A.5.3 is sharp; see E.12. Scheick [72] found the best possible 
asymptotic constant in Lorentz’s Markov-type inequality for m = 1 and 
m = 2. He proved the inequalities 


e e 
lp‘ Ilt-1,1) < af llj—-1a7 and |p" I-14) < gnn —1)|Ipll—1,) 


for every p € B,(—1,1) (and hence for every p € Py). Note that with 
Dn(t) = (w+ 1)""'(1—2), 


/ Ww 
Ip. I{—1,3] E.G Py IIt—1,3] e 
n||Pallt-1a) 2 n(n —1)||pllj-14j 2 


A slightly weaker version of Theorem A.5.1 was conjectured by Szabados 
[81], who gave polynomials py.4 € Pn, with only real zeros so that 


IPn~(L)| > an(k + 1)|lpn,elli—1,1] 
for all integers 0 < k < n. After some results of Szabados and Varma 


[80] and Maté [81], Szabados’s conjecture has been settled in Borwein [85], 
where it is shown that 


Il" Ilt-aay < 9n(K + V)Ilplll—a,1 
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for every p € Py, having n —k zeros in R\ (—1,1). The crucial part of this 
proof is outlined in E.4 d] and e]. The above inequality is extended to all 
pe Pict (and hence to all p € Pp,,) and to higher derivatives in Erdélyi 
[91b], whose approach is followed in our proof of Theorem A.5.1. 


After partial results of Erdélyi and Szabados [88, 89b] and Erdélyi 
[91b], the “right” Markov-Bernstein-type analogs of Theorem A.5.2 for 
the classes P,,,, has been proved in Borwein and Erdélyi [94]. Note that 
Pn.n = Pn, and hence, up to the constant c(m), Theorem A.5.2 contains 
the classical inequalities of Markov and Bernstein, and of course the case 
k = 0 gives back Lorentz’s inequalities for the classes Pp C Bn(—1,1). 
The “right” Markov- and Bernstein-type inequalities of Theorems A.5.8 
and A.5.9 for all classes Py, in Ly, 0 < q < o, are established in Borwein 
and Erdélyi [to appear 2]. 


The Markov-type inequality for the classes P,,4,, given by Theorem 
A.5.5 is proved in Erdélyi [89a]. A weaker version, when k = 0 and the 
factor r—'/? is replaced by a constant c(r) depending on r, is established in 
Rahman and Labelle [68]. When k = 0, Theorem A.5.5 is sharp up to the 
constant c(m) depending only on m; see E.10. 


E.1 Relation Between Classes of Constrained Polynomials. 


a] Show that Pn.o(—1,1) C B(-1,1). (This is an observation of G. G. 
Lorentz.) 


Hint: Use the identities 
(x —a)(x—@) = 31+ af? —2)? + Ala)? — 11-2?) + 41 —aP(1 +2)? 


and 
zr—-a=(1—a)(x+1)—-4(a+1)(1—-2). 


b] Show that Pn, C Pna(—1, 1). 
c] Show that B,(a,b) C B,(c,d) whenever [e, d] C [a,b]. 
Hint: First show that 


x-a=ari(e—c)+ae(d—2) and b-—x=a3("%—c)+a4(d— 2) 


with some nonnegative coefficients. 
d] Show that Pn ala, b) Cc Pn kc, d) whenever [c,d] C [a, 6]. 


E.2 Sharpness of Theorem A.5.1. Show that there exist polynomials 
Pn,k © Pn,r of the form 


Png(t) = (@+1)""*ong(), dink © Pr 
such that 
Pja(L)| > gr(K + VI lPnallt—a.j 
for everyn EN, k=0,1,...,n. 
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Hint: Use the lower bound in Theorem 6.1.1 (Newman’s inequality) with 


(Ao, A1;--- Ag) =(n-k,n-k+1,... yn}. 


E.3 A Technical Detail in the Proof of Lemma A.5.4. For n € N and 
y € [-1, lj, let 


Fy:={z=at+ib: a€ [-l1-¢,1+3], bE (-Ana, Ana}, 
and 
Bay i= 12 6 Cr |\2=9| = ganghs 
Show that Bp C Fp for every y € [-1, 1]. 


E.4_ Bernstein-Type Inequality for P,,;,.. Prove that there exists an ab- 
solute constant c such that 


cr/n(k + 1) 


I'l < 1p Ilpl|—1,1) 


for every p € Pn x, and y € (—1,1). Proceed as follows: 
a] Show that for every n € Nand k =0,1,... ,n, there exists a polynomial 
Q € Py,~ such that 

IQ'(O)] Ip'(0)| 


—_~———— = _ sup : 
Qll-117 pera lPllt—1,1) 


Hint: Use a compactness argument. Use Rouché’s theorem to show that the 
uniform limit of a sequence of polynomials from P,,, on [—1, 1] is also in 
Prk: 


b] Show that Q has only real zeros, and at most & + 1 of them (counting 
multiplicities) are different from +1. 


Hint: Use a variational method. For example, if z) € C \ R is a zero of Q, 
then the polynomial 


Q(z) = Q(@) (: - aes) 


with sufficiently small € > 0 is in Pp, and contradicts the maximality of 
Q. 
c] Let 6 := (36n(k +3))—!. Show that 


llpll_—6.1) S 2 Ilpllfo.ay 


for every polynomial P,,, having all its zeros in [0,oo) with at most k of 
them (counting multiplicities) in (0, 1). 
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Hint: Use the Mean Value Theorem and the result of Theorem A.5.1 trans- 
formed linearly from [—1, 1] to [0, 1]. 


d] Let 29 := i7(36n(k+3))—!/?, where i is the imaginary unit and y € [0, 1]. 
Show that 


Ip(20)| < V2 |lpllt ay 


for every polynomial p € P,, having only real zeros with at most k of them 
(counting multiplicities) in (—1,1). 


Outline. Let p(x) = jai —u,) with some s <n. Applying part c] to 


we obtain 


|a(—(36n(k + 3))~*)] < lallto,4j = 2lla(@")Ilto,4) = 2llp(@)p(—2) II, 
< 2Ilollf_1.4)- 


Observe that 


[p(z0)? < |p(i(36n(k + 3))~'/?)P? = J] [ (uj + (86n(k + 3))~") 


j=l 


= |q(—(36n(k + 3))~")], 


which, together with the previous inequality, yields the desired result. 


e] Let Q € Pn, be the extremal polynomial of part a], and let 
Fyn t= {z =atib: |al<1, |b] < (36n(k+3))—/2(1 — lal) } 
Show that 


|Q(2)| < V2 110ll-ay 


for every z € Fy. 


Hint: Use parts b] and d] and a linear shift from the interval [—1,1] to 
[2 Re(z) — 1,1] if Re(z) > 0, or to [-1,2 Re(z) + 1] if Re(z) < 0. 
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f] Show that there exists an absolute constant c > 0 such that 


Ip'(0)| < evn(k + 1) llplll-a,1 


for every p € Png. 


Hint: By part al it is sufficient to prove the inequality when p = Q, in which 
case use part e] and Cauchy’s integral formula. 


g] Prove the main result stated in the beginning of the exercise. 


Hint: In order to estimate |p'(y)| when, for example, y € [0, 1] use a linear 
shift from [—1, 1] to [2y — 1, 1] and apply part f]. 


E.5 Bernstein-Type Inequality for P,,, for Higher Derivatives. Prove 
that there exists a constant c(m) depending only on m so that 


Ip™ (y)| < e(m) pee) lalla. 


1-7? 


for every p € Py, and y € (1,1). 


Hint: First show that for every n,m € N, k = 0,1,...,n, and 6 € (0,1), 
there exists a polynomial Q5 € Pn,x such that 


QS” Ol = guy POL 
lQell—1,11\(-6,6] pe Pn Pll—1,ay\- 4,4] 
Show that Q5 has at most k+m zeros different from +1. Show that there is a 
polynomial Q € Pn,, having at most k+m zeros (by counting multiplicities) 
different from +1 such that 


Q™Ol_ wero) 

Ql-1.1)  pePa.e lpllt—1.1) 
If y = 0, then use E.5 and induction on m to prove the inequality of the 
exercise for all p € Py, having at most k + m zeros different from +1. For 
an arbitrary y € (—1, 1) use a linear shift as is suggested in the hint to E.5 


gl]. 


E.6 Sharpness of Theorem A.5.2. Show that there exist polynomials 
Pn,k © Pn,z and an absolute constant c > 0 such that 


IPn,n(0)| 2 eV n(k + 1)IIPn ella, 


for every n € Nand k =0,1,... ,n. 
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Hint: If k = 0, then let m := |4(n — 1)| and 
Pn k(t) = (@ —1)™(at+ pew, 


If 1<k < 4n, then let m:= |in|,s:= |$(k—1)|, and 


Pryw(z) = (2? —1)™ Tosa (5 r) | 


If en <k<n, then let m:= |sn| and Dn,k = Pn,m:- 


E.7 Some Inequalities of Lorentz. (See Lorentz [63].) 
a] Show that 


vals (4) nbp(e#d)] <4nlp led) 


for every p € B,(—1,1) (hence for every p € Pno), n > 2, and x € [-1, 1], 
where in « + + the + sign is taken if x € [-1,0), while the — sign is taken 
if x € [0, 1). 


Hint: Observe that it is sufficient to prove the inequality only for 


Pn j(z) = (1-2) (e#+)"%, né€N, j=0,1,...,n 


b] Let 
1-2? 


6,(2)2= a ne N, -x# €[+1,1]. 


Show that there exists an absolute constant c > 0 such that 


Ip'(x)| < On(#))~* max{|p(2)], 


p(a+ $On( a))|} 


for every p € B,(—1, 1) (hence for every p € Png) and x € [-1 A lie £| ; 
Hint: Note that it is sufficient to prove the inequality only for 


Pa j(@) = (1-2) (2+)™4, né€N, j=0,1,...,n 


c] Show that 


1 1 
/ \p' (x) |¢ dx <2- ant | |p(x)|? dx 


ty" -1 


for every p € B,(—1,1) (hence for every p € Pp.o) and ¢ € (0, 00). 
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Hint: Use part al. 


d] Show that there is an absolute constant c > 0 such that 
1 1 
/ |p’ (2) V1 — 22|" de < 5nd? |p(x) |? dz 
=a -1 
for every p € B,(—1,1) (hence for every p € Pn.o) and ¢ € (0, 00). 
Hint: Use parts b] and c]. 


Analogs of parts a] and b] for higher derivatives are established by 
Lorentz [63]. From these, analogs of parts c] and d] for higher derivatives 
can be proven. 


E.8 Theorem A.5.5 in a Special Case. Show that there is an absolute 


constant c; such that 
cn 


a llpll_—1,4) 


for every p € Py having all its zeros in (—oo, 1 — 2r], r € (0,1). 


IPI < 


Proof. First assume that 


(A.5.8) IPD] = Ilpllt-a1- 


Without loss of generality, we may assume that p € Py \ Pn—1. Denote the 
zeros of p by (—oo <)a1 < @2 < +++ < apn (< 1—2r). Let 


I, := (1 —2(v + 1)*r, 1 — 2v*r), VST Gee, 3 
Using E.12 of Section 5.1, we obtain 


A 
ey? 2v4r 
ge UE ie oaae 
Sao RS VF 


with an absolute constant c,. 


Now we can drop assumption (A.5.8) as follows: Since p has all its 
zeros in (—oo,1 — 2r], |p| and |p'| are increasing on [1 — 2r,00). Pick the 
unique y € [1, 00) satisfying |p(y)| = |Ipl|(-1,1] = llpll[-1,yj- Using a linear 
transformation, from the already proved case we easily obtain 


2n f2&r+y-1 =e 
ge) ‘(y)| < ——$__ = 
PO Sw Ol say (A) lla 


A 


cn 


ae llpll{—-a.a) - 
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E.9 Sharpness of Theorem A.5.5. For n € N and r € (0,00), let S,,, be 
the family of all p € P,, that have no zeros in the strip 


{z€C: |Im(z)| <r}. 


a] Show that there exist polynomials ppm,r € Sn,r and a constant c(m) > 0 
depending only on m such that 


. n is 
Per r(1)| > e(m) (nin {2 nt) [[Pnmrllt—1,4) 


for every n € N, r € (0, 1], and m =1,2,...,n 


Outline. If0 <r < 75, then with 
aj = (1— 4mr) cos (nr) , ge 12): ect 
and 
Zp i= Xzp+ir, P= leas yn 
let 
n 
Pnym,r(& = I (2 — z;)( —%;) € Sp. 


By E.1 of Section 5.2, eu )| = |lPnjmyrll[—1j1;- Prove that 


(po, -(1)| [pe »(1) 
|Prjm,rll{—1,1] Dna) 


a) Ae ss) _ fel) 


=n (n fe)” 


whete Anym (2) = Ife , (@—2;) and c(m) > 0 depends only on m. If 


t <7 <1, then let prymr := Pnym,z, Where r= ZF. 


by Conclude from Theorem A.5.5 and part a] that there exist two constants 
ci(m) > 0 and c2(m) > 0 depending only on m such that 


ae) ie eee ee (lo | 1.4) 
cin min 4, —=,n < sup ————— 
rom) (min {Je mf Ta 


ce (oe) 


where the supremum is taken either for all p € S,,,, or for all p € Py.o,r. 
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E.10 An Inequality of Erdés. (See Erdés [40].) Prove that 


n ae ale 
Ilhan $5 (Sy) Mellen 


for every p € Pro, n > 2. This extends a result of Erdés [40] where the 
above inequality is proven under the additional assumption that p has only 
real zeros. 


a] Suppose p € P,,0, all the zeros of p are real, p(1) = p(—1) = 0, and 
Il>||[-1,1] = 1. Show that 


m7 n-1 l+e 
14+ 20 


rte) < ( 


n—1 
for every x € [—1, 1], where zo is the only point in (—1, 1) with p'(ao) = 0. 


Proof. Without loss of generality, we may assume that deg(p) = n and 
-l<2< 2. Let d:= 29 —@. Let x; := —1,22,... , 2» denote the zeros of 


p. Then 
P(t) _ lt+a 7 ( d ) 
= = 1 .— . 
p(=) p(ao) 1420 Ul Lo — Lj 


Since the geometric mean of n — 1 nonnegative numbers is not greater than 
their arithmetic mean, we have 


n—-1 
1a 
pi to- aj) ~ \n-1 fm U0 ~ 2; 


b] Under the assumptions of part a] show that 


n-1 
n nr 
Welh-nn <5 (2) Molle. 


Proof. Note that 


1 1 : k n—k n 
en a eee 
et Lj — Xo eae Xo — £j 1-2 2z+1 2 


where & denotes the number of zeros of p in [1,00). Hence, by part al, 
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IA 
a™~ 
3 
| | 3s 
es 
NY 
3 
mie 
+) + 
&]s 
lr 
+)+ 
&|§ 
M 
8 
[= 
| [|e 
8 
a. 


n-1 
n n 
oy et | ee 
ne (45) 


for every x € [—1, 1]. Similarly 


yey2—B(4)" 


for every x € [—1, 1]. 


c] Suppose p € Po has only real zeros, p’ does not vanish in [-1, 1], 
p(—1) = 0, and p(1) = 1. Show that 


n 
IIP'Itay S 5 bella. 


Hint: Use the relation Py C B,(—1, 1) to show that 


1 n 
oa) < (*E*) , ce (uy). 
Denote the zeros of p by 11 = —1, r2,%3,... ,%,. Then 
n n 
1 x+1 n non 
< p'(x) = < <s-=- 
0< pile) no) az s( ee) ees $= Fld 


for every x € [—1, 1]. 


d] Prove Erdés’s inequality for every p € Pn,o having only real zeros. 


Hint: Reduce the general case to either part b] or part c] by a linear trans- 
formation. 


e] Prove Erdés’s inequality for every p € Pno- 


Hint: Show that for every n € N and y € [-1, 1], there exists a polynomial 
Q € Pn,o such that 


wl _ , PW 


Olay = pePno |Pll[—1,1) 


Show by a variational method that if y € (—1,1), then Q has only real 
zeros. Now part d] finishes the proof. 
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f] Show that 
n-1 
nm n 
Ilhan = 5 (2) Wlean 


holds for a p € Py,o having only real zeros if and only if either 
P(t) = cat 1" "(1-2) or p(w) =c(1—2)""*(@+1) 
with some O04 cER. 


E.11 Sharpness of Theorem A.5.3. For every n € N, m = 1,2,...,n, and 
y € [-1, 1], there are polynomials py m,y € Bn(—1,1) having zeros only in 
R \ (-1, 1) such that 


m : nm 
pit > aon) (min | n, Ze) ama 


with a constant c(m) > 0 depending only on m. 


Outline. If 
y €[-1,1]\[-1+,1-+], 


then let 
Pamy() = (@ +1)”. 
In what follows, assume that 


2 2 
TN bares tiers ere 


Let gn,j(z) = (1 -2)(x+1)"4, neN, j =0,1,...,n. Show that 


(m) 

Inj (x) Qn,j,m(2) ; 

4 a S, m<j<n—m, 
Gng(@)  (@ 1)" aes 


where Qn,j,m is a polynomial of degree m with only real zeros and with 


leading coefficient omy: Let 


1 V1l-y? 
Ay imac {t wel : neN, yeéf[-l,]]. 
n Jn 


Use the Mean Value Theorem and Theorem A.5.3 to show that there exists 
an absolute constant c € (0,1) such that 


dn,j(®) > §llanjl-a,y,. =m <j<n-—m 
for every 


x € Ty :=[y—cAny,y + CAn,y] A[-1, 1], y=1—4., 
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Let m<j<n—mandy = 1- 2L be fixed. Choose a point € € I, 
such that 


A 
lf -ail > 5 oc 4=1,2,...,m, 


(m +1)’ 


where the numbers a; are the zeros of Qn,j,m. Now show that there exists 
a constant c1(m) > 0 depending only on m such that 


(45.9) [af] > ex(mn) (min { 7} renee 


Next show that if 
y € [-14+ 7#,1- 74], 


then there exists a point 
fe [y— 30. -lyl), 9 +50 - II] 


and a value of 7, m < j < n—~m, such that (A.5.9) holds. Polynomials 
Pn,m,y With the desired properties can now be easily defined by using linear 
transformations. 


E.12 An Inequality of Turan. (See Turan [39].) Show that 


U 
= 1 
lela 1 
[Play * 6 


for every p € Py \ Pn—1 having all its zeros in [—1, 1]. 


Outline. Assume that p € Pp has all its zeros in [—1, 1], and ||p||;-1,1) = 1. 
Choose an a € [—1,1] such that |p(a)| = 1. Without loss of generality, 
assume that p(a) = 1. 


a] Show that if a = £1, then |p'(1)| > $n > gn. 

If a € (—1,1), then p'(a) = 0. Without loss of generality, assume that 
a € [-1, 0]. Let 

Ls [a,a + 2n71/?) c [-1,]]. 

If n < 3, then the result follows by the Mean Value Theorem; let n > 4. 
b] Use the Mean Value Theorem to show that if |p'(x)| < ¢V/n on I, then 
p(x) > = on J. 
c] Show that if |p’(z)| > <yn on I, then |p'(a + 2n—1/?)| > Vn. 


d] The proof of Turadn’s inequality can now be finished as follows. Suppose 
p(a) > = on I, and there exists a  € I such that p!'(£) < <n. Note that 
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where 21, %2,... ,£n denote the zeros of p. Since each 2 lies in [—1, 1], the 


inequality )7;_,(% — x,)~? > $n holds for every x € I. Since p(x) > = on 
I, this implies that 


and hence 


An extension of Turdn’s inequality to L, norms is given by Zhou [92b]. 


E.13 An Inequality of Erdés and Turan. Let p € P,, be of the form 


n 
pc) =+][(e--2,), —1l< a, <2 <0: <a, <1. 
j=l 


Suppose p is convex on [7,-1, 2%] for some index k. Then 


16 
Lp — Lp-1 < 


Vine 

Proceed as follows: Let a be the only point in [a,_1,2,%] for which 
p'(a) = 0. 
a] Show that there exist &,€ © R such that 

aon? <8 <a<&< atone. 
IP(E)l>evnlp@)|, and —|p'(&)| > evn |p(@)]- 

Hint: Modify the outline of the proof of E.12. 
b] Show that 


6 6 
Sap 5 and Cie Go Ses 


vn vn 


Outline. To prove, say, the first inequality, we may assume that r,_1 < &, 
otherwise the inequality is trivial. Using the convexity of p on [x,-1, x], 
we get 


@)|> wie), @ € [era il. 
Hence 
&1 &1 
a) > [pC6)| = [w(G) ~ rena] =| f p'(«) de| = / Ip'(2) | de 


> (6 — e-1)|p' (&)| > (61 — te-1) ¢ V0 |p(a)], 


and the result follows. 
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c] Conclude that 
2 6 


Q— Lp-1 < (0-6) + 6 — ani) $ et eae, 


and similarly 


th 0S (G-0) + (44-2) < + ma 


d] Eréd [39] establishes the sharp inequalities 


_ < —— 
x LR 
tes 2n—3 


2 vn? —2 
th — @p1 S itn > Bis odd. 
Vin—3 n—l 


E.14 Schur-Type Inequality for B,,(—1, 1). 
real number. Show that 


if n is even, 


Let @ be an arbitrary positive 


ai Ilpll_—1,4) = (n + 2a)? 
0#peBn(-1,1) Ilp(e)(1 — 27)*||[-1,1)  (4a)e(n + a)rte 
Qa 
< (—@ + 2a)) 
The supremum is attained if and only if p(z) =c(L+2)", OAcER 


Hint: Let x1 := If |y| < 21, then 
oe 


Ip(y)| 1 1 
[Ip@)d —22)*[ay = Gv)? = 2 


_ (n+ 2a)? (n + 2a)? 
~ (4a)¢(n + a)® ~ (4a)@(n + arto’ 


If a1 < |ly| <1, say a1 < y <1, then 
: eg ; oe 2°73 (n — j)?-4 
Cag ys ae te era = a 
ji(n— 9)" 4(n +20)" 2 
Nia 1)?-3 
aint (n + a)r—J (1—21)"(a1 +1) 


< é=) (2 sn) (1 — 21)9 (a1 +1)" 


a(n — 7) n+a 
2 ee : 
< (4 =) (1 —a1)% (a1, +1)" 
n+a 


whenever 0 <j < am 
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On the other hand, since the function (1 — x)/(2 + 1)"~J is monotone 
decreasing in [1 — 4,1] , the inequality 


Q=9)!@+1)"" < 0m) @i +1)? 


follows whenever >S5> <j <n. Finally, use the representation 


plz) = >) a;(1— 2) (e+ 1)"-9 
j=0 


with each a; > 0 or each a; < 0 to show that 


n Qa nt2a 
Ip(y)| < 3 ai 


(4a)*(n + a)rte |p(a1)(1 = xi)°| 


for every p € B,(—1,1). 


E.15 Schur-Type Inequality for 7,(—w,w). For n € N and w € (0,7), let 
Tn(—w,w) = {tf € Tn : dy(t) <n}, 


where the Lorentz degree d,,(t) is defined in E.5 of Section 2.4. Let a be an 
arbitrary positive real number. Show that 


Hel a 0] 
sup —.  ——@wmnm 
OFtETr (—ww) ||t() ((cos 6 = cos w)) a 


oe . 0<w<7/2 


(Qu—-mtn-V?)-¢, g/2<w<a, 
and the supremum is attained if and only if 


+ 
1(0) = esin’® PSO OAcER. 


Here the ~ symbol means that the ratio of the two sides is between two 
positive constants depending only on a@ (and independent of n € N and 
w € (0,7)]). 


E.16 Extensions and Variations of Lax’s Inequality. Theorem 7.1.11 con- 
tains, as a limiting case, an inequality of Lax [44] conjectured by Erdés; see 
part a]. Various extensions of this inequality are given by Ankeny and Rivlin 
[55], Govil [73], Malik [69], and others. Parts b] to e] discuss some of these. 
As before, let 


DiS {ees |2|< and = =O0D:={z€C: |z|=1}. 
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a] Lax’s Inequality. The inequality 
n 
IIP'Il> < 5 Ilpllp 


holds for all p € PS that have no zeros in the open unit disk. 


Proof. This follows from Theorem 7.1.11 as a limiting case. 
b] Malik’s Extension. Associated with 


pz)=c][(z-2), %4EC, OFcEC, 


let 


Then 


for every OA pe PE. 
Proof. See Malik [69]. 


c] An Observation of Kroé6. Suppose p € P¢ satisfies that if p(z) = 0 
for some z € D, then p(1/Z) = 0 (there is no restriction for the zeros of p 
outside D). Then 


n 
IIP'Ilp < 5 llplio- 


Hint: Show that if p € P. satisfies the assumption of the lemma, then 
\p'(z)| < |p*'(z)| for every z € OD. Use part b] to finish the proof. 


d] An Inequality of Ankeny and Rivlin. Let r > 1. The inequality 


max |p(z)| < 


re? +1 
< —— max |p(z)| 
jz|=r 2 


|z|=1 


holds for all p € PS that have no zeros in the open unit disk. 
Proof. See Ankeny and Rivlin [55]. 
e] An Inequality of Govil. Let r > 1. The inequality 


n 
U 
< —— 
IP I> S 75 Ilpllp 


holds for all p € P¢ that have no zeros in the disk {z € C: |z| < r}. 
Proof. See Govil [73]. 
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f] Let 


Show that 


ist — liens 
~ <— 1+ [ze 


Proof. If z € OD, then 


no Tey) (een) = ore 


and the result follows. 


g] Let r € (0, 1]. The inequality 


! n 
> 
Ilp I|_p Lee Ilpl|D 


holds for all p € P¢ that have all their zeros in the disk {z € C: |z| <r}. 
Proof. Use part f]. 
h] Another Inequality of Govil. Let r > 1. The inequality 


\Ip' lb > —— lol 
PID = [pn IPD 


holds for all p € P¢ which have no zeros in the disk {z € C: |z| < r}. 
Proof. See Govil [73]. 


E.17 Markov-Type Inequality for Nonnegative Polynomials. Show that 


2 
n 
IP Itay S > Mella 


for every p € Py positive on [—1, 1]. 


Proof. Suppose p € Py is positive on [—1,1] and ||p||[-1,1; = 2. Apply 
Theorem 5.1.8 (Markov’s inequality) to g:= p—1. 


E.18 Markov’s Inequality for Monotone Polynomials. It has been ob- 
served by Bernstein that Markov’s inequality for monotone polynomials is 
not essentially better than for arbitrary polynomials. He proved that if n 


is odd, then 
IP’ I-11) Gs) 
sup ————= = ; 
ofp |lpllt—1,1] 2 


where the supremum is taken for all p € P,, that are monotone on [-1, 1]. 
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For even n, the inequality 
1 2 
= n+l 
a lle’ I-21.) < ( ) 
o¢p |lpllt—1,1] 2 
still holds. Parts a] and b] of this exercise outline a proof. 


a] Show that for every odd n, there is a p € Py monotone on R for which 
Ip (1)| = (254) 
llpl—-1.4y 2 


Proof. Let m := 4(n — 1). Use E.2 e] of Section 6.1 to show that there is a 
qd € Pm for which 


ra) = [ eena-5 f ema. 


Obviously p € P,, p is monotone on R, and 


WO m 2 n+l 2 
Ilpllt—1,2] 1 f' q(t) dt 2(m + 1) 2( 5 ) : 


Now the proof can be finished by a linear transformation mapping [—1, 1] 
to [0, 1]. 


b] Let n be odd. Show that 


Wp 1\? 
plea < (242)* 


su 
o¥p Ilpll[-1,1) — 2 


where the supremum is taken for all p € P,, that are monotone on [-1, 1]. 


Hint: It is sufficient to prove that if n := 2m is even, then 


1 fn+2\’? f° 
<= 
ol <5 (SE) f wa 


for every p € Py, nonnegative on [—1,1]. Show that there is an extremal 
polynomial p for the above inequality for which ||p]|,_1,1) is achieved at 1. 
Show, by a variational method, that this p must have at least 2m zeros 
(counting multiplicities) in [—1, 1). Since p is nonnegative, it is of the form 
p=¢ with aq € Pm. Now use E.2 e] of Section 6.1 to show that 
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ea<tinsy [east (“22) [awa 


and the result follows. 


c] Let r = p/q, where p,q € Py and q is positive and monotone non- 
decreasing on an interval [a,b]. Show that 


An? 
lle lltatesoi'S at Ilr lI,a,6) 


for every € € (0,6 —a). 
Proof. The proof follows Borwein [80]. Let c € [a+ €,b] be a point where 
Ir'(©)| = |Ir'Ilfateoj. Let d € [a,c] be a point |p(d)| = ||pl|[a,¢j. Then 


'(C)| — 2n*lvlhag __2n®[p(d))__ 2n? [pld)| - 2m? 
aol = C= aao| C=a)le@| -ce-al@| = = 
and 
WDM joy e ills an? 
FO! o(e)) < Re | < = hr), 
Thus 


4n? 
IP llereo) = Ol S Ira 


d] Sharpness of Part c]. Let n be odd. By part aj, there exists a p € Py 
such that p is monotone increasing on R, p(a) = —1, p(a+e) =1, and 


veral=z (224) 


Let ¢ := p+2 andr := 1/q. Show that 


e/a ie 
T\lta.co) = 1 and r(ate|/==-— ish : 
[a,0o] 9 
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Weighted polynomial inequalities and their applications are beyond 
the scope of this book. A thorough discussion requires serious potential 
theoretic background, and proofs are usually quite long. Some of the main 
results in this area include von Golitschek, Lorentz, and Makovoz [92]; He 
[91]; Ivanov and Totik [90]; Levin and Lubinsky [87a] and [87b]; Lubinsky 
[89], Lubinsky and Saff [88a], [88b], and [89]; Mhaskar and Saff [85]; Nevai 
and Totik [86] and [87]; Saff and Totik [to appear]; and Totik [94]. The 
following exercise treats a weighted Markov-type inequality with respect 
to the Laguerre weight on [0,00). The method presented below works in 
more general cases; however, the technical details coming from the “right” 
polynomial approximation of the weight function is typically far more com- 
plicated. 


E.19 A Weighted Markov-Type Inequality of Szegé. Part a] presents a 
simple weighted polynomial inequality of Szegé [64]. 


a] Show that 


|p" (w)e~" |I[0,00) S (8n + 2)|Ip(x)e~* |I[0,00) 


for every p € Pn. 
Proof. Let p € Py. First prove the inequality 


Ip'(0)| < (8n + 2)||p(e)e™ II,0,.0) 


as follows. Apply Theorem 5.1.8 (Markov’s inequality) on [0,n/2] (by a 
linear transformation) to 


and note that 


(1-=)"<e and (1-2) <2, x € [0,n/2]. 


The general case can be easily reduced to the case discussed above. If 
y € [0, 00) is fixed, then let g(x) := p(a— y) € Py. On applying the already 
proved inequality with q, we obtain 


lp'(yje~*| = la’ (Oe | 
<e74¥(8n +2) max |q(x)e~*| 
xE[0,00) 


< (8n +2) max [p(x + ye e+) | 
LE|0,0co 


< (Sn +2) max [p(e)e*|, 
xE[0,00) 


which finishes the proof. 
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b] There is an absolute constant c > 0 such that 


IIp'(x)e~* |I[0,00) < en ||p(z)e™ [I,0,00) 


holds for every p € Py having no zeros in the disk with diameter [0, 2]. 


Proof. See Erdélyi [89c], where this result is extended to various other gen- 
eral classes of weight functions and constrained polynomials. 


E.20 Inequalities for Generalized Polynomials with Constraints. For 


s € (0,2), let 


Prx(s) = {p € Png: m({x € [-1, 1]: |p(2)| <1) >2-s}. 
The polynomials Ty, € Pn,~ are defined by 
Tn a(t) = Tr{n —k,n-—k+1,...,n;[0, 1} (3 (x + 1)) ; 


where 0 < k <n are integers. (Note that the notation introduced in Sec- 
tion 3.3 defines T,,, only on [—1,1], and, to be precise, T,,, denotes the 
polynomial defined above on [—1, 1].) 


a] Remez-Type Inequality for Pn, pe The inequality 


2+8 
is <T, 
lolly < Toa (5) 


holds for every p € Pn,w(8) and s € (0,2). Equality holds if and only if 


+27 S 
=+T, — ; 
pz) ms (F= +55) 


Proof. The proof is quite similar to that of Theorem 5.1.1 (Remez Inequal- 
ity); see Borwein and Erdélyi [92]. 


b] A Numerical Version of Part a]. Show that 


(225) < exp (5 (vats +ns)) 


for every s € (0, 1]. 
Proof. See Borwein and Erdélyi [92]. 
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Let GAPy x, 0 < K < N, be the set of all f € GAPy of the form 


(A.4.1) for which 
n 
ye V5 < K. 
j=l 


|25|<1 
Note that if 0 < K < N are integers and p € Py,x, then |p| € GAPy, x. 


For 0 < K < N and 0 <s < 2, let GAPy,x(s) denote the collection 
of all f € GAPn,x for which 


m({x €[-1,1]: f@) <1}) 22-s. 


The next part of the exercise extends a numerical version of part a] to the 
classes GAP n,x(s). 


c] Remez-Type Inequality for GAPy,«. There exists a constant c, < 5 


such that 
ll fllt-14a) < exp (a: (v NKs+ Ns)) 


for every f € GAPy,x«(s) and s € (0, 1]. 
Hint: Let q € N be the common denominator of the numbers r;. Apply part 
a] with p := f?4 € Pogn,2qk(s), and then use part b]. 


d] Nikolskii-Type Inequality for GAPy,«. Let y be a nonnegative non- 
decreasing function defined on [0,00) such that x(a) /x is nonincreasing on 
[0, co). Then there exists an absolute constant co < 25e? such that 


IIx(Plz,[-1,1] < (c2 max{1, gNK, qN})1/2-*/P lx (FYI no[—1,1] 
for every f € GAPy «x and0 <q<p<o. 


The case K = N (when there is no restriction on the zeros) of part d] 
is the content of Theorem A.4.4. If gk > 1, then the Nikolskii factor in the 
unrestricted case (K = N) is like (,\/e7qN)?/4-?/?, while in our restricted 


cases it improves to (\/éz¢VNK)?/1-?/”. 


Proof. It is sufficient to prove the inequality when p = oo, and then a 
similar argument, as in the proof of Theorems A.4.3 and A.4.4, gives the 
result for arbitrary 0 < q < p< oo. Thus, in the sequel, let 0<q<p=o. 


Using the inequality of part c] with 
s:=min{1, (j¢’NK)~, (aqN)~"} 
and recalling the conditions prescribed for y, we conclude that 
m({a € [1,1 : (x(F(@))? = ella ay }) 
> m({e €[-1, 1]: f(x) > e?/N flan} 
> m({a € [-1,1] : f(@) > exp(—ci (VN Ks + Ns))||fll--1,1)}) 


> 8 
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for every f € GAPy,.x. Now integrating only on the subset E of [-1, 1] 
where 


(x(F(x)))* = eI a ay> 


we obtain 


Ix Play S eps Ose)" ae 


<cmax{1, PNK, AN lx CAF. 1,1) 


for every f € GAPy,x, where cy := cje” (assuming c; > 1). Since c < 5, 


we have cy < 25e?. 


e] Remez-Type Inequality for 6,,(—1,1). Show that 


2 n 
< 
olla < (55) 


for every p € B,(—1,1) satisfying 


m({x € [-1, 1]: |p(a)| < 1) > 2-8. 


Equality holds if and only if p is of the form 


pte) = (S=*) 


Proof. See Erdélyi [90b]. 


f] Markov-Type Inequality for GAPy x. There exists an absolute con- 
stant c > 0 such that 


IF Mt-3.a) S$ eN CK + DIN Fllt-a4y 


for every f € GAPw,x of the form (A.4.1) with each r; > 1. 


Recall that |f'(a)| is well-defined for every f € GAPy x and« ER, 
as the modulus of the one-sided derivative of f at x. The condition that 
r; > 1 for each j in (A.4.1) is needed to ensure that |f’(z;)| < co if z; ER. 
The above result generalizes the corresponding polynomial inequality for 
the classes Pp. 


Proof. See Borwein and Erdélyi [92]. 
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E.21 The Ilyeff-Sendov Conjecture. The following problem is known as 
the Ilyeff-Sendov conjecture. As before, let D := {z € C: |z| < 1}. 


Suppose P € P,, has all its zeros in the closed unit disk D. Then each 
closed disk centered at a zero of P contains a zero of of P’. 


Although the problem in this generality is still unanswered, several 
special cases have been settled. The case outlined in part a] was first proved 
in Rubinstein [68]. Vajaitu and Zaharescu [93] contains stronger results; see 
also Miller [90]. Milovanovi¢, Mitrinovi¢, and Rassias [94] has a discussion 
about the recent status of the conjecture. 


a] Suppose 
n 
P(z)=][(@-2), lel <1, lal=1. 
k=1 


Show that P’ has at least one zero in the closed disk centered at 21. 


Proof. Without loss of generality, we may assume that z,; := 1. Then P is 
of the form P(z) = (z — 1)Q(z), where 


Suppose the statement is false. Then R(z) := P'(z +1) has no zero in the 
closed unit disk D. Hence 


Observe that 


Hence 
Fea ~ 3} oy| < 
(1) R(0) 2 
However, 
re (SO) -ro(S 45] > en 


This contradiction finishes the proof. 


b] The polynomial P(z) := 2” — 1 shows the sharpness of part al. 
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It follows from Theorem A.5.3 that there exists an absolute constant, 

c > 0 such that 
lle" It-1,1) < en Ip ll[-a.y 

for every p € Py with no zeros in the open unit disk. The polynomials 
Dn(x) := (a+1)” show that up to the absolute constant c > 0 this inequality 
is the best possible. The next exercise shows that the “right” Markov factor 
on [—1, 1] for polynomials of degree at most n with complex coefficients and 
with no zeros in the open unit disk is en(1 +logn) rather than cn. This is 
an observation of Halasz. 


E.22 Markov Inequality for P< with No Zeros in the Unit Disk. Show 
that there exists an absolute constant c; > 0 so that 

Il" II—1,1) < ern (1 + log n)||pl|[-1,4) 
for every p € PS with no zeros in the open unit disk. 


Show also that there exist polynomials p, € P& with no zeros in the 
open unit disk such that 
Ilr. ll;-1,1) > con (1 + log n)||pn|l;-1,1] » n=1,2,... 
with an absolute constant c2 > 0. 
Proceed as follows: 
a] Show that if z € C is outside the open unit disk, then 
_|e~2|_ < |e| 
le Sal 
for every x € R \ [—1,]]. 


b] Suppose p € Pé has no zeros in the open unit disk. Let « € R \ [-1, 1]. 
Show that 


p(x) < |2I" ple). 
c] Prove the upper bound of the exercise. 
Hint: Use part b] and E.11 aj. 
d] Let 


Oe ks aa eS Die 


be the (2n + 1)th roots of unity in the open upper half-plane. Let 


Ponti(2) = Ponga(2) = (2 +1) [[ @ - 2x)". 
kat 


2n4+1 


Show that |pon+1(x)| = |x — 1| for every x € R. Note that this implies 


[p2n+1(—1)| = ||pen41|[-1,4) = 2- 
Show also that : 
Dea) 
Pon+1(—1) 
with an absolute constant c > 0. 


| > cen(1+logn) 


“| P rinte 
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“Tp rinte 


Notation 


Definitions of the more commonly used spaces are given. The equation 
numbers here are the same as the equation numbers in the text. 


Throughout the book, unless otherwise stated, spans should be as- 
sumed to be real. Likewise, in function spaces, unless otherwise stated, the 
functions should be assumed to be real valued. 


The Basic Spaces. 


(1.1.1) P= ? :p(z) = peor ap € cf : 
k=0 

(1.1.2) P= {? :p(z) = Sane", ap € a} : 
k=0 

(1.1.3) Ris + pe Page Pa} 


(1.1.4) Rinn = + DE Png € Po} 
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(1.1.5) Tf:= (! :1(8) := SS aze’*™’, a, € cf 


k=—n 


{t :t(z) =ao+ So (ax coskz+b,sinkz), az, bp € c} ' 
k=1 


T= {t : t(z) = ao rede (gi Cork TM the); Ap, by € R} : 


Mintz Spaces. 


(3.4.2) M,,(A) := span{z*°, 2™ eres any . 


(3.4.3) M(A) := UJ M,,(A) = span{a*°,a™,...}. 


Associated with a sequence (\;)°29 with Re(\;) > —1/2 for each i, the nth 
Mintz-Legendre polynomial is: 


(3.4.5) Dela) En{no, 4 tn Ho) 


x | ne x! dt 
~ Oni a 


For distinct \;, 
(3.4.6) Enf{ro,--+ An} (a > Ck, na x € (0,00) 
with 


Tro Ox +45 +) 
T]j=0,;48 (Ar — Xj) , 


Ckyn t= 
Also, 
(3.4.8) Tee Cae Ne as 


is the nth orthonormal Miintz-Legendre polynomial. 
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Rational Spaces. 


K:=R (mod 27), D:i={zEC:|z/<1}, OD:={zEC: |2|=1}. 


(3.5.3) Pn (ai, a2,.-. An) = (qa pe Pa} ; 


(3.5.4) Tn (a1, 02,-.- ,Qn) ={aeraite te} ; 
Also 


Ty (013095 045 dani A) t= Tp (G15 02,525 hi 


ten} 
Te Pa — ax) /2)| 


and “exo 
tie 


Tx. (@1,42,-.. ;@anj K :tET, 
ree Tins sin(( Caan 
on K with aj,a@2,...,@a, €C\R 
P , = p(x) : 
n(Q1, Go, .. i, ,an3[—1, 1]) — Ws |e—a0l :p e Pr 
k=1 
and 
pe ax p(x) é 
(a1, @2,.-- ,an;[—1, 1]) — Wea 
k=1 


on [—1,1] with a,,a2,... ,a, € C \ [-1, Y]; 


Pe (a1, @2,... Qn; 0D) := {ae pers} 
k=1 


on OD with ay, a2,... ,@, € C\ OD; and 


Pr(ai,a2,--.,@n;R) := {A peEPa 
Tes |r — ag| 
and 
Pe (a1,42,... ,4n)R) = {yatta pe Ps 
Thai — ag) 


on R with a1, a2,...,@, €C\R. 
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Generalized Polynomials. 


The function 
m 

(A.4.1) f(z) = lol [J le - asl” 
j=l 


with 0<r; ER, 2; €C, and 0 fw € Cis called a generalized nonnegative 
(algebraic) polynomial of (generalized) degree 


(A.4.2) > ae 
j=l 


The set of all generalized nonnegative algebraic polynomials of degree at 
most N is denoted by GAPy. 


The function 


(44.3) Fle) = |wl T] |sin((z — 2,)/2)1" 


j=l 


with 0<r; ER, 2; €C, and 0 fw € Cis called a generalized nonnegative 
trigonometric polynomial of degree 


1 m 
(A.4.4) NA ye 
j=l 


The set of all generalized nonnegative trigonometric polynomials of degree 
at most N is denoted by GTP y. 


Constrained Polynomials. 
The following classes of polynomials with constraints appear in Appendix 
3: 


Prk i= {p € Pn: p has at most k zeros in D} , 0<k<n, 


By (a,b) := {p EPpy: p(x) = + © aj(b—x)! (a—a)”~ , a> of , ax<b, 
j=0 


Pnw(a, b) = {p=hq:h € By_z(a,b), qe Pr}, O0<k<n. 
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Function Spaces. 


The uniform or supremum norm of a complex-valued function f defined on 
a set A is defined by 
Il flla = sup |f(z)|- 
rEA 


The space of all real-valued continuous functions on a topological space 
A equipped with the uniform norm is denoted by C(A). If A := [a,}] is 
equipped with the usual metric topology, then the notation C[a, b] := C(A) 
is used. 


Let (X, 1) be a measure space (j nonnegative) and p € (0, co]. The 
space L,(y) is defined as the collection of equivalence classes of real-valued 
measurable functions for which || f||z,() < 00, where 


1/p 
ee @ LP ai) .. BETS 
and 


lfllzo(u) = sup{a ER: w({x € X : | f(x)| > a}) > O} < oo. 


The equivalence classes are defined by the equivalence relation f ~ g if 
f = g p-almost everywhere on X. When we write L,[a,b] we always mean 
Ly(u), where ys is the Lebesgue measure on X = [a,6]. The notations 
L,(a, 6), Lp[a, b), and Ly(a,b] are also used analogously to L,[a, 6]. Again, 
it is always our understanding that the space Ly(js) is equipped with the 
Ly(u) norm. 


Sometimes C(A) denotes the space of all complex-valued continuous 
functions defined on A equipped with the uniform norm. Similarly, L,() 
may denote the space all complex-valued continuous functions for which 
Il fllz,(2) < 00. This should always be clear from the context; many times, 
but not always, the reader is reminded if C[a, 6] or Lp() is complex. 
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Abel, Niels Henrik, 3, 61 
Algorithms, 356-371 
evaluation of x”, 363 
fast Fourier transform, 359 
fast polynomial division, 362 
fast polynomial expansion, 363 
fast polynomial multiplication, 
361 
for Chebyshev polynomials, 371 
for counting zeros, 364-370 
for polynomial evaluations, 363 
for reversion of power series, 362 
interpolation, 360 
Newton’s method, 362, 364-367 
Remez, 371 
zero finding for polynomials, 
366-370 
Alternation set, 93 
Alternation theorem, 94 
Apolar polynomials, 23, 24, 25 
Arc length of algebraic polynomials, 
31 
Arc length of trigonometric 
polynomials, 35 


Berman’s formula, 166 
Bernstein factor, 145, 150, 152, 
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322-328 


Bernstein polynomials, 163-164 
Bernstein-Szeg6 inequality, 231, 245, 


259, 321-323 

for entire functions of exponential 
type, 245 

for rational functions on [—1, 1], 
322 


for rational functions on Kk, 322 
for rational functions on R, 323 
for trigonometric polynomials, 232 


Bernstein-type inequality 


bounded, 178, 182, 213-214 

for Chebyshev spaces, 206 

for constrained polynomials, 
420-447 

for entire functions of exponential 
type, 245 

for exponential sums, 289 

for generalized polynomials, 
392-416 

for generalized polynomials in Ly, 
401-417 

for higher derivatives, 258 

for nondense Miintz spaces, 213, 
310 

for polynomials, 232-233, 390 
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for polynomials in Ly, 235, 390, 
401-417 
for products of Mintz spaces, 317 
for rational functions on [—1, 1], 
323, 327 
for rational functions on D, 324 
for rational functions on K, 322, 
327 
for rational functions on R, 323, 
329 
for self-reciprocal polynomials, 
339 
for trigonometric polynomials, 232 
unbounded, 154, 206-217 
weighted, 257 
Bessel’s inequality, 46 
Best approximation, 94 
by rationals, 99 
to «*, a problem of Lorentz, 108 
to x”, 99 
uniqueness, 98 
Binomial coefficient, 62 
Blaschke product, 190, 324 
Blumenthal’s theorem, 78 
Bombieri’s norm, 274 
Bounded Bernstein-type inequality; 
see Bernstein-type inequality 
Bounded Chebyshev-type inequality; 
see Chebyshev-type 
inequality 
Bounded linear functionals, 50 
Budan-Fourier theorem, 369 


Cardano, Girolamo, 3 
Cartan’s lemma, 350 
Cauchy determinant, 106 
Cauchy indices, 367 
Cauchy’s integral formula, 14 
Cauchy-Schwarz inequality, 42 
for sequences, 46 
Cesaro means, 165 
Chebyshev constants, 39 
Chebyshev, P.L., 31 
Chebyshev polynomials 
algorithms for, 371 
best approximation to x”, 30 
composition 
characterization, 33 
explicit formulas, 30, 32 


in Chebyshev spaces, 114-125 
in rational spaces; see Chebyshev 
rationals 
orthogonality, 32 
reducibility, 36 
second kind, 37 
three-term recursion, 32 
trigonometric on subintervals, 235 
uniqueness, 118 
Chebyshev rationals, 139-153 
and orthogonality, 147 
derivative formulas, 146 
in algebraic rational spaces, 142 
in trigonometric rational spaces, 
143 
of the first and second kind, 141 
on the real line, 151 
partial fraction representation, 
144 
Chebyshev space, 92 
dimension on the circle, 100 
functions with prescribed sign 
changes, 100 
Chebyshev system, 91-100 
extended complete, 97 
Chebyshev’s inequality, 235, 390 
Chebyshev-type inequality 
bounded, 179, 182 
explicit bounds via Paley- Weiner 
theorem, 196 
for entire functions of exponential 
type, 245 
Christoffel function, 74 
for Miintz spaces, 195 
Christoffel numbers, 67 
Christoffel-Darboux formula, 60 
Coefficient bounds 
for polynomials in special bases, 
124 
in nondense rational spaces, 153 
of Markov, 248 
Comparison theorem, 103, 120, 122, 
183 
Completeness, 48, 79 
Complexity concerns, 356-371 
Consecutive zeros of p’, 26 
Constrained polynomials, 417-447 
Bernstein-type inequality, 420, 
425, 427 


Ly inequalities, 422 
Markov-type inequality, 417-447 
Nikolskii-type, 444 
Remez-type, 443-445 
Schur-type, 436-437 

Cotes numbers, 67 

Cubic equations, 4 


d’Alembert, Jean le Rond, 13 
de la Vallée Poussin theorem, 99 
Denseness, 154-226 
of Markov spaces, 206-217 
of Muntz polynomials, 171-205 
of Miintz rationals, 218-226 
of polynomials, 154-170 
Derivatives of Markov systems, 112 
Descartes’ rule of signs, 22, 102 
Descartes system, 100-113 
examples, 103 
lexicographic properties, 103 
Divide and conquer, 358 
Division of polynomials, 15, 362 


Elementary symmetric function, 5 
Enestr6m-Kakeya theorem, 12 
Erdos inequality, 431 
Erdés-Turan inequality, 435 
Euler, Leonhard, 13 
Evaluation of x”, 363 
Exponential sums; see Mintz 
polynomials 
a problem of Lorentz, 291 
Bernstein-type inequality, 291 
Markov-type inequality, 294 
Nikolskii-type inequality, 289 
Turan’s inequality, 295 
with nonnegative exponents, 294 
Exponential type, 196, 245 


Extended complete Chebyshev system, 


97 


Factor inequalities, 260-274 
via Mahler’s measure, 271-273 

Factorization, 10, 36 

Fast Fourier transform, 359 
Favards theorem, 73 

Fejér gap, 27-28 

Fejér operators, 164 

Fejér’s theorem, 165 
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Fekete point, 38 

Fekete polynomial, 38 

Ferrari, Ludovico, 3 

Ferro, Scipione del, 3 

Fourier coefficient, 53 

Fourier series, 53 

Fundamental theorem of algebra, 3 


Gamma function, 63 
Gauss, Carl Friedrich, 13 
Gaussian hypergeometric series, 62 
Gauss-Jacobi quadrature, 67, 75 
Gauss-Lucas theorem, 18 
Gegenbauer polynomials, 65 
Generalized polynomials 
Bernstein-type inequality, 399, 
407 
Ly inequalities, 401-407 
Markov-type inequality, 399, 407 
Nikolskii-type inequality, 394-395 
Remez-type inequality, 393-394, 
414 
Schur-type inequality, 395 
weighted inequalites, 407 
Girard, Albert, 13 
Grace’s complex version of Rolle’s 
theorem, 25 
Grace’s theorem, 18 
Gram’s lemma, 176 
Gram-Schmidt, 44 


Haar space, 92 

Haar system, 92 

Halley’s method, 365 

Hardy space, 189 

Helly’s convergence theorem, 71 

Helly’s selection theorem, 71 

Hermite interpolation, 9 

Hermite polynomials, 57 
explicit formulas, 65 

Hilbert space, 42 

Holder’s inequality, 17, 49 

Horner’s rule, 8 

Hypergeometric differential equation, 

63 
Hypergeometric functions, 62 


Identity theorem, 15 
Inequalities 
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Bernstein-Szeg6 inequality; see 
Bernstein-Szeg6 inequality 
Bernstein-type; see Bernstein-type 
inequality 
Bessel’s; see Bessel’s inequality 
bounded Bernstein-type; see 
bounded Bernstein-type 
inequality 
bounded Chebyshey-type; see 
bounded Chebyshev-type 
inequality 
Cauchy-Schwarz; see Cauchy- 
Schwarz inequality 
Chebyshev-type; see Chebyshev- 
type inequality 
for factors; see factor inequalities 
for Mtintz polynomials; see Miintz 
polynomials 
Holder’s; see Holder’s inequality 
Lax-type; see Lax 
Markov-type; see Markov-type 
inequality 
metric; see metric inequalities 
Minkowski’s; see Minkowski’s 
inequality 
Nikolskii-type; see Nikolskii-type 
inequality 
Remez-type; see Remez-type 
inequality 
Russak’s; see Russak 
Schur-type; see Schur-type 
inequality 
Triangle; see Triangle inequality 
unbounded Bernstein-type; see 
unbounded Bernstein-type 
inequality 
Inner product, 41 
Inner product space, 41 
Integer-valued polynomials, 10 
Interpolation 
Hermite; see Hermite interpolation 
Lagrange; see Lagrange 
interpolation 
Newton; see Newton interpolation 


Jacobi polynomials, 57, 63 
explicit formulas, 63 

Jensen circles, 19 

Jensen’s formula, 187 


Jensen’s inequality, 414 
Jensen’s theorem, 19 


Kernel function, 47, 132 
Kolmogorov’s inequality, 285 
Korovkin’s theorems, 163 


Lacunary spaces, 308 
quasi-Chebyshev polynomials, 316 
Lagrange interpolation, 8 
Laguerre polynomials, 57, 66, 130 
explicit formulas, 66 
Laguerre’s theorem, 20 
Lax-type inequality, 438 
for rationals, 329 
Malik’s extension, 438 
on a half-plane, 338 
Legendre polynomials, 57 
Lemniscates of constant modulus, 
352-353 
Lexicographic properties, 116 
for Miintz polynomials, 120, 314 
for Miintz-Legendre polynomials, 
136 
for sinh systems, 122 
Liouville’s theorem, 15 
Logarithmic capacity, 38 
Lorentz degree, 82 
for polynomials, 86 
for trigonometric polynomials, 89 
Lorentz’s problem, 108, 291 
Ly norm, 6, 48, 471 
l, norm, 6, 471 
Lucas’ theorem, 18 


Mahler’s measure, 271 

Mairhuber theorem, 98 

Markov system, 100 

closure of nondense, 211 

derivative of, 112 

Markov-Stieltjes inequality, 76 

Markov-type inequality 

for Pn, 233 

for Py, 255 

for constrained polynomials, 
417-447 

for constrained polynomials in Ly, 
422, 428-429 


for exponential sums, 276-280, 
294-295 
for generalized polynomials, 
399-407, 445 
for generalized polynomials in Ly, 
401-407 
for higher derivatives, 248-260 
for monotone polynomials, 439- 
441 
for Miintz polynomials, 276-279, 
287-288 
for Miintz polynomials in Lp, 
279-280 
for nonnegative polynomials, 420, 
439 
for rational functions, 336 
for self-reciprocal polynomials, 
339 
for trigonometric polynomials on 
subintervals, 242-245 
in the complex plane, 235 
weighted, 442-443 
Maximum principal, 15 
m-distribution, 57 
Mergelyan’s theorem, 170 
Mesh of zeros, 155 
Metric inequalities, 344-355 
for polynomials, 345-346 
for rational functions, 347-349 
Minkowski’s inequality 
in Ly, p > 1, 49 
in Ly, p <1, 52 
Moment, 57 
Moment problem, 70 
Monotone operator theorem, 163 
Multiplication of polynomials, 361 
Mintz polynomials 
bounded Bernstein-type 
inequality, 178, 182, 213, 
310, 317 
bound for smallest zero, 313 
lexicographic properties of zeros, 
116, 120 
Newman’s inequality, 276, 301 
Newman’s inequality in L,, 279 
Newman’s problem, 317 
Nikolskii-type inequality, 281, 298, 
317 
positive zeros, 22 
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Remez-type inequality, 304, 307, 
316 
where the sup norm lives, 301 
Mintz rationals, 218-226 
denseness, 218 
Muntz space, 125-126 
lexicographic properties of zeros, 
120 
products of, 222, 316 
quotients of, 218-226 
Muntz system, 125-136 
closure, 171-205 
nondense, 303-319 
Miintz-Legendre polynomials, 125-138 
definition, 126 
differential recursion, 129 
global estimate of zeros, 136 
integral recursion, 132 
lexicographic properties of zeros, 
133-136 
orthogonality, 127, 132 
orthonormality, 128 
Rodrigues-type formula, 128, 131 
zeros of, 133 
Miintz’s theorem, 171-205 
another proof, 176, 192 
closure of span in, 178, 181, 185 
in C[0, 1], 171 
in C[a, b], 180, 184 


in L2[0, 1], 171 
in L»[0,1], 172 
in L,[a, b], 186 


in Ly(w), 311 
on sets of positive measure, 303 


Newman’s conjecture 
on denseness of products, 316 
on denseness of quotients, 220, 
223 
Newman’s inequality, 275-279 
an improvement, 287 
for Miintz polynomials, 276 
for Mintz polynomials in Lp, 279 
on positive intervals, 301 
Newton’s identities, 5 
Newton Interpolation, 10 
Newton’s method, 362, 364-367 
for x/?, 365 
in many variables, 366 
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Nikolskii-type inequality 
for constrained polynomials, 444 
for exponential sums, 289 
for generalized polynomials, 394, 
395 
for Mintz polynomials, 281, 298, 
317 
for products of Mintz spaces, 317 
Nondense Miintz spaces, 303-319 
Nonnegative polynomials, 70, 85, 417, 
420 
Nonnegative trigonometric 
polynomials, 85, 409 
Norms, 471 
Ly; see Ly norm 
lp; see lp norm 
supremum; see supremum norm 


Orthogonal collection, 43 
Orthogonal functions, 41-56 
Orthogonal polynomials, 57-79 
as continued fractions, 79 
as determinants, 76 
characterization of compact 
support, 77 
Gegenbauer; see Gegenbauer 
polynomials 
Hermite; see Hermite polynomials 
interlacing of zeros, 61 
Jacobi; see Jacobi polynomials 
Laguerre; see Laguerre 
polynomials 
Legendre; see Legendre 
polynomials 
Miintz-Legendre; see Miintz- 
Legendre polynomials 
simple real zeros, 61 
ultraspherical; see Ultraspherical 
polynomials 
Orthogonal rational functions, 147 
Orthonormal set, 43 


Paley-Weiner theorem, 196 
Parallelogram law, 42 

Parseval’s identity, 48 

Partial fraction decomposition, 7, 144 
Pellet’s theorem, 16 

Polar derivative, 20 

Polynomials 


as sums of squares, 85, 348 

Bernstein; see Bernstein 
polynomials 

Chebyshev; see Chebyshev 
polynomials 

Gegenbauer; see Gegenbauer 
polynomials 

generalized; see generalized 
polynomials 

growth in the complex plane, 239 

Hermite; see Hermite polynomials 

in 2”, 167 

integer valued; see Integer valued 
polynomials 

Jacobi; see Jacobi polynomials 

Laguerre; see Laguerre 
polynomials 

Legendre; see Legendre 
polynomials 

Mintz; see Mtintz polynomial 

Miintz-Legendre; see Miintz- 
Legendre polynomials 

number of real roots, 17, 137 

symmetric, 5 

trigonometric; see Trigonometric 
polynomial 

Ultraspherical; see Ultraspherical 
polynomials 

with integer coefficients, 169 

with nonnegative coefficients, 
79-90, 417 

with real roots, 345, 347-348 

Products of Mtintz spaces, 222, 316 


Quadratic equations, 4 

Quartic equations, 4 

Quasi-Chebyshev polynomials, 316, 
342 


Railway track theorem, 98 
Rakhmanov’s theorem, 78 
Rational functions 
algebraic, 139 
Chebyshev polynomials of, 139- 
153 
coefficient bounds, 153 
inequalities; see inequalities 
trigonometric, 139 
Rational spaces 


of algebraic rational functions, 
139-153, 320-321 
of trigonometric rational 
functions, 139-153, 320- 
321 
Recursive bounds, 359 
Remez’s algorithm, 371 
Remez-type inequality 
for algebraic polynomials, 228 
for constrained polynomials, 443, 
445 
for generalized polynomials, 393, 
394 
for generalized polynomials in Ly, 
401-402 
for Mintz spaces, 307 
for nondense Miintz spaces, 304 
for products of Mintz spaces, 316 
pointwise, 414 
for trigonometric polynomials, 230 
Reproducing kernel, 47, 132 
Reversion of power series, 362 
Riemann-Lebesgue lemma, 54 
Riesz representation theorem, 50 
Riesz’s identity, 390 
Riesz’s lemma, 237 
Riesz-Fischer theorem, 50 
Rising factorial, 62 
Rolle’s theorem, 25 
Rouché’s theorem, 14, 16 
Russak’s inequalities, 336 


Salem numbers, 6 
Schur’s theorem, 17 
Schur-type inequality 
for algebraic polynomials, 233 
for constrained polynomials, 
436-437 
for generalized polynomials, 395 
for rational functions, 337 
for trigonometric polynomials, 238 
Self-reciprocal polynomials, 339 
quasi-Chebyshev polynomials, 342 
Somorjai’s theorem, 218 
Space 
Chebyshev; see Chebyshev space 
Descartes; see Descartes space 
Haar; see Haar space 
Muntz; see Mtntz space 
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rational; see rational space 
Stieltjes’ theorem, 78 
Stone-Weierstrass theorem, 161 
Sums of squares of polynomials, 85, 

348 

Supremum norm, 6, 29, 471 
Symmetric function, 5 
Symmetric polynomial, 5 
Szeg6’s inequality, 391 
Szego’s theorem, 23, 235 


Tartaglia, Niccolo, 3 

Tchebychev; see Chebyshev 

Three-term recursion, 59 

Totally positive kernels, 110 

Transfinite diameter, 38 

Triangle inequality, 42 

Trigonometric polynomial, 2 

Trigonometric polynomials of longest 
arc length, 35 

Turan’s inequality, 434 

Turan’s inequality for exponential 
sums, 295 


Ultraspherical polynomials, 65 
Unbounded Bernstein-type inequality, 
206-217 
characterization of denseness, 207 
Unicity theorem, 15 


Variation diminishing property, 111 
Vandermonde determinant, 38, 103 
Videnskii’s inequalities, 242-245 


Walsh’s two circle theorem, 20 
Weierstrass’ theorem, 154-170 

for Markov systems, 155 

for polynomials, 159 

for polynomials in x*, 167 

for polynomials with integer 

coefficients, 169 

for trigonometric polynomials, 165 

in Ly, 169 

on arcs, 170 

Stone-Weierstrass theorem, 161 
Wronskian, 22 


Zeros, 11-18 
algorithms for finding, 364-367 
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complexity of, 367 

counting by winding number, 370 
in a disk, 369 

in an interval, 368 

in Chebyshev spaces, 99 
localizing, 367 

maximum number at one, 137 


of derivatives of polynomials, 
18-28 

of integrals of polynomials, 24 

of Miintz polynomials, 120 

of Mtintz-Legendre polynomials, 
133-136 

of orthogonal polynomials, 61 


Zolotarev, 35 
Zoomers, 218 


maximum number of positive, 17 
of Chebyshev polynomials, 34, 
116, 120, 122 


This is a book about polynomials and rational functions. The primary 
focus is on analytic properties of algebraic and trigonometric poly- 
nomials of a single variable, though many other topics are touched 
on. Topics include: the geometry of polynomials; orthogonal poly- 
nomials; Chebyshev and Markov systems; Mintz systems and 
Muntz-type density theorems; exponential sums; inequalities for 
polynomials and rational functions; and extremal problems for var- 
ious special classes of polynomials. 


The book is intended both for study and for browsing, and much of 
the material in it does not appear in book form elsewhere. It is rea- 
sonably self-contained and assumes only an undergraduate familiarity 
with real and complex analysis. 


The exercises constitute more than half the book. They are provided 
with copious hints and sometimes complete outlines, much in the 
style of Polya and Szeg6's classic treatise “Problems and Theorems 
in Analysis.” 
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